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B R H � D �nR§¨� K Y�RX§¨� D T D�� �LW Hª©Q�X� R HIH R H{JL� a¬«^fn_X¬hIZ6j®_Xj�o�ab¯f�hb�e[�\ §¨R�� ��J�°�H²±�pW �LJ T D � � § H � � �p� � W ©^H �nRXT�� JLDGK � H¨©^HIDkK^� R Dk� R K�F R � � J T H³Jp� §¨�p�IT DG� R H¨° RX´
T DGF R °+� T J §µ� � R ° �p�n� ± � � RXTnR¶�pTnR H R F RXTg�pW ©^K TIR HªJ W F R °·D�HIHI© R H N�¸ D T H �w¹
� � RUTIR¶�LTIR	��� D�° R F �pT D RX�²Y Jp� �pW �LJ T D � � § H � � �6� ©QH Rº� � R¶R DG� R K�F R � � J T H
DkK(H W DG�L� �IWGY °�Dk» RUTIR K ���A�¼Y H N @ R ��JLKQ° ¹~§�� K Y Jp� � � R H R��pW �LJ T D � � § H`� � F R
K�J ��T J�JL� � � �6�� � RXY¶� D WGW�� � � © �LWkWGY ��J §¨� © �IR��CTnRU� HIJLK �p��WGR � W ©QH �nRXT DkK�� N
½ K � ��D�H �^�L�QRUTU¹A�{R	��TnR H R K ��� HªD §¨��WkR H �¦R � �ITg�pW � W ©^H �IRUT DGK�� �pW �LJ T D � � §
� � �p� � � K �QR D §¨��WGRX§¨R K �nR °	©^HIDGK�� � � RX��W DkK R H`JL��¾ �6�nWG�L�¿NÀM HIDkK�� � J�J W H
� T J §Á§��6�IT DkÂ �QRUTª� © TI�Q�6� DGJLK � � R J TnYL¹��{RC� K �pWGY�ÃXR0� � R	�pW �LJ T D � � §C¹�� K^°
�LDGF R ��J#K^°�D � DGJLK^H¨©^K^° RXT0� ��DG�g� D � � � K �¦R	R Â �¦R � �IR ° � JÄ°�J �SRUWkW¬N�Å(R
�pW HªJ¶HI��J � HI© TI�^T D�HªDGK�� WkY �LJ�J�° R Â �QRUT D §¨R K �n�LW�TnR HI© Wk� H�J#K � K�© §O�¦RXT Jp�
�g� �pWGWGR K��#DkK��¨� W ©^H �IRUT DGK�� ��T J ��WGRX§ H N
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� � RC�n� H V JL�EÍ^KQ°�DkK^�(�#J�J�°+� W ©^H �IRXT HÎ� � H �¦RXR K � � R �ÏJ���©^H¨JL�%��J#K^HIDG° RUTn�L��WGR0TnR H RU�pT �g�*DGK
§�� �g��DGK R%WkRw�pT K�DGK�� � KQ° �^�p�ª�IRUT K TIR ��J#�LK�D � DGJLK N=¸ J T � W ©QH �nRXT DkK�� � JLDGK � H{DkKCÐ2ÑÒ± �³§�� DGK �p��´
��W DG� �6� DkJ#K	�ÏJ���©^H%Jp� � ��D�H �Q�p�¦RXT ± J#K R H �n� KQ° �pT ° �p�^��T J � �g�ºD�H �^� H R °	JLKÓ� R K RXTg�6� DGF RO§ J�° ´
RXW H ¹ DkK � �^DG�g� �LW �#J T D � � § H�HI©^�g� � H � ¾ �LTIR ©QH R ° � J WkRw�pT K �¶§ DÔÂ � © TIR ° R KQHªD �²YLNÓ� � R H R
�p�^��T J � �g� R HAHª©�» RXT � T J § H R F RUTn�LW ° Tn�¼�À�^� � V H N=¸ D T H �w¹�� J�©^H R�^�LTn�L§ÎRX�IT DG�%° R K^HªD �²Y0R H � D §��p´
� J T H ¹ � �pT HI�0HªD §¨��W DÔ� Y DGK�� � HIHI© §¨��� DkJ#K^H{©^Hª© �pWGWkY K RUR ° � J �QR�§�� ° R¨ÕÏR#N � Nk¹�� � �6�A� � R ° R K^HID �²Y
Jp� RU� �g��� W ©^H �nRXT D�H�Ö � ©^HIHID � KQ× N @ R ��J#K^° ¹p� � R`W JL� W D V#RXW Dk��J�J�°¨� � KÎ� � F RA§�� K YOW J�� �pW^§ DGK�D §��
� KQ° � � RUTIR �ÏJ TnR�§ © WÔ� D ��WGROTnR H �n�LTª� H �LTIR�TnRUØ ©�D TnR ° � J0Í^K^° � �LJ�J�°	HªJ W © � DGJLK	©^HIDkK^�0D �IRXTg�6� DkF R
�pW �LJ T D � � § H N=Ù`W �LJ T D � � § HÀHI©^�g� � HÀÚ ´Û§ÎRw� K^H{� � F R HID § D W��pTÀ��T J ��WGRX§ H N
ÙÜ��T J § D�HªDGK�� �pWk�IRXT K �p� DGF R³� � �p� � � H TnR � R K �IWGY¶RX§¨RXT � R °¶DGK � K�© §³�QRUT Jp�{Í RXW °�H�D�H � Jº©^H R
a¬«�fg_XuhnZ6jÀÝ�f�Ï� � m¼a �ÏJ T � W ©^H �IRUT DGK�� N �`RUTIR#¹ JLK R ©QH R H � � RC� J �+R Dk� R K�F R � � J T H�Jp� �(§¨�p�IT DÔÂ° RUT DGF R °C� T J §Þ� � R °�DGH �n� K^� R³�QRX�²�SRUR K � JLDGK � H N @�©^�g� �pW �LJ T D � � § HÀ� � F R��¦RXR K(Hª©Q�X� R HIHª�Ï© WGWkY
©^H R °ÓDkK §¨� K Y¶�p����W D�� �6� DkJ#K^H�DkK^� W ©Q°�DkK^�C�XJ §¨� © �nRXT F�DGHIDkJ#K � KQ°¶ß�à2@ ½ ° R HIDk�#Kâá ã ¹=äbå¬N³P © �
° R H � D �IR�� � R D T³RX§¨� D T D�� �LW Hª©Q�X� R HIH R H ¹ °�DÔ» RXTnR K �³� © � ��J T HOH � D WGW °�D�H � � TnRXR J#K R Â � � �IWGYÓ� ��D��g�
R DG� R K�F R � � J T H � J¶©^H R0� K^°��^J �æ� JÓ° RUT DGF R � W ©^H �IRUT H�� T J §�� � RX§çÕ H RXR á ä#äbå �ÏJ T³�ºTnR F�D RX� × N
Ù`W HIJ ¹#� � R%� K �LWkY HIDGH�JL� � � R H R%�pW �LJ T D � � § H ¹L� ��D��g� �{RE��T D RXè^YÎTIR F�D RX� �¦RXW J �¹ � � H �nR K^° R ° � J
�ÏJ���©^H`JLKºHªD §¨��W DkÍ R ° �LW �#J T D � � § H � � �p� JLK WGY ©^H R JLK R�R Dk� R K�F R � � J T{�p�E�³� D §ÎR#N
é�K R�W DkK R JL� � K �pWGY HªD�H §¨�LVLR H � � RW DkK V�� J a¬«�fg_XuhnZ6jQ\LhIZn«^�Î«^Z6hb¬�e¬� � [^�e[�\ ¹ DkK � ��D��g� � � R H R � ´



JLKQ° R DG� R K�F R � � J T JL� � � Tg�p� �4ê H`à �p��W�� �XD � K	DGHE©^H R ° � JC° R ÍQK RO� H RX§ D ´ J ��� D §��pW �X© �UN��`RXTnRL¹
� � RER DG� R K�F R � � J T DGH{H RUR K � H � HIJ W F�DkK�� �TIRUWG� Â �6� DGJLK¨JL� � K�ëEì ´ � �pT °Î°�DGHn� TnR��nR � Tg�p� � �Q�pTI� D ´
� DGJLK^DkK�� ��T J ��WGRX§ á í åÛ¹�� K^°�D � � � K �¦R HI��J � K � � �6� �X© � H �^� H R °�JLK � � R H R ��J#K^° R Dk� R K�F R � � J T
�LDGF Rî� �L© �LTn� K �IRXR ° �p����T J¼Â�D §��p� DGJLK � J � � R J ��� D §��pW ��© � á ï ¹ í å¬N(� ��D�H � K �pWGY HªD�H�� � K �¦R
R Â �nR K^° R ° � J0� W ©QH �nRXT DkK�� ��Yî� ©�D W °�DGK�� �¨�{R DG�L� �nR °C� Tg�p� �ºDGK � ��D��g�	K�J�° R H`�XJ TnTIR H � JLKQ° � J
° �p�n�p� JLDGK � H � K^° R °�� R H �pTnRETnRXW��6�nR ° � J � � R °�DGH �n� K^� R%�QRX�²�SRUR K � � R%� J#DkK � H N @�DGK^� R�� � R%§��p´
ð J T D �²Y Jp� � K �LWkY H R H2DGK¨H �¦R � �nTn�LW � Tg�p� � �^�LTª� D � DkJ#K�DkK^� �L���¦RU�pT2� J�° RU�LW�� D � � �^�pTI� D � DGJLK�DGK�� � � R
� Tg�p� �	DkK � J R Â � � �IWGY0�²� J �^�LTª� H ¹Q� � R H RO§¨R�� ��J�°�H �LTIR�� � R K �²Y�� D�� �pWGWGYC�L����W D R ° TIR ��© T HIDkF RXWGY
� JCÍ^KQ°(ñ;� W ©^H �IRXT H ÕÏR#N � N á ï å × NÎ� Â �¦RXT D §ÎR K �n�pWGWGY D � � � H �¦RXR K�J � H RXT F R ° � � �p� ©^HªDGK�� § J TnR
R DG� R K�F R � � J T H � K^°º°�D TnR � �nWkY ��J §¨� © � DGK�� � ñ �A�¼Y��^�LTª� D � DkJ#K�DkK^�³D�H �¦R��ª�nRXTOÕ�RLN � N á ã ¹¿ä�å × N
�`RUTIR#¹À�SRÓ� ©�D W °ò© � J#K � � R;TIR � R K ��� J TnV JL� Å(R D�HnHÓá äLäbå� K^°ò¾ R D WG�*� K^°�@���DÎá ó å¬¹À� �^J
� K �pWGY�ÃUR ° �pW �LJ T D � � § H � � �6� ©^H R ñ R Dk� R K�F R � � J T H{HID § © Wk�n� K R J#©^H WGY DGK¶HªD §¨��WGR H RX�ª� DkK���H N{Å(R
��T J � J#H R¶�Ä�^�LTª� DG�X© WG�LT�§�� K�K RXT�� J*©^H R	� � R ñ R DG� R K�F R � � J T H�HID § © WÔ�g� K R JL©^H WGYL¹À� K^° �#DkF R
��J#K^°�D � DGJLK^HA©^K^° RXTE� ��DG�g� � � R��pW �LJ T D � � § � � K �QRR Â �QR � �IR ° � J�°�J �SRUWkW¬N
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�`RUTIR#¹~� � R Hn� �LW DGK�� �^�pTg�p§¨RX�IRXT�£¥¤ �XJLK �IT J W HE�^J �sTn�L� D�° WkY¶� � R��X¦ K�D �²Y'§n¨�© � �pWGW H�JL» � D � �
� � R °�DGH �n� K^� R¨�¦R��²�{RXR K�ý ¨ � K^°(ý © ¹2� K^° �SR¨� D WkW�WG�p�IRXT ° R HI� T D �¦R��î§¨RX� ��J�°;�ÏJ T �g��J�J�HªDGK��
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§¨RU� K^H T ©�KÎ°�D TnR � �IWGY Í^K^°�H � � R ©^K^H �p� D�H²� � � � J TnY � W ©QH �nRXT DkK���DkK ¸ Dk�#© TIR%ä D N®P © � JLKQ� R{�SRS§¨�L�
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¹ :kº zX/�»Û}Q3�¼ x yS1 r��wt;½2�w�Ur }Q/p¾�¿ v 5�À r 1®5 x yiÁ tLx^� 5
� J©�K^° RUT H �n� K^° � � RE�LW �#J T D � � §º¹ D � DGH�DkKQH �nT ©^� � DGF RA� J���JLKQHªD�° RXT D � H �QR � � F�DkJ T DGK � � R�Â DG° Rw�pW Ã
� � H R DGK � �^DG�g� �pWGWÒ� J#DkK � HADGK	°�Dk» RUTIR K � � W ©^H �IRUT H �LTIR DkK�Í^K�D �IRXWGY � �LT`�p�^�LTª�wN2¸ J TA� � R H �LVLR Jp�
°�D�HI�X©^HnHªDGJLK ¹ HI© ��� J#H RO� � �6� ñ	úæí ¹~� KQ° � � �6��� � R³� � TIRUR � W ©^H �IRUT H%JL�SHªD ÃXR HAÄ®þ ¹ Ä ¤ � K^°'Ä�Å
�pTnR ù þ ¹ ù ¤ ¹�� K^°�ù Å Õ ùÄú�ù þxÆ ù ¤ Æ ù Å ¹ Ä¶ú�Ä þLÇ Ä ¤ Ç Ä Å × N�� J�HID §Î�^W Dk� Y JL© T�R Â � J�HªD � DGJLK ¹
�pW HIJ � HnHI© §¨R�� � �6�Î� � RC� J#DkK � H³DGK·ù�ú û6ý¼þ¼ÿ������¿ÿný Ñ � �pTnR J T ° RUTIR ° � �X�XJ T °�DGK�� � J � ��D��g�� W ©^H �IRUT`� � RXYº�pTnR DkK ¹ HIJ � � �p�E� � R Í T H � Ä®þ � JLDGK � H �LTIR DGKÓ� W ©^H �IRUT ù4þ ¹^� � R K R Â � Ä ¤ DGK;ù ¤ ¹R�� � N;Å;RC� D WGWA�pW HªJ¶©QH R�Â�È�É ù ¨iÃÓ� H � HI��J TI� � � K^°(�ÏJ T ý ©-É ù ¨ªN ¾	J6F�DGK�� � � R � W ©QH �nRXT HÂ DGK�Í^K^D �nRXWGY+Ã � �pT��p�^�LTª� �XJ TnTIR H � JLK^°^H � J ÃXRXT JLDGK�� �LWkW4� � R³RXWGRX§¨R K � H § ¨B© ��J TITnR H � JLK^°�DGK�� � J
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threecircles−joined, 3 clusters
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Rows of Y (jittered, randomly subsampled) for twocircles
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two circles, 2 clusters (K−means)
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threecircles−joined, 3 clusters (connected components)
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lineandballs, 3 clusters (Meila and Shi algorithm)
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