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We study preferences estimated from finite choice experiments and provide suffi-
cient conditions for convergence to a unique underlying “true” preference. Our con-
ditions are weak and, therefore, valid in a wide range of economic environments. We
develop applications to expected utility theory, choice over consumption bundles, and
menu choice. Our framework unifies the revealed preference tradition with models that
allow for errors.
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1. INTRODUCTION

THIS PAPER provides conditions that guarantee asymptotic, large-sample, nonparametric
recoverability of preferences from binary choice data. We imagine an experimenter, Alice,
offering a sequence of binary choice problems to a subject, Bob. For each choice problem,
Bob is presented with a pair of alternatives and is asked to choose one (e.g., alternatives
could be lotteries over a collection of prizes). Alice wants to ensure that, if she observes
Bob on sufficiently many choice problems, then she can approximate his preference over
the entire set of alternatives to an arbitrary degree of precision. We study when this ap-
proximation is possible. The goal is to have conditions that are easy to check and apply
broadly.

Our approach is two-pronged. Our first model is anchored in the classical revealed pref-
erence tradition, whereby Alice seeks to rationalize the choice data exactly. The model is
deterministic. Alice designs a fixed experiment, and hypothesizes that Bob chooses per-
fectly in accordance with his preference. Our second model is statistical. The selection of
experiments is random, and Alice supposes that Bob’s choices are either observed with
some error, or made with error. In both models, we provide conditions for the underlying
data-generating preference to be recovered in the limit as the available data grow large.
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These conditions concern both the experimental design and the preference environment
being considered.

The main substantive condition is the local strictness of preferences, a property first de-
scribed by Border and Segal (1994). Local strictness generalizes the familiar notion of
local nonsatiation. A locally strict preference means that whenever x is at least as good
as y, there are alternatives x’ and y’, near x and y, respectively, and for which x’ is strictly
better than y’. We prove that, together with technical conditions, local strictness ensures
the convergence of any sequence of rationalizing preferences to the unique underlying
preference governing the subject’s choices as the number of observations goes to infin-
ity. In the statistical model, we introduce an estimator based on minimizing the Kemeny
distance to the observed choices. Again imposing local strictness, we prove that this esti-
mator is consistent, and provide general convergence rates.

The usefulness of our results is illustrated with applications to expected-utility theory
and other environments where preferences are defined from utility functions; to mono-
tone preferences in consumption theory, and preferences over menus. In all of these ap-
plications, we show how large finite experiments can approximate a preference of the kind
that is appropriate for the application.

Our approach works with the choice-theoretic notion of partial observability, as in
Afriat (1967): when Bob is presented with a choice, he must select no more than one
alternative. Therefore, choosing one alternative over another does not preclude the pos-
sibility that Bob would have been equally happy with the other alternative. In Afriat’s
case, partial observability has wide-ranging implications, famously rendering the concav-
ity of utility nontestable.! Partial observability generally leads to partial identification and
hinders estimation. In our framework, preferences can still be fully learned in spite of
their partial observability.

We allow for very general sets of preferences, which translate into a “model-free” ap-
proach. If, say, Alice is interested in exponential discounting, then she can estimate a
preference without the need to impose this assumption on the data. If Bob is indeed dis-
counting exponentially, then the preference estimates are guaranteed to converge to a
preference that follows exponential discounting. And if the preference estimates do not
converge to such a preference, then Alice may conclude that the exponential discount-
ing hypothesis is incorrect. She can then evaluate the degree to which Bob’s preference
diverges from exponential discounting. The model-free aspect is also present in the sta-
tistical model: Alice can be agnostic about how the alternatives presented to subjects are
sampled, and how subjects are assumed to make mistakes. Specifically, the estimator does
not require knowledge of sampling or error probabilities.

Overall, our framework combines the elements of different traditions in economic mod-
eling: the nonparametric approach and the finite amount of data in revealed preference
analysis, the pairwise comparisons in decision theory and experiments (both online and
laboratory), and the source of random errors in empirical research and econometrics.

The paper proceeds as follows. The remainder of this section reviews related works.
Section 2 describes the model. Section 3 provides the main results. Sections 4 and 5 put
these results to work in several economic environments. Section 6 concludes with a dis-
cussion. Proofs are relegated to the Appendices.

!Chambers, Echenique, and Shmaya (2014) provided a discussion of what partial observability entails.
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1.1. Related Literature

The literature on revealed-preference theory has been primarily concerned with the
question of whether observed behavior conforms with standard models in economic the-
ory. The workhorse of this literature, Afriat’s theorem (Afriat (1967), Varian (1982)),
works with the classical model of consumer demand with linear budgets and finite data,
and has been expanded in many directions.” This line of research focuses for the most part
on constructing revealed preference tests, and discussions of preference recoverability—
as, for instance, in Varian (1982), or more recently Cherchye, De Rock, and Vermeulen
(2011)—deal with bounding the sets of possible rationalizing preferences.

Closer to our work, in the context of consumer demand with linear budgets, Mas-
Colell (1978) introduced an “income-Lipschitz” condition and shows that, under this and
a boundary condition, any sequence of preferences that rationalizes a sufficiently rich se-
quence of observations converges to the unique preference that rationalizes the entire
demand function. Forges and Minelli (2009) derived the analog of Mas-Colell’s results
for nonlinear budget sets. In a model of dynamic asset markets, Kiibler and Polemar-
chakis (2017) derive conditions that permit the identification of utilities and beliefs of a
subjective expected utility maximizer, and show that preference estimates from finite data
converge to the unique underlying preference as the number of observations grows large.
Polemarchakis, Selden, and Song (2017) give conditions under which the identification
of preferences is possible, and demonstrate the convergence of preferences estimated
from finite data to the unique underlying preference. More recently, Kiibler, Malhotra,
and Polemarchakis (2020) consider identification of preferences from finite data, with
emphasis on applications to demand and aggregate demand. As in the above works, our
paper concerns the convergence of preferences that rationalize finite but unbounded data
to the underlying data-generating preference, following large sample theory. We differ in
three ways: first, we focus on data from pairwise choices instead of choice from budgets;
second, we work with general environments beyond choice over commodities; third, we
provide a broad sufficient condition on the class of preferences under consideration. Be-
cause we abstract away from specific economic environments, our results are applicable
across different domains, such as choice of menus, under uncertainty, of intertemporal
streams, lotteries, or consumption bundles.

Experimentalists and decision theorists also have an obvious interest in preference re-
covery from pairwise choices, but little is known about the behavior of preference esti-
mates from finite data. Decision theory works often include a discussion of identification,
but presume access to the agent’s full preference relation. In contrast, we are interested
in knowing if and when the preference relation can be inferred from the data. In de-
mand theory, there are many studies devoted to the problem of identification—known as
the integrability problem—assuming access to a demand function defined on all prices.
Matzkin (2006) considered economy-wide data, and uses equilibrium as a means to iden-
tify consumers’ utilities. In recent work, Gorno (2019) studied the general problem of
identification under partial observability. Gorno provided conditions on decision prob-
lems and sets of admissible preferences to ensure identification. Our research diverges
from his, and from other studies of identification and integrability, in that we focus on
large-sample estimation from finite data.

2For example, Matzkin (1991) and Forges and Minelli (2009) worked with nonlinear budget sets, Chavas
and Cox (1993) and Nishimura, Ok, and Quah (2017) worked with general choice problems. Some extensions
were also developed for multiperson equilibrium models, as in Brown and Matzkin (1996).



1636 C. P. CHAMBERS, F. ECHENIQUE, AND N. S. LAMBERT

Another stream of literature combines nonparametric econometric methods with re-
vealed preference theory. In demand analysis, Blundell, Browning, and Crawford (2008)
designed a statistical test for the revealed preference conditions to be satisfied. Observing
that demand responses to price changes can be represented by a set of moment inequal-
ities, they appeal to results on moment inequality estimators by Manski (2003), Cher-
nozhukov, Hong, and Tamer (2007) and Andrews and Guggenberger (2009). However,
these results on partial identification do not apply to the general environments we con-
sider. Instead, we work with the classical large-sample theory for M-estimators (Amemiya
(1985), Newey and McFadden (1994)) but derive conditions for consistency without mak-
ing additional compactness and equicontinuity assumptions (these assumptions are par-
ticularly substantial in a nonparametric estimation problem like ours, see Section 6.2
for a detailed discussion). Halevy, Persitz, and Zrill (2018) developed a method for es-
timating parametric models by minimizing the incompatibility of choice behavior with
the proposed model, in the same spirit as our Kemeny-distance estimator. In contrast to
our work, their methodology assumes data on choices from linear budgets, and adopts a
money-metric version of Afriat’s and Varian’s “critical cost efficiency index” as a measure
of distance. A crucial component of their analysis is to decompose measures in loss due to
parametric misspecification, and loss due to inconsistency with rationality. More closely
related to our paper, Matzkin (2003) and Blundell, Kristensen, and Matzkin (2010) con-
sidered identification in an econometric model of stochastic demand data (see Matzkin
(2007), for a general discussion). Recently, Basu and Echenique (2020) investigated the
learnability of four standard models of choice under uncertainty using the notion of Prob-
ably Approximately Correct (PAC) learning from computational learning theory. Basu
(2019) applied several other measures of model complexity to a study of stochastic choice.

Finally, a literature in political science (Poole and Rosenthal (1985), Jackman (2001),
Clinton, Jackman, and Rivers (2004), are seminal) focuses on binary choice data (roll-
call votes), but considers specific parametric models of spatial voting, and uses Bayesian
methods for the most part. Our results are broadly applicable to the same data as in this
literature.

2. MODEL

The model features an experimenter, Alice, and a subject, Bob. Bob has a preference
over a set of alternatives X, which is a topological space. Alice would like to learn Bob’s
preference through the device of a choice experiment.?

By preference relation or simply preference, we mean a binary relation > over X that is
continuous and complete.* In formal terms, > is the set of pairs (x, y) € X x X such that
x is at least weakly preferred to y, denoted by x > y. Associated to any given preference
> are its asymmetric part > (strict preference) and its symmetric part ~ (indifference);
that is, x > y means that x > y but y  x, while x ~ y indicates that both x > y and y > x.
We do not require that preferences be transitive.

3Such experiments, done on a large scale, with large sample size include, for example, von Gaudecker,
van Soest, and Wengstrom (2011), Chapman et al. (2018) and Falk et al. (2018). Alternatively, we may think
of Alice as a researcher, and Bob an individual she has observed in the field. For example, Bob could be a
congressman who votes among pairs of competing bills (Poole and Rosenthal (1985)).

4Completeness means that for all pairs of alternatives (x, y), x > y or y > x. Continuity means that > as
a subset of the product space X x X is closed; more intuitively, if x is not preferred to y, then x’ is also
not preferred to y’ for all pairs (x’, y) in the vicinity of (x, y). Completeness is standard and continuity is a
necessary regularity condition; without it, no meaningful inferences can be made with any finite amount of
data.
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If Alice’s goal is to infer Bob’s preference from his behavior, it is clear that she must
somehow discipline the set of preferences being considered. With partial observability,
indifferences are unobservable, and it is very easy to find a preference that rationalizes
empirical data. For example, complete indifference rationalizes any observed behavior.
Throughout the paper, P denotes the class of preferences being considered; we think of
‘P as a set that encompasses the possible preferences the subject may have. We refer to a
pair (X, P) as a preference environment.

Alice collects information about Bob through a finite experiment, in which Bob con-
fronts a fixed number of binary choice problems. In each binary choice problem, Bob is
presented with an unordered pair of alternatives, and is asked to choose exactly one of the
two alternatives. An experiment of size n is represented by a collection 3, = {By, ..., B,},
where B, = {x, yx} is an unordered pair of alternatives that captures a binary choice
problem. Note that binary choices are used for simplicity: one could have more than two
choices instead.

To study the large-sample properties of estimated preferences, we consider not just
one experiment, but a set of growing experiments indexed by their size, of the form
{31, 3,,...}, where 3, is an experiment of size n and 3, C 3,,,. In the sequel, 3, al-
ways denotes an experiment of size n, and the inclusion property 3, C 3, is implicitly
assumed. We use the abbreviated notation {3, } to denote a set of (growing) experiments.

The behavior of a subject who decides over binary choice problems is encoded in a
single-valued choice function ¢ that maps unordered pairs of alternatives to alterna-
tives. It records, for every possible binary choice problem {x, y} C X, the alternative
c({x,y}) € {x, y} that is chosen. We refer to c as the choice function, and impose no a
priori restrictions on choice functions.

We follow two traditions in economic modeling. The first tradition is classical revealed
preference theory, in which the choice problems of an experiment are selected arbitrarily,
and the experimenter seeks to exactly rationalize observed behavior, as in the classical
works of Afriat (1967), Mas-Colell (1978), and Varian (1982). In this theory, Bob is as-
sumed to possess a preference and to make choices that comply perfectly with this pref-
erence. Alice looks for a preference that fits exactly the empirical observations. However,
this theory does not account for errors, while empirical work often tries to accommodate
erTors.

The second tradition tackles this problem by imposing a statistical model on the sub-
ject’s choices. Such a model is random, with randomness stemming from sampling and
subjects’ mistakes. The subject is presented with choices drawn at random, either be-
cause the experimental design is explicitly random (as, e.g., in Ahn et al. (2014), Choi
et al. (2014), Carvalho, Meier, and Wang (2016), or Carvalho and Silverman (2019)), or
because the experimenter uses observational data in which she has no control over the
problems the subject faces. In the statistical tradition, Alice continues to assume that Bob
has an underlying preference, but she allows for his behavior to deviate from what his
preference dictates. Alice looks for a preference that fits the observed behavior the best.’

2.1. Revealed Preference Models

In a revealed preference model, experiments are designed arbitrarily by the experi-
menter. The primitives are the preference environment (X, P), and the set of experi-
ments {3,}. We refer to this model by the triple (X, P, {3,}).

3See also Grant et al. (2016) for a general study of experimental designs that are tolerant to small deviations
in the subject’s perception of the experiments.
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Recall that when presented with a pair of alternatives {x, y}, Bob is asked to choose
between x and y—he cannot choose both. In the language of Chambers, Echenique,
and Shmaya (2014), our model of choice features partial observability, as in the original
work of Afriat (1967).® With partial observability, the appropriate concept of rationaliza-
tion is weak rationalization. Given a choice function ¢ describing the subject’s behavior,
and given an experiment 3,, we say that a preference > weakly rationalizes the observed
choices on 3, or simply rationalizes the observed choices on 3, if the experiment out-
comes are compatible with the subject’s preference: for every {x, y} € 3,, c({x, y}) > x
and c({x, y}) > y. Similarly, we say that > rationalizes the choice function c if, for every
x,ye X, c({x,y}) » x and c({x, y}) > y. Hence, weak rationalization does not allow for
Bob to choose in contradiction with his preference, but allows for Bob not to reveal the
totality of what his preference implies.

2.2. Statistical Preference Models

In a statistical preference model, experiments are composed of randomly-selected
choice problems. More precisely, the choice problems B, = {x;, y;}, ..., B, = {x,, y,} that
make up the experiment 3, are generated by drawing the alternatives x;, y; in each By
at random from X, independently and identically according to some probability measure
A (X is endowed with the usual Borel o-algebra).” We also use A to denote the product
measure on X x X. Deviations from the IID paradigm do not affect the results substan-
tially.®

Bob’s behavior is guided by his preference, but in every choice problem where Bob is
not indifferent, he may make a mistake by choosing an alternative that is not preferred.
The corresponding choice function is therefore random. It is determined by an error prob-
ability function q : P x X x X — [0, 1] that quantifies the extent to which a subject is
prone to making errors. Assume that, for all = € P, g(>; -, -) is measurable on X x X.

When a subject with preference > confronts the binary choice problem {x,y}, he
chooses x over y with probability g(>; x, y), and chooses y over x with the comple-
mentary probability. We assume that if x > y then x is more likely to be chosen, that
is, ¢(>; x,y) > 1/2. When x ~ y, we make no particular assumption.

The primitives of a statistical preference model are the preference environment given
by X and P, the probability measure A according to which alternatives are drawn, and
the error probability function g. We refer to this model by the tuple (X, P, A, q).

SThe tradition in revealed preference theory (and in studies of integrability) prior to Afriat was to exactly
rationalize a demand function. In Afriat’s model, the observed choices are contained in the rationalizing de-
mand, and in consequence concavity of utility is not testable. See Chambers, Echenique, and Shmaya (2014)
for a detailed discussion and exploration of the consequences of partial observability.

"Strictly speaking, an experiment 3, is now a multiset, and Bob could in principle face the same choice
problem more than once. By convention, we assume that Bob’s choices remain the same over such repetitions,
so that it is the choice function ¢ that is random and not the choices themselves. However, our assumptions
guarantee that repetitions occur with probability zero, so that what is assumed about Bob’s behavior under
repetition is irrelevant to our results.

8Specifically, our results on estimation can be extended to more general probability measures on pairs of
alternatives within each choice problem to account for correlations. In addition, these results do not depend on
the order of choice problems in an experiment. Therefore, as experiments grow large, an experiment in which
the empirical distribution of choice problems converges to a well-defined distribution becomes approximately
equivalent to an experiment in which the choice problems are drawn IID.
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3. MAIN RESULTS

This section provides general results on the convergence of preferences. Throughout,
we use the following notion of convergence. A sequence of preferences {>,},.n converges
to a preference >*, written >, — >* for short, when the following two conditions are
satisfied:

(1) For all alternatives x*, y* with x* >=* y*, there exists a sequence of pairs of alterna-

tives {(x,, ¥.)}nen cOnverging to (x*, y*) such that x, >, y, for all n € N.

(2) For all subsequences {>,, }ren, and all pairs of alternatives (x*, y*) that are the limit
of a sequence {(x,,, Yu, ) }ken satistying x,, >, y, forall k, we have x* >* y*.
Under the assumptions we shall impose, these conditions define convergence in the closed
convergence topology. Throughout, we endow the space of preferences and binary relations
with this topology. The closed convergence topology is a common topology for spaces of
sets, such as binary relations, and is the standard topology used for spaces of preferences
(Kannai (1970), Hildenbrand (1970)). It is particularly well suited to the concept of partial

observability; we discuss the choice of topology in Section 6.1.

Under conditions that are satisfied in our model, the closed convergence topology on
the space of preferences is metrizable, making it possible to quantify approximations and
speak of convergence rates. We fix, and denote by p, one compatible metric. In particular,
if X is compact and metrizable, then we can choose as p the usual Hausdorff metric
for the product space X x X. The notion of closed convergence then coincides with the
notion of Hausdorff convergence.” We connect the topology on preferences with familiar
topologies on spaces of utility functions in Section 4, and, for the case of parameterized
classes of preferences, with metrics on the parameter space.

3.1. Convergence in Revealed Preference Models

Our first main result states that convergence of rationalizing preference obtains un-
der certain assumptions on the model primitives. Given a revealed preference model
(X, P,{2.}), consider the following assumptions.

ASSUMPTION 1: X is a locally compact, separable, and completely metrizable space.

Assumption 1 puts a necessary structure on the set of alternatives. It is satisfied in many
common economic environments, as we show in Sections 4 and 5.

The next assumption disciplines the class of the preferences being considered. The cen-
tral property that allows for meaningful preference recovery is local strictness. This prop-
erty rules out “thick” indifference curves, in the spirit of the local nonsatiation property
of consumer theory. A preference > is locally strict if for every x, y € X with x > y, and
every neighborhood V' of (x,y) in X x X, there exists (x, y") € VV with x’ > y' (Border
and Segal (1994)).

ASSUMPTION 2: P is a closed set of locally strict preferences.

Our third assumption constrains the set of experiments. The choice problems in the
experiments must be sufficiently many, and sufficiently diverse, so that observed behavior

2Our results allow for X to be only locally compact. In this case, p may still be chosen to coincide with the
Hausdorff metric on subsets of the product space X, x X, where X, is the one-point compactification of X
together with some metric generating X .. See Aliprantis and Border (2006) for details.
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on all these choice problems can effectively probe the subject’s preference. A set of ex-
periments {3,}, with 3, = {By, ..., B,}, is called exhaustive when it satisfies the following
two properties:

(1) U, Bris dense in X.

(2) Forall x, y € J,-, Bx with x # y, there exists k such that By, = {x, y}.
The first property imposes that the alternatives that are used in the set of experiments
sample the space of alternatives appropriately. The second property states that the ex-
perimenter should be able to elicit the subject’s choices over all alternatives used in her
experiments. Note that, starting from any countable dense set of alternatives, one can
always construct an exhaustive set of experiments via routine diagonalization arguments.

ASSUMPTION 3: {3,} is exhaustive.

The importance of having a dense set of alternatives is clear: without it, the character-
istics of the preference remain unobservable on an open set, and for general classes of
preferences, knowledge of the preference outside this set does not suffice to infer those
unobservable characteristics.

The importance of local strictness for our results hinges on the fact that, for an exhaus-
tive set of experiments, and any two distinct locally strict preferences > 4 and >3 of two
subjects A and B, respectively, there always is at least one experiment for which subject A
behaves differently from subject B, thereby allowing the experimenter to distinguish be-
tween these two preferences. Thus, with local strictness, a false hypothesis will eventually
be demonstrated to be false, whereas without it, too many preferences can be consistent
with the data. This fact is stated formally in Lemma 1, whose proof is in Appendix A.

LEMMA 1: Consider an exhaustive set of experiments with binary choice problems {x, y;},
k € N. Let »= be any complete binary relation, and > 4 and >y be locally strict preferences. If,
forall k, x;. > 4 y. and x; >p y. whenever x;. > yi, then > 4 = = 3.

Therefore, local strictness makes it possible to identify uniquely the subject’s prefer-
ence from an infinite set of observations. It is, however, not enough to estimate the
subject’s preference from finitely many observations: the requirement that P be closed
then becomes essential. To illustrate, suppose that X = [0, 1], that P is the set of all
locally strict preferences, and that Bob prefers larger numbers, so that x >* y if and
only if x > y. Let 7=, be the preference defined by the piecewise linear utility func-
tion u; with u; (0) = ux (1) =1 and wu(1/k) =0; so, ux(x) =1 — kx for x < 1/k and
up(x)=—-1/(k — 1)+ k/(k — 1)x for x > 1/ k. Note that P includes >* and all 77, for
k > 2. Consider any set of growing experiments {3,} in which the choice problems use
nonzero alternatives. In every experiment 3, Bob’s choices, if Bob chooses according to
his preference, can be rationalized with -, for k large enough. As k grows large, -, does
converge, but to a preference distinct from >*. So there is information regarding Bob’s
preference that is never fully learned. This problem owes to the fact that the set of locally
strict preferences on [0, 1] is not closed: the limiting preference -, is such that x -, y
if x > y or if x = 0; it is thus not locally strict. More generally, no matter the subject’s
underlying preference and the choice of growing experiments, one can always find locally
strict preferences that perfectly rationalize the subject’s choices, and yet, as the size of
the experiment grows large, converge to total indifference among all alternatives.!’ The

10See Section S.1 in the Appendix in the Online Supplementary Material (Chambers, Echenique, and Lam-
bert (2021)).
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rationalizing preferences then convey no information about features of the subject’s pref-
erence that are not directly observed. Closedness is thus a crucial assumption. As we show
in Sections 4 and 5, closedness is not to be taken for granted, but it is fortunately satisfied
in a range of important applications.

Under the above assumptions, we establish the convergence of rationalizing preference
estimates.

THEOREM 1: Suppose the revealed preference model (X, P, {3,}) meets Assumptions 1-
3 and c is an arbitrary choice function. If, for every n, the preference =, € ‘P rationalizes the
observed choices on 3, then there exists a preference =* € P such that >, — >*. Moreover,
the limiting preference is unique: if, for every n, > € P rationalizes the observed choices on
3, then the same limit = — >* obtains.

The proof of Theorem 1 is in Appendix B.

Theorem 1 asserts that if, in each experiment, the data can be rationalized by some
preference in the class P, then there always exists one preference in P that rationalizes
the choices made over all the experiments, and most importantly, there exists only one
such preference. The observations are exactly as if the subject’s choices were guided by
this particular preference, which can be obtained as the limit of the rationalizations as
experiments grow in size.

In particular, if we postulate the existence of a preference >*€ P according to which
the subject chooses on any given decision problem, then no matter the selection of the
rationalizing preferences, they always converge to >*.

COROLLARY 1: Suppose the revealed preference model (X, P,{3,}) meets Assump-
tions 1-3 and c is an arbitrary choice function. If the preference =* € P rationalizes c and if,
for every n, the preference >, € P rationalizes the observed choices on 3, then >, — >*.

3.2. Convergence in Statistical Preference Models

When the subject makes mistakes, looking for a preference that perfectly rationalizes
his behavior is moot—a rationalizing preference in the class P may not exist. Instead, we
introduce a simple estimator that approximately rationalizes the observed data, based on
minimization of the Kemeny distance (Kendall (1938), Kemeny (1959)).

The estimator results from a two-step procedure. Let us look at an experiment of size n,
3, drawn at random according to the experimental design. Let ¢ be the choice function
that captures the choices of the subject, which is also random.!! First, from the choices ob-
served on 3, a revealed preference relation is constructed that captures these choices ex-
actly. This revealed preference relation, denoted R, is defined by x R, y for all {x, y} € 3,
such that c({x, y}) = x—that is, x R, y when the subject chooses x in the choice problem
{x, y}. Note that R, is sparse, as it only conveys information on the alternatives used in
3,.. Second, the estimated preference >, is chosen to minimize the distance d,(>, R,)
between the revealed preference relation just defined, and a preference in > € P;

>n € argmin{dn(ian) Ml S P}

1Recall that, in our model, Bob’s choices are consistent when facing the same choice problem more than
once, but this assumption is without loss of generality as repetitions will occur with probability zero.
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Distance d, is taken to be a version of the Kemeny distance, a rank distance measure,
defined by

1
dn(zaRn) = ;|Rn \ zl

In words, d,(>, R,) averages the number of mistakes made by the subject on 3, if his un-
derlying preference is >. We refer to this estimator as the Kemeny-minimizing estimator.'*

For a statistical preference model (X, P, A, g), we shall need three assumptions. As-
sumptions 1 and 2 on the preference environment (X, P) remain unchanged. In particu-
lar, we continue to assume that the preferences under consideration are locally strict, local
strictness being the key unifying property between the revealed and statistical preference
models.

We think of Assumption 3, below, as the analog of Assumption 3 for randomized exper-
iments. Its main import is that we almost never draw a decision problem that makes the
subject indifferent. It also imposes that the sampling distribution has full support.'* Anal-
ogously to Assumption 3, this ensures that enough binary choice problems are probed.
Full support can be relaxed for preferences that are identified on a proper subset of X (as
we do in Section 5.1).

ASSUMPTION 3’: A has full support on X and, for all = € P, {(x,y):x ~ y} has A-
probability 0.

Therefore, under Assumption 3', repetitions of a binary choice problem occur with
probability zero. Together with Assumption 2, Assumption 3’ guarantees identification in
the usual sense: the distribution of the data under the true preference is different than that
at any other preference.'* This assumption allows us to control the problem of partial ob-
servability. If instead indifference were to occur with positive probability, then the model
would only be partially identified. Note that Assumption 3’ implies that A is nonatomic,
making it impossible to have finite sets of alternatives.

Under the above assumptions, the Kemeny-minimizing estimator is consistent. Recall
that p denotes the metric on the space of preferences.

THEOREM 2: Suppose the statistical preference model (X, P, A, q) meets Assump-
tions 1,2, and 3', and suppose the subject’s preference is =* € P. Let >, denote the Kemeny-
minimizing estimator for the n-th experiment 3,,. Then {>,},cx converges to =* in probability,

2|R, \ >| denotes the number of elements in R, \ >. The Kemeny distance between two finite binary rela-
tions R and R’ is usually defined as [R A R’|, where A is the symmetric difference. Note that if (x, y) € = \ R,
and {x, y} € 3, then (y, x) € R, \ >. In our model, alternatives are strictly ranked by R, and by > with proba-
bility one. Hence,

D Qieperiry + Liperns + Lpoen ik, + Lpoeras)

{x,y}en

=2 Z Qe peri= + Lyner,=)
{x,y}eZ,

with probability one, which justifies our Kemeny distance terminology.
3Full support means that there is no proper closed subset of the sample space that has probability 1.
4Identification in the usual sense is implied by the identification condition for consistency, proved in
Lemma 7 of Appendix C. Although Assumption 3 is crucial, it is by itself not sufficient; for example, two
preferences that differ at one point only cannot be distinguished when A has full support. This case is ruled out
by local strictness.
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that is, for any n > 0,
lim Pr(p(zn, 2*) < n) =1.

n—oo

The proof of Theorem 2 is in Appendix C. One challenge is that the class of preferences
may be very rich, which increases the potential for overfitting: the noise in the data may
be misinterpreted as being part of the subject’s true preference. And indeed, for many
common spaces of alternatives, it can be shown that one can rationalize perfectly any finite
set of observations by a locally strict preference. Requiring that the class of preferences
be closed allows us to overcome this difficulty.

We stress that Theorem 2 requires no assumption on the error probability function ¢,
other than measurability and asking that the subject be more likely to follow his pref-
erence than to make a mistake. Alice may remain agnostic about the dependence of g
on the underlying preference > and the alternatives to choose from x and y. Moreover,
aside from the independence of the draws of alternatives, the requisites on A, stated in
Assumption 3', are minimal. In particular, calculating the Kemeny estimator does not re-
quire any assumptions on g and A. It requires Alice to specify P, but allows her to be
largely agnostic about the rest of the model.

Having the guarantee that preference estimates converge accurately, Alice may want
to know how large of a sample is needed to estimate the subject’s preference within a
given approximation error. Our third result establishes lower bounds on the rate of con-
vergence.

To state the result, we introduce some terminology. For any n > 0 and any é € (0, 1),
let N(n, 6) be the smallest value of N such that for all » > N, and all underlying subject
preferences =* € P,

Pr(p(=", =) <m)=1-8.

(By convention, we let N (7, §) = oo if no finite value of N exists.) That is, N (7, 8) is the
size of the smallest experiment such that the probability that the preference estimate is
n-close to the true subject preference is guaranteed to be at least 1 — §, no matter the
true subject preference.

In addition, u(., >*) denotes the probability measure induced on the product space
X x X by =*, g and A, as follows:

m(A4,=") =/ q(=*; x, y)dA(x, y).

A

choose x over y in a decision problem randomly drawn. In particular, the value of
w(>=, =*) represents the probability that the choice of a subject with preference >* over a
randomly drawn decision problem is consistent with the preference >.

Finally, for n > 0, we let

Loosely speaking, w(x, y, =*) represents how likely a subject with preference >* is to

r(n) =inf{u(=*, =*) — u(=, =) : =, =" € P, p(=*, =) = n}. 1)

Roughly, the value of r(n) captures the smallest possible probability that a subject makes
a choice that is perfectly consistent with his own preference but is inconsistent with a
preference at least n-distant.

To obtain convergence rates, we appeal to Vapnik—Chervonenkis theory. Given a pref-
erence environment (X, P), for n € N, let S, be the largest size of the sets

{Mms s L) €100, 2 € P
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over all binary choice problems {x;, y.} C X for k =1, ..., n. We always have §, < 2",
and, if P is rich enough, we may have S, = 2". The VC dimension of P (abbreviation for
Vapnik—Chervonenkis dimension) is then defined as the maximum value of n such that
S, = 2", and is infinite if no such maximum exists.

The consistency of the Kemeny-minimizing estimator applies no matter the VC di-
mension of P, but when P has a finite VC dimension, and so is not too rich, we can, in
addition, obtain uniform bounds on the convergence rates.

THEOREM 3: If the statistical preference model (X, P, A, q) meets Assumptions 1, 2,
and 3', and if P has a finite VC dimension, then"

1 1

The proof of Theorem 3 is in Appendix D, in which we also provide a more refined
nonasymptotic bound. Of course, the value of r(n) depends on the specific preference
environment being considered. Below in Sections 4 and 5, we apply Theorem 3 in dif-
ferent environments. Basu and Echenique (2020) compute the VC dimension of some
common models of choice, they show, in particular, that the class of expected utility, Cho-
quet expected utility, and two-state max-min preferences have finite VC dimension.

4. PREFERENCES FROM UTILITIES

In this section and the next, we show that the assumptions of our general framework
are valid in a variety of important preference environments. This section handles pref-
erence environments derived from collections of utility functions. Specifically, we show
how our assumptions may be derived from conditions on the utility representations under
consideration, rather than directly imposing the assumptions on a family of preferences.

Consider a set of alternatives X. We are interested in sets of preferences P that corre-
spond to sets of utility functions. A utility function is any function u : X — R. We endow
the space of utility functions with the topology of compact convergence.'® For any utility
function u : X — R, let ®(u) denote the preference induced by u, that is, the binary rela-
tion defined by x ®(u) y if and only if u(x) > u(y). And for any set of utility functions U,
let ®(U) = {®P(u) : u € U} denote the image of Uf.

The following proposition states conditions on the set of utility functions being consid-
ered under which our main results apply.

PROPOSITION 1: Suppose X satisfies Assumption 1, U is a compact set of continuous
utility functions, and every preference in ®(U) is locally strict. Then the class of preferences
P = ®(U) meets Assumption 2.

Proposition 1 is an immediate implication of Theorem 8 of Border and Segal (1994),
who establish the continuity of ® (see Appendix E).

5The big O notation refers to the usual asymptotic upper bound.

16 A sequence of functions f, : X — R, n € N, converges compactly to a function f if and only if it converges
uniformly to f on every compact set K € X. This topology on utilities is commonly used in the literature; see,
for example, Mas-Colell (1974) and Border and Segal (1994).
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4.1. Expected Utility Preferences

Expected utility preferences are an important case of preferences derived from utility
functions. Let IT = {my, ..., m,} be a collection of d > 2 prizes, and let A?"! denote the
(d — 1)-dimensional simplex {p € RY : p; +---+ p, = 1}. Think of each element p of the
simplex as a lottery over the prizes in II, with p; the probability of getting ;. The set of
alternatives is A?~!, endowed with the Euclidean topology.

An expected utility preference stands for any preference > on A?~! defined by a vector
of utility indices v € R?, with the property that p > p’ if and only if v- p > v - p/, where
v-p= Zf;l v; p; is the expected utility of lottery p. This preference is nonconstant if
there is at least one pair p, p’ € A4! for which p = p’, or equivalently, if the vector of
utility indices satisfies v; # v; for some i, j. Of course, the vector of utility indices that
defines a nonconstant expected utility preference is not unique. To ensure uniqueness, we
normalize the utility indices by imposing that indices sum to zero and v be on the unit
sphere. That is, each preference of P is uniquely associated to a normalized vector of
utility indices in the set!’

d
veR':) v;=0, || =11.

i=1

The following result asserts that the standard expected utility model is situated within
our framework.

COROLLARY 2: In the expected-utility environment just described, the set of alternatives
X = A’ endowed with the Euclidean topology meets Assumption 1, and the class P of all
nonconstant expected utility preferences meets Assumption 2.

The proof of Corollary 2 is in Appendix F.

Note that, although we gather data over the entire set of relevant alternatives—here
the whole simplex—we could use a smaller set, because expected utility preferences are
identified on a small set of lotteries. By learning the preference on this smaller set, we can
infer uniquely the preference on the full set. For example, suppose the alternatives that
make the set of binary choice problems are from a subset of the simplex A?~! that is con-
vex and compact with nonempty interior, and that the family of binary choice problems
are exhaustive relative to that subset. Then Theorem 1 continues to hold even though
preferences continue to be defined over A“"!, that is, the rationalizing preference esti-
mates continue to converge to a unique limiting preference. A similar observation applies
to Theorems 2 and 3.

In the expected-utility model, we can further refine the convergence rates of Theorem 3,
provided that we restrict attention to error probability functions g that are polynomially
bounded in the following sense: there exists C > 0 and k£ > 0 such that, if lottery p is
strictly preferred to lottery p’ according to preference >, then

k
s

)

where u is the normalized vector of utility indices associated with preference >. Equa-
tion (2) is satisfied, for example, if g(>; p, p) is lower-bounded strictly above 1/2 over

17)| . || denotes the Euclidean norm ||x — y|| = ‘/Zid:l(x[ — )2

1
q(z;p,p’)z§+C|u-p—u-p’
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all = and all p, p’ such that p > p’. It is also satisfied if the probability of making an error
decreases with the difference of utilities between the two lotteries, for example if, for a
continuously differentiable and nondecreasing function f : R, — R, with f’(0) > 0, we
can write g(>; p, p)=1/2+ f(u- p—u- p’) for all = and all p, p’ such that p > p’ (u
continues to denote the utility indices associated >). In the former case, we can use k =0,
and in the latter case, k = 1.

Applying Theorem 3 also requires one to specify a compatible metric on preferences.
Because the set of lotteries is compact and metrizable, one could measure the distance
between two preferences by the Hausdorff metric. Here, however, each preference is
naturally represented by a finite-dimensional vector of utility indices, and it can be more
straightforward to set, as distance between preferences, the distance between their associ-
ated utility indices. So, let p(>=, >=') be the Euclidean distance between the two normalized
vectors of utility indices of > and >'. It can be seen that p is a compatible metric (this fact
holds quite generally, see Section 6.3).

The focus on error probability functions of the above form then allows for explicit con-
vergence rates for the Kemeny-minimizing estimator, as below.

COROLLARY 3: For the statistical preference model (X, P, A, q), where X = A", P is
the set of all nonconstant expected utility preferences, A is the uniform distribution on A%,
and q satisfies equation (2), the Kemeny-minimizing estimator is consistent and, as n — 0
and 6 — 0,

1 1

One can rewrite Corollary 3 to provide a convergence rate of the form O, ((1/n)"4)."
The proof of Corollary 3 is in Appendix G.

Note that the uniform distribution is not at all essential for Corollary 3. It just yields a
particularly simple closed form for the bound on r(7) used in Theorem 3.

5. APPLICATION TO MONOTONE PREFERENCES

In many economic settings, it is safe to posit the existence of a universal ordering, by
which some alternatives are ranked above others by all the individuals of the relevant
population: preferences are monotone with respect to this ordering. For example, for the
classical consumption environment in which individuals choose bundles of goods, it is
usually assumed that individuals strictly prefer to have more of each good. In laboratory
experiments, it is common to assume some form of objective ranking, for instance when
enforcing single-switching in price lists, or when using randomization devices to enforce
incentives. Monotonicity with respect to such universal orderings turns out to be a very
useful discipline on preferences.

In this section, we adopt the following terminology. Fix a set of alternatives X. We call
a dominance relation any binary relation > on X that is not reflexive; that is, for each
xeX,x¥x.

The relation > is said to be open when [> is an open set in the product space X x X."
Being open for a dominance relation can be interpreted as a continuity property, saying

8The O, notation refers to the stochastic boundedness notation.
YThat is, for each x, y with x 1> y, there exists a neighborhood V" of (x,y) in X x X such that for all
x,y)eV,x>y.
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that if x dominates y then this domination extends locally around the alternatives x and
y.

Given a dominance relation >, a preference relation > is strictly monotone with respect
to o if, for each x, y € X, x > y implies x > y. Having a class of strictly monotone pref-
erences captures the above idea that some alternatives are universally preferred to some
others in accordance to the dominance relation.

Usually, strict monotonicity alone does not suffice to ensure that the preference is
locally strict, the first crucial condition in our framework. It helps to add a notion of
transitivity. We call a preference relation > Grodal-transitive if for all x,y, z,w € X,
x >y > z>wimplies x > w. Named after Grodal (1974), Grodal-transitivity is weaker,
and so more permissive, than the usual notion of transitivity. Importantly, together with
strict monotonicity, Grodal-transitivity makes the class of preferences closed, the second
crucial condition of our framework.

LEMMA 2: Suppose Assumption 1is met and 1> is a dominance relation on X . If 1> is open,
then the class of preferences that are Grodal-transitive and strictly monotone with respect to
D> is closed.

The proof of Lemma 2 is in Appendix H.

It is worth noting that, in general, closedness is not achieved under the usual notion
of transitivity and strict monotonicity. If one wishes to impose transitivity, the class of
preferences must be reduced further to obtain a closed set (as we did in the example
of Section 4.1). Of course, there is no harm in having a more generous class of prefer-
ences. Even if the class includes preferences that fail desirable properties such as clas-
sical transitivity—and so may include irrelevant preferences—preference estimates are
guaranteed to converge to the correct underlying preference, so that any violation by the
preference estimates eventually gets corrected in the limit.

The main benefit of Grodal-transitivity is that it is enough to make strictly monotone
preferences locally strict under relatively mild conditions.

LEMMA 3: Suppose Assumption 1 is satisfied and > is a Grodal-transitive preference
strictly monotone with respect to the dominance relation t>. If, for each x € X, there exists
v, z € X arbitrarily close to x and such that y t> x and x > z, then > is locally strict.

The proof of Lemma 3 is in Appendix 1.

Therefore, Assumption 2 on the class of preferences is valid as long as X is well
behaved, the dominance relation is open, and the preferences considered are Grodal-
transitive and strictly monotone. The examples below show that these properties are sat-
isfied in many common preference environments.

Our discussion is summed up in the following result, which we shall see has several
applications.

PROPOSITION 2: Suppose that X satisfies Assumption 1, and is endowed with an open
dominance relation 1. Suppose that ‘P consists of the preferences that are Grodal-transitive
and strictly monotone with respect to >. Suppose further that for each x € X, there exists
v, z € X arbitrarily close to x such that y > x and x > z. Then P meets Assumption 2.
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5.1. Commodity Spaces

The classical setup of consumer demand analysis features a commodity space over d > 2
goods, where consumers get to choose over bundles of goods (as in Afriat (1967), Mas-
Colell (1978), or Varian (1982)). The set of alternatives is the Euclidean space R? . The
ith entry of vector (xi, ..., x,) is interpreted as the consumed quantity of the ith good.
This environment is part of our framework when preferences are asked to satisfy a mono-
tonicity condition.

Consider the dominance relation > on R?, defined by x > y exactly when x; > y; for
all i=1,...,d. An individual whose preference is strictly monotone with respect to >
means that this individual strictly prefers to have more of every good, a postulate that
appears reasonable in many situations, and that is common in economic models. It is
evident that the relation >> is open, and for any x € R? , x + &1 >> x for all &£ > 0 while
x> x — el e RY, for all small enough & > 0. Hence, Lemmas 2 and 3 apply, and we get
Corollary 4.

COROLLARY 4: In the commodity-space environment just described, the set of alterna-
tives X = R?_ endowed with the Euclidean topology meets Assumption 1, and the class P
of all preferences that are Grodal-transitive and strictly monotone with respect to > meets
Assumption 2.

The same set of alternatives can be used to describe state-contingent payments, with
an objective (known) public distribution over states, and where the ith entry of a vector
encodes the payment received in the state i. In such an environment, one may want to
test the validity of the hypothesis that individuals maximize an expected utility function
(as, e.g., in Green and Srivastava (1986)), or maximize a utility function that is monotone
with respect to first-order stochastic dominance (as in Nishimura, Ok, and Quah (2017)).
Because both classes of preferences are more restrictive than the class P considered here,
our convergence results continue to apply, which means that we can fully recover prefer-
ences and examine precisely the validity of these hypotheses.

A similar remark holds for the case of intertemporal consumption, in which there is
only one good to be consumed at different dates, and the alternative now gives the amount
consumed at each date. If we hypothesize that individuals prefer to consume more at each
date, the dominance relation >> continues to apply to this environment. For example, one
possible use of our theory is to recover discount factors from the data, or to check for
distortions with respect to standard models such as exponential discounting.*!

5.2. Choice Over Menus

Our next application deals with recovering preferences over menus, following Kreps
(1979) and Dekel, Lipman, and Rustichini (2001). Let Il = {7, ..., 7} be a collection
of prizes and let A7! be the interior of the (d — 1)-dimensional simplex, interpreted as
the set of full-support distributions over the elements of II. We endow A?-' with the
Euclidean metric.

2While the set RZ, is not complete under the Euclidean metric, there exists a compatible complete metric
by Alexandroff’s theorem (Theorem 24.12 of Willard (2004)). Of course, R, is also locally compact and
separable, and hence Assumption 1 is satisfied.

2See the working paper version of our paper for details, Chambers, Echenique, and Lambert (2019).
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Let M denote the set of closed convex subsets of A?7! with nonempty interior. We
interpret M as a set of menus of lotteries. A subject who possesses a menu m € M gets
to choose a lottery in m, and subsequently receives a prize drawn according to this lottery.
The convexity of menus that is assumed here is also implied by the axiom of indifference
to randomization introduced by Dekel, Lipman, and Rustichini (2001). We endow M
with the Hausdorff topology, as is standard in menu theory.

We define the dominance relation 3 as follows: for two menus m 4 and mg, m4 3 mg
if every expected-utility decision maker with full knowledge of her utility when making

menu choices would strictly prefer m 4 to mp. More precisely, we write

d
U=JueR': Y u;=0,lul=1

i=1

the set of all utility indexes over prizes, up to a normalization (we rule out the trivial
preference that is indifferent between any two lotteries). Then we write m,4 2 my if and
only if for every u e U,

supu-p>supu-p.

pemy pemp
Since we restrict attention to convex menus, 4 2 B implies A D B. Hence, the dominance
relation 7 is similar to, but weaker than, the set-containment relation traditionally used
in models of choice over menus. In particular, monotonicity with respect to 1 is less
demanding than monotonicity with respect to D.

Our next result establishes that the revealed preference framework applies to the menu

preference environment.

COROLLARY 5: In the menu environment just described, the set of alternatives X = M
endowed with the Hausdorff topology meets Assumption 1, and the class P of all preferences
that are Grodal-transitive and strictly monotone with respect to 1 meets Assumption 2.

The proof of Corollary 5 is in Appendix J.

5.3. Choice Over Lotteries

Consider a set of d > 2 monetary rewards Il = {my, ..., m,}, and let the interior of the
(d — 1)-simplex, Ai‘j, be the set of alternatives endowed with the Euclidean topology.

We interpret an element p € A?7! as a full-support lottery over monetary rewards. This
choice domain is an instance of the domain studied in Section 4.1.

Suppose that the elements of I are ordered as 7 < --- < ;. A natural dominance
relation is strict first-order stochastic dominance, noted >gsp, where p >gsp p’ if and only
ifforallk=1,...,d -1,

k k
Z pi< Z pi-
i=1 i=1

The reason for using strict first-order stochastic dominance is that this relation is open,
as opposed to first-order stochastic dominance. Now, let p € A4-!. For a small enough
positive &, we can define p’ € A% by p; = p; —eforalli<d—1and p, = p,+ (d —1)e.
Then p’ >psp p. And similarly, when instead p; = p;+ eforalli<d —1 and p, = p, —
(d —1)e, p >gsp p'- As a consequence of Proposition 2, we obtain the following result.
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COROLLARY 6: In the lottery environment just described, the set of alternatives X = A
endowed with the Euclidean topology meets Assumption 1, and the class P of all preferences
that are Grodal-transitive and strictly monotone with respect to > rsp meets Assumption 2.

Note that the class of nonconstant expected-utility preferences studied in Section 4.1
and the class considered in the present lottery choice environment are distinct, and nei-
ther one is a refinement of the other.

6. CONCLUDING DISCUSSION

This paper deals with the question of recovering individual preferences from observed
choice data, when the data consist of a finite number of binary comparisons. Decision
theorists often consider the question of “backing out” a model from data on pairwise
choices, motivated by laboratory experiments, in which pairwise choices are common.
They assume, however, rich and infinite data sets. Econometricians study the conver-
gence of preference estimates, but their models usually differ from the pairwise choice
paradigm. Moreover, the conditions needed for consistency of their estimates are im-
posed as added-on assumptions, instead of being derived from the properties of the eco-
nomic model under consideration.

We provide a common unifying framework. We show that the class of preferences con-
sidered should be locally strict. Under local strictness, and some regularity conditions,
any preference that rationalizes the observed pairwise choices converges to the correct
data-generating preference. In the statistical counterpart to our model, the Kemeny-
minimizing estimator, which outputs the preferences that best fit the data, is consistent.
In addition, convergence rates can be obtained while remaining largely agnostic on the
sampling method and the error probability function.

Our results require weak assumptions and apply to a broad range of standard prefer-
ence environments. We conclude with a discussion on a few aspects of our model.

6.1. On the Convergence of Preferences

At a general level, the topology of closed convergence is defined by the property that in-
dividuals with comparable preferences behave similarly on closely related decision prob-
lems. Such a continuity property appears natural, and even necessary to be able to learn
from finite data. In formal terms, if x > y for some alternatives (x, y) and a preference
>, and if (x, ') are alternatives in a neighborhood of (x, y), then the topology of closed
convergence is defined exactly so that x' "y’ for any preference >’ close enough to >.%

This topology also has the property that, if the experimenter learns that the subject
prefers (at least weakly) x to y through her experiments—because the subject chooses x
when presented with the pair {x, y}—this is also reflected in the limiting preference, when
it exists: if for some N € N and x, y € X, we have x >, y for all n > N, and if >, — >*,
then x =* y. And our model allows for the possibility that certain parts of the subject’s
preference remain unobserved. For example, the experimenter cannot learn from a finite
number of observations that x is strictly preferred to y, although she may learn that x is
weakly preferred. In this case, if we can still ensure a unique limiting preference >*, then
it means that correct inferences about missing observations have been made. The closed
convergence topology is therefore well suited to the concept of weak rationalization.

2To be even more formal, under the assumptions of our results, the closed convergence topology is the
smallest topology for which the set {(x, y,>) : x > y} is open in the product topology; see Theorem 3.1 of
Kannai (1970).
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6.2. On the Connection With Econometrics

Theorem 2 is an instance of the consistency of M-estimators. Consistency is well known
to rely on three properties of the econometric environment (see, e.g., Theorem 4.1.1 of
Amemiya (1985), or Theorems 2.1 and 3.1 of Newey and McFadden (1994)). The first
is that the true parameter has to be a unique extremum of the population version of
the objective function. We prove this property in Lemma 7. The second is the uniform
convergence of the sample objective function to the population version. We do not need to
assume this property in an ad hoc fashion; instead, we are able to derive it from our model
primitives. Finally, the canonical results on M-estimators need that the parameter space
is compact. The topology we use on the space of preferences guarantees its compactness.
So, even though our estimation problem is fully nonparametric, we are able to work with
a compact space of parameters and we do not need to assume uniform convergence or
stochastic equicontinuity.

The most related work in the econometrics literature is Chernozhukov, Hong, and
Tamer (2007), who present consistent estimators for partially identified models from mo-
ment conditions. We differ from their work in that they provide a general methodology for
parametric estimation, while we are specifically interested in the approximation of pref-
erences from pairwise comparisons, and our problem is nonparametric. Because their
methodology aims at being general, their main consistency result (Theorem 3.1) assumes
the uniform convergence property (part of Condition C1). It is not derived from the re-
vealed preference questions that motivate their study. Our consistency result also depends
on an analogous uniform convergence property (as mentioned above, this is true gener-
ally of the consistency of M-estimators), but it is obtained as a consequence of the prim-
itives of our model. Obtaining consistency directly from the model primitives is the key
contribution of Theorem 2. In certain environments, revealed preference conditions are
representable by means of moment inequalities, and the results of Chernozhukov, Hong,
and Tamer can be applied. Blundell, Browning, and Crawford (2008) is a notable instance
of such an application in the context of demand analysis.

6.3. On Parameterized Sets of Preferences

The metric p used in our results can be any metric on the space of preferences that
is compatible with the topology of closed convergence. For instance, for compact sets of
alternatives that satisfy Assumption 1, we can use for p the Hausdorff distance between
subsets of X x X.

When the space of preferences P is parameterized, one may wish to work with a metric
on preference parameters, such as the usual Euclidean distance when parameters are
finite-dimensional vectors. Doing so is possible when the space of preferences and the
space of parameters are homeomorphic, as formalized by the following lemma.

LEMMA 4: Let © be a compact space of parameters endowed with a metric D, and ¢ the
mapping that sends every parameter in © to a preference in P. Suppose that ¢ is one-to-one
and onto, and is continuous. If p(>=, =') is defined as D(0, 0'), with 0, 0 the parameters
respectively associated with =, >, then p is a compatible metric on P.

Lemma 4 follows directly from the observation that, under the above conditions, the
inverse of ¢ is continuous by compactness of @.*

ZHence, any set of preferences that is open in the topology of closed convergence contains an open ball
under the metric p, and conversely, any open ball of preferences under the metric p contains an open set in
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To illustrate this result in a concrete case, let us return to the expected-utility preference
environment of Section 4.1. Recall that the set of alternatives X is the set of lotteries over
a finite collection of prizes {7, ..., 7}, represented as the (d — 1)-dimensional simplex
A1 and P is the set of nonconstant expected utility preferences. Each preference of
‘P is naturally parameterized by its normalized vector of utilities: using the notation in
Lemma 4, let the space of parameters be

d
O=1iveR":) v=0, [v]|=1¢,

i=1

and D be the Euclidean distance.

Let ¢ the mapping that, to each v € 0, associates the expected utility preference rela-
tion > defined as p > p'ifand onlyif v- p > v- p'. Let us write ¢ (v) = ®(U,), where U, is
the utility function on X defined by U,(p) =v - p, and, as in Section 4, ®(u) denotes the
preference induced by utility function u : X +— R. First, we observe that v — U, is contin-
uous, when, as in Section 4, the space of utility functions is endowed with the topology of
compact convergence. Second, we observe that @ is continuous by Theorem 8 of Border
and Segal (1994) (see Appendix E), since by Corollary 2, ®(u) is locally strict when u is
defined as u(p) =v - p for v € @. Therefore, Lemma 4 applies: if p(>, >') is defined as
the Euclidean distance between the utility indices of > and >', respectively, then p is a
compatible metric on P.

We use this fact in Proposition 3 to derive convergence rates of estimated preferences
in terms of the Euclidean distance on utility indexes.

6.4. On the Transitivity of Preferences

Aside from the assumption of local strictness, our framework applies to very general
classes of preferences. In particular, it applies to preferences without classical rationality
hypotheses, such as transitivity. Still, one may wish to look for rationalizing preferences
that are transitive. While it is perfectly reasonable to focus on transitive preferences, one
must interpret Theorem 1 with care. Even when all the preferences that rationalize the
observed behavior for a set of experiments can be chosen to be transitive, there is no
guarantee that the limiting preference is transitive, even if Assumption 1 is satisfied. This
fact owes to an example of Grodal (1974).

Adapted to our context, Grodal’s example proceeds as follows. Figure 1 exhibits a non-
transitive relation borrowed from Grodal (1974), with X = R?_ (say, X is a commod-
ity space with two goods). The lines depict indifference curves. All the gray indifference
curves intersect at one point: (1/2,1/2). Aside from the point (1/2,1/2), x is at least as
good as y if and only if it lies on a (weakly) higher indifference curve. But, all bundles on
an indifference curve passing through (1/2, 1/2) are indifferent to (1/2, 1/2). This feature
makes the preference nontransitive; specifically, the indifference part of the preference is
intransitive here. Let >* denote this preference.

Imagine an ordered collection of binary choice problems that do not include the alter-
native (1/2, 1/2). Suppose that this collection is either finite or infinite but countable, as
the set used in our growing experiments. Then for every # there is a ball around (1/2, 1/2)
that does not contain any alternative in the first # binary choice problems. Consider the

the topology of closed convergence. Therefore, the topology of closed convergence and the metric topology
induced by p are identical.
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1/2 N

1/2

FIGURE 1.—A nontransitive preference.

preferences pictured in the diagram of Figure 2. Compared to the relation depicted in
Figure 1, the preferences of Figure 2 have been modified close to (1/2, 1/2) so that tran-
sitivity holds. Thus, one can construct a sequence of strictly monotone preferences, >,,
n € N, where each >, is transitive, and >, — >*, but >* is not transitive.

It is generally true that if each >, (the strict part of >,) is transitive, then >* will be
transitive as well (see Grodal (1974)), but in some cases one may desire full transitivity
of >*2* The central element of the example above is that the indifference curves get
“squeezed” together too rapidly.

There are several ways out of Grodal’s example, if we wish to obtain a transitive limiting
preference =*. We have seen a few in Sections 4 and 5. A rather general approach involves
Lipschitz conditions on the class of preferences being considered.

Let us apply the Lipschitz approach to the environment described in Section 4. Fix
X =R as the set of alternatives, such as a commodity space with d goods. Also fix a, b €

1/2

1/2
FIGURE 2.—A transitive preference.
2 Relations for which the strict part is transitive are usually called quasitransitive, and they possess many

of the useful properties possessed by transitive relations. For example, continuous quasitransitive relations
possess maximums on compact sets (Bergstrom (1975)).
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R, with a < b, and consider the class of utility functions ¢/ defined as the set of all the
continuous utility functions u : R‘j — R with the normalization u(0) = 0 and such that,
for all i, and all x;, y; € R, with x; < y,,

a-(yi—x) <u(y,x_;) —u(x;, x_;) <b-(yi—x;)

for all x_; € RZ"'. Hence, each utility function in ¢/ is Lipschitz-bounded above and below.
Clearly, every such utility function also describes a transitive, locally strict preference, be-
cause a is positive. And by the Arzela—Ascoli theorem (Theorem 6.4, p. 267, of Dugundji
(1966)), U is compact. Therefore, one can appeal to Proposition 1, and if each rationaliz-
ing preference >, of the nth experiment of an exhaustive sequence is included in ®(Uf),
then the limiting preference exists and is a member of ®(If), and so is transitive.

APPENDIX A: PROOF OF LEMMA 1

Suppose, by means of contradiction, that there exist x, y € X for which x >, y and
y >p x. By continuity of > and local strictness of >, we can assume without loss that
x >4y and y >p x. Then, by continuity of > 4 and >3, and by denseness of the collection
{xk, yx : k € N}, there exists a, b € {x;, y, : k € N} such that a >4 b and b > a. However,
by completeness of >, either a > b, contradicting the implication a > b = a >3 b, or
b > a, contradicting the implication b = a = b >4 a.

APPENDIX B: PROOF OF THEOREM 1

The proof utilizes Lemma 1 and the following two elementary lemmas.
LEMMAS: If AC X x X, then {=€ X x X : AC >}is closed.

PROOF: Let {>,},~ be a sequence in the set {>= € X x X : 4 C =} such that >, — >.
Then for all (x, y) € A, we have x >, y, hence x > y. So (x, y) € >. Q.E.D.

LEMMA 6: The set of all continuous binary relations on X is a compact metrizable space.

PROOF: See Theorem 2 in Chapter B of Hildenbrand (2015), or Corollary 3.95 of
Aliprantis and Border (2006). Q.E.D.

We now return to the main proof of Theorem 1. By assumption, P is closed, and hence
compact as a closed subset of a compact space by Lemma 6.

Let =’ be any complete binary relation (not necessarily in P) such that for all #» and
all {x,y} € 3,, x =c({x,y}) if and only if x =" y (>’ is guaranteed to exist because the
experiments are nested, 3, C 3, for all n). Similarly, let >/ be the revealed preference
relation that captures the observations made on the experiment 3, that is, x >/ y if and
only if there is {x, y} € 3, with x = ¢(x, y).

For every n e N, let P, = {> € P : =/ C >} be the set of relations in P that rationalize
the observed choices on 3,,. Lemma 5 implies that P, is closed, and hence compact. Thus,
{P.}.cn constitutes a decreasing sequence of closed sets lying in the compact set P, and by
the finite intersection property, (),.x Pr # 9.

So let =* € (), .n Pu- We claim that (), P, = {>*}. Take any > € (), P». By definition,
for any binary choice problem {x, y} € [,y 2», if x ="y then x =* y and x > y. Hence
Lemma 1 implies > = >*.

The result now follows as for each n € N, P, is compact, and [,y P, = {>*}.
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APPENDIX C: PROOF OF THEOREM 2

Throughout this proof, >* is the subject’s preference, >, is the Kemeny-minimizing
estimator for the nth experiment 3, and R, is the revealed preference relation for that
nth experiment as described in Section 3. Since >* is fixed throughout, we write w(>, =*)
as u(>). B

To simplify notation, we also let d,,(>, R,)) = i|z N R,|, noting that

1 _
dn(i’ Rn) = ;|Rn \ i| =1- dn(i7 Rn)

In particular, >, maximizes > > c?,,(z, R).
The proof makes use of the following three lemmas.

LEMMA 7: For any preference > in the class P, if = and =* are distinct, then p(=*) >
m(=).

PROOF: First, we observe that > # >* implies that >* \ > contains a nonempty open
set. Indeed, suppose first that x, y € X satisfies x > y but (x, y) ¢ >=*. By completeness,
y >* x. Then, by continuity, there are neighborhoods U and V' of x and y respectively
with V' >* U (i.e., every alternative in V' is ranked strictly above every alternative in U
according to >*). Because x > y, by local strictness, there exists (x’, y") € U x V' with
x' > y'. By continuity again there are neighborhoods U’ > x’ and V' 3 y’ with U’ > V.
Thus (y,x)e (VNV'") x (UNU’) € >*\ >. Second, consider the case where there is
x,y € X with x >* y but (x, y) ¢ >. This means that y > x, so there are neighborhoods
U>xand V >y with V> U. By local strictness, there is (x',y") € U x V with x' >* y'.
Thus (y', x') € =\ =* and we are in the situation above.

Let g(x, y) be a short notation for g(>*; x, y), and for a binary relation R, let 1z(x, y)
if and only if (x, y) € R. We show that u(>*) — u(>) > 0 by the sequence of inequalities
below:

p(=*) = p(=) 2/ [1.-(x, )q(x, y) — 1. (x, )g(x, y)|dA(x, y)

XxX

=/ [Lo2 (X, M)g(x, y) — Looe (x, ¥)q(x, y) | dA(x, ¥)

XxX

2/ (L2 (X, ) (x, ¥) = 1oe (v, X)g(y, X) | dA(x) dA(y)
XxX

=/ [Lons (2, g (x, y) = Lo (X, )g(y, x) ] dA(x) dA(y)
XxX

_ / Lo (6 9)[q(x, ) — g 0] dAG) dAGY)
XxX
> 0.

The third equality obtains with a change of variables. The fourth equality uses the com-
pleteness of >* and >, which means that (y, x) €> \ >* if and only if x >* y and x * y.
The fifth equality follows as 1., (x, y) and 1.., (x, y) are equal A-almost surely. The
final inequality owes to the fact that g(x, y) > 1/2 > q(y, x) if (x, y) € >*, and that there
is an open set on which 1.+, =1. O.E.D.



1656 C. P. CHAMBERS, F. ECHENIQUE, AND N. S. LAMBERT

LEMMA 8: The mapping > +— w(>) is continuous on P.

PROOF: Let > € P and {7, }icn be a sequence of preferences in P with 7, — >. If x 77, y
for infinitely many values of 7, then x > y. Hence, by completeness of the preference >, if
the sequence of binary numbers {1, y)c> }ien diverges, then x ~ y.

Next, suppose x < y. Then, there are two possibilities. Either 1, ,)c-, = 1 for all i large
enough, then x > y. Or 1, ). = 0 for all i large enough, then by completeness, 1, e, =
1 for all i large enough, and so y > x.

Finally, recall that, by Assumption (3), the set {(x,y) : x ~ y} has A-probability 0.
Hence,

p(=) =/ Lipes q(=%5 x, y) dA(x, y)
{(Cx,y):xey}

_ / lim 1 e g(=" X, y) dA(x, y)
{(x,y):xaey}

n—00

= lim Layer, q(=" x, y) dA(x, y)

=00 Ji(x,p):x0ey)

= lim [ 1, dp=lim u(z),
11— 00 =00

where the interchange between the limit and integration operators follows from Lebesgue

dominated convergence. Q.E.D.

LEMMA 9: For all =* € P and all n € N, the mapping = — d,(>=, R,) defined on P is
almost surely continuous at >*.

PROOF: Let > € P and {7,};cn be a sequence of preferences in P with 77, — > asi —
oo. Suppose that, for all decision problems {x;, y} € 3,, x; < y;. By the same argument
as in Lemma 8§, either x; ~; y, for i large enough and then x, > y, or y, 7=, x; for i large
enough and then y; > x,. Hence, &,1(§i, R,) — c?n(z, R,) as i — oco. And by assumption

(3), with probability 1, it is the case that for all decision problems {x;, yi} € 3., xx > ¥,
which concludes the proof. QE.D.

Recall that, by Assumption (2), P is closed, and so compact as a closed subset of the set
of all continuous binary relations on X, which itself is compact by Lemma 6 in Appendix
B. That P is compact and the continuity statement in Lemma 9 imply that én(z, R,,) con-
verges uniformly in probability to u(>) over the domain P by uniform laws of large num-
bers (e.g., Lemma 2.4 of Newey and McFadden (1994)). Finally, the mapping > +> u(>)
is continuous on P by Lemma 8, and is uniquely maximized at =*. Under the above condi-
tions, standard consistency theorems apply, such as Theorem 2.4 of Newey and McFadden
(1994), and thus {>,},cn converges to >* in probability.

APPENDIX D: PROOF OF THEOREM 3

As in the proof of Theorem 2, throughout this proof, we fix the subject’s preference >*,
>, denotes the Kemeny-minimizing estimator for the size-n experiment 3, and R, is the
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revealed preference relation for 3.,. We continue to write w(>, >*) as u(>), and we also
let d,(=, R,) = :|= N R,|. Let V» be the VC dimension of P, let

Ve log(4€?)

C =24
5n ’

and, for each n, let
Z,=sup{d,(=,R,) — u(>): = € P},
Y, =sup{u(>) —d.(=,R,) : = € P}.

By the bounded differences inequality (e.g., Theorem 6.2 of Boucheron, Lugosi, and
Massart (2013)),

Pr(Z,—EZ,>tor Y, —EY, > t) <2e 2",
Moreover, by Theorem 13.7 of Boucheron, Lugosi, and Massart (2013),

max{+/nEZ,, v/nEY,} < 72,/Vplog(4e?),

aslongasn>C.
Hence onthe event {Z, —EZ, <tand Y, — EY, <}, we have

w(=y) = dy(=p, R,) — Z,

- Vylog(4e?
> d,(=", R,) - (72 %(6) + r)
Vplog(4e?) N t)

>p(=") =Y, — (72 -

V; log(4e?
> u(>=") —2(72 %(e)ﬂ).

The first inequality follows from the definition of Z,, the second from the definition of

the event we are in, and the bound on /nEZ,, the third from the definition of >,, the

fourth from the definition of Y,,, and the final inequality from the bound on /rEY,,.
Thus, as long as

log(4¢?
2(72 Vrlog(4¢’)
n

+t) <r=r(n), 3)

we know that p(>,, >*) <.
Setting & = 2e~%" so that 12 = In(2/8)/(2n), together with equation (3), we get

Vp log(4e?
plog(de’) ) [n2/8)
n 2n
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Hence,

N(n, 8) < max{r-2(144,/V; log(4¢?) + /2In(2/5))’, C},

where the constant C does not depend on 6 nor 7, and hence, as 6 — 0 and n — 0,

11
N(n, &) :0<r(n)2 In 5).

APPENDIX E: PROOF OF PROPOSITION 1
Proposition 1 follows from the following result by Border and Segal (1994).

THEOREM 4—Theorem 8 of Border and Segal (1994): Let X be a locally compact and
separable metric space. Let the space of continuous preference relations on X be endowed
with the topology of closed convergence. Let the space of continuous functions on X be en-
dowed with the topology of compact convergence. If ®(u) is locally strict, then ® is continuous
at u.

Under the conditions stated in Proposition 1, ® is continuous on I/ by Theorem 4, so
®(U) is compact as the continuous image of a compact set, and hence meets Assump-
tion 2.

APPENDIX F: PROOF OF COROLLARY 2

As explained in Section 4.1, any nonconstant expected utility preference can be repre-
sented by a member of V ={u € R?: ||u| =1and )_,u; = 0}, which is a compact set in
the Euclidean topology (recall that || - || refers to the Euclidean norm).

First, observe that the set of functions {U, : v € V}, where U, is defined as U,(p) =v- p,
is sequentially compact in the topology of compact convergence. Indeed, let {U,},n be
a sequence of functions where v" € V), and let {v*},.n be a convergent subsequence
that converges to v*. Then |Uyu (p) — Up(p)| = |(V* — v*) - p| < /v —v [ p]l <
Vv —v*]|, where the first inequality is a Cauchy-Schwarz inequality. Because A4~! is
compact, in the present case the topology of compact convergence is a metric topology,
and the notions of compactness and sequential compactness are equivalent, so {U, : v € V}
is compact.

Second, each nonconstant expected utility preference is locally strict. Indeed, take
p, p' € A and suppose that v- p > v- p'. Let p,, p, € A4 for whichv- p, > v- p. (such
a pair exists because v represents a nonconstant preference). Then, for any « € (0, 1),
ve(ap,+ (1 —a)p)>v- (ap,+ (1 —a)p’). Local strictness follows by choosing « arbi-
trarily small.

Corollary 2 then follows from applying Proposition 1.

APPENDIX G: PROOF OF COROLLARY 3

The proof proceeds by computing an asymptotic lower bound on r(n) defined in equa-
tion (1) in Section 3.2 and then applying Theorem 3.

Recall that X is the simplex A", and P is the set of nonconstant expected util-
ity preferences. It will be convenient to refer to the elements of the simplex by the
generic symbols for alternatives x and y, as opposed to p and p’. Throughout, each
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preference of P is associated to a unique normalized vector of utility indices in the set

{veR?: Zle v; =0, |Jv]| = 1}. For x € A%! and & > 0, we let B,(x) be the open ball of

radius £ and center x in {z € R? : Z?: , zi = 1}, which is the affine span of the simplex A4~".
Let us start with the following lemma.

LEMMA 10: Let 0 < < 1 and >, >,€ P with p(>,, =,) > 7. There exists xg, o € X
such that, for all x € B,/ (x) and y € B,y (),

2

n
Y > . —_
u-x uy+4,

2
n
Ly>U- LI
vV-y>v-x+ ad
where u and v are the normalized utility indices associated respectively with =, and >, and
n' = n?/(10d). In addition, B,/ (xy) x B,y (y) C X x X.
PROOF: Let
Li(ioy d Li(ioy
Xo=— ——n')u, an =— ——n')v.
0 d d n ) )’0 d d n

The inequality p(>,, >,) > n is equivalent to |[u —v|| > m,oru-v<1—n?/2. Let x €
B,/ (x0) and y € B,/ ()). The following sequence of inequalities obtains:

U-x=u-(x—xo9)+u-xg
>u-xo—n

2

LA Y
ZU-y+ 2 ")y "

1A\
=u-=yYt+u-y+|\—-—-m)5 -1

d 2
1 2
zu~y+<3—n/)%—2n
2
zu-y+;’—d.

The first inequality owes to the fact that |u - (x — xo)| < ||u|l||lx — xo|l < 7’. Similarly,
|u - (y — y)| < n’', which yields the third inequality. The second inequality comes from
u-xo=1/d —n' and

L (Y_ [ A
u-y==-—-7mu-v=<s|{=- —=—7")=
Yo d n =\ n d n >
The fourth inequality owes to the fact that n < 1 and

1 7 e e -
——7n)|— —-2n"=— > —,
(d ")2 "=V 204 "4
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By a symmetric argument, we also have

2
mn
Y>> —.
vV-y>v-x+ 4d
Finally, observe that 7’ is chosen small enough to ensure that both B,,(x,) and B, ()
are included in the simplex A?~!. Q.E.D.

We now return to the main proof. Let us fix the subject’s preference >*, and let > be
any preference of P with p(>=*, =) > n, with 0 < < 1. As in the proofs of Theorems 2
and 3, we use g(x, y) as a short notation for g(>*; x, y), and for a binary relation R, we
let 1z(x, y) =1if and only if (x, y) € R.

We established in the proof of Theorem 2 that

u(=") - u(e) = f 1oy (e ) [a0x, y) — q(r 0] dA, ).
XxX

By Lemma 10, there exists x,, y, € X such that B, (xy) x B, ()) C X x X, and if
(x,y) € By(x0) x By (y) (with ' = n?/(10d)) then x =* y while y > x. Also, if x =* y,
then g(x, y) — q(y, x) > 0. Hence,

p(=") — (=) =/ [a(x,y) —q(y, x)]dA(x, y)

>\ >
2/ [q(x,y) — q(y, x)]dA(x, )
B (x0)x By ()

> inf{g(x, y) — q(y, %) : (x, ) € By (x9) x By ()}
X A(By (x0)) x A(By (%))-
The Lebesgue measure of each of the (d — 1)-dimensional balls B, (x() and B, (y,) is
=072

rd—1

r(d-1n/2+1)"

where I' is the Gamma function, so
/\(Bn’(xo)) X /\(Bn’ (yo)) — Q(n4(d—1))

as n — 0, where the big Omega notation refers to the asymptotic lower bound.
Since x € B,/ (x() and y € B, (y,) implies x >* y, by equation (2),

q(x,y) —q(y,x)>2Clu-x —u-yl,

where u is the normalized vector of utility indices associated with >*. By Lemma 10, we
have
2
Yi
U-x—u-y>-—
V=144
and hence,

2\ k
inf{q(x7 y) - C](% x) : (xa J’) € B»,,/(X()) X Bn’(y(])} Z ZC(Z—d> = Q(n2k)

asn — 0.
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Overall, we get w(>=*) — u(>) = 2(n*“~D+2%) "and thus r(n) = 2(n*“-D+2*) Applying
Theorem 3 and observing that the VC dimension of P is no greater than d + 1 (and so
finite) by Proposition 4.20 of Wainwright (2019), we have

1 1

APPENDIX H: PROOF OF LEMMA 2

Let {>,}..~ be a converging sequence of Grodal-transitive preferences that are strictly
monotone with respect to >, and let >* be the limiting binary relation.

Recall that, by Lemma 6 in Appendix B, the set of continuous binary relations is closed,
and so >* is continuous. Also, for each x, y € X, either x >, y or y >, x, so there is a
subsequence {>,, }ren for which either x >, y for all k, or for which y >, x for all k.
Hence, either x > y or y > x, which makes >* complete. Hence, >* is a preference.

Suppose by means of contradiction that >* is not strictly monotone with respect to
. In that case, there are x,y € X for which x > y and yet y >* x. Let {x,},en, {Vu}nen
be any sequences of alternatives in X that converge to x and y and respectively and for
which y, >, x, for all n (existence of sequences satisfying this property follows from the
definition of closed convergence in Section 3). Because > is open, for n large enough,
X, > y,, which contradicts the fact that >, is strictly monotone with respect to >. Hence,
>* is strictly monotone.

Finally, we show that >* is Grodal-transitive. Suppose x, y, z, w € X satisfy x >* y >*
z>=*w. Let {X,}uens {(Vnlnens {Zu}nens {Wilnen be sequences of alternatives in X that con-
verge to x, y, z, w, respectively, and for which x,, >, y, and z, >, w, (which, again, exist by
the definition of closed convergence). Since y >* z, for n large enough, y, >, z,. Conse-
quently, for » large, x,, >, y, >, z, =, w,, which, by Grodal-transitivity, implies x, >, w,,
and so x >* w.

APPENDIX I: PROOF OF LEMMA 3

For any x € X, let U, be the set {y: y > x}. Let us show that for each x, y € X, either
U,c U, or U, CU,. To see this, suppose by means of contradiction that there is z €
UAN\Uyandwe U,\U,. Thenwe have y > z > x and x > w > y. Therefore, x > w >y > z,
which implies x > z by Grodal-transitivity. This contradicts z > x.

Now, fix x, y € X such that x > y, and fix a neighborhood V' of (x, y) in the product
space X x X. By the lemma hypotheses, there exists (x, y') € JV such that x’ > x and
y > Y. Then, there are two possibilities: either either U, € Uy, or U, C U,. In the first
case, by monotonicity, y’ > y, which implies y > x, contradicting x > y. So, we must have
U,<cUy.Then x" € U,, so x" € Uy, which implies x" > y'. Hence, > is locally strict.

APPENDIX J: PROOF OF COROLLARY 5

First, we prove that the set of alternatives M meets Assumption 1.

That M is locally compact follows from Theorem 1.8.3 of Schneider (1993), which
demonstrates that the set of nonempty, convex subsets of the simplex is compact, and
Theorem 18.4 of Willard (2004). The fact that M is separable obtains from Theorem
3.85(3) of Aliprantis and Border (2006), together with the fact that a subset of a separa-
ble metric space is itself separable (Problem 16G Part 1 of Willard (2004)). Next, we show
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that M is completely metrizable. This space is, by definition, metrizable. The Hausdorff
metric is complete on the set of nonempty, closed, convex subsets of A4~!; let us call this
set M*. This fact owes to a straightforward adaptation of Theorem 1.8.2 of Schneider
(1993), together with the fact that M* is a Hausdorff-closed set in the space of compact,
convex, nonempty subsets of {x € R? : ", x; = 1}, because a closed subset of a metric
space is complete (Theorem 24.10 of Willard (2004)). Further, M is a Hausdorff (rela-
tively) open subset of M*. It then follows by Alexandroff’s theorem (Theorem 24.12 of
Willard (2004)) that M is completely metrizable.

Second, we show that the hypothesis of Lemma 2 is satisfied, that is, that the dominance
relation 1 is open.

This result can be obtained by means of a standard isometry between the set M
endowed with the Hausdorff metric, and the set of support functions of members of
M defined on ¢/ (Lemma 8 of Dekel, Lipman, and Rustichini (2001); p. 594 of Dekel
et al. (2007); Theorem 1.8.11 of Schneider (1993)). For a member m of M, such a sup-
port function is written £,,(u) = sup ., u - p. We endow the set of these support func-

tions with the sup-norm metric.” Observe that m 4 3 my if and only if for every u € U,
Ry (u) > h,,, (u). In particular, since ¢/ is compact, m 2 my if and only if there is £ > 0
for which 4, (1) — h,, (1) > &.

For an element m of M, let B;(m) denote the open ball of radius é centered on m.
Suppose m 4, mp € M satisfy m, 3 mp. Let m/, € Bg (m4) and mjy € Bg (mp). By the

isometry aforementioned, for each u € U, hy(u) > h(u) — 5 and hp(u) < hp(u) + 5.

Then hy(u) — hg(u) > ha(u) — hg(u) — % > £ > 0, so that m’, 3 mj. Hence 7 is open.
Third, we show that the hypothesis of Lemma 3 is satisfied. Let m 4 € M. For any « €

(0, 1), let mp be the Minkowski sum of m,, and A?~!, weighted by « and 1 — « respectively,
thatis, mp={ap+ (1 —a)p : pem,, p € A(X)}. Then my is arbitrarily close to m 4 by
choosing « small enough, and mjp 2 m 4. Similarly, fix p, in the interior of m 4, and for
any « € (0, 1), let mc = apy + (1 — a)m,. Then mc is arbitrarily close to m 4 by choosing
a small enough, and m 4 Jmc.

Hence, M meets Assumption 1, and by Lemmas 2 and 3, the class P meets Assump-
tion 2.
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