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Abstract

We presenta classof approximateinferencealgorithmsfor graphical
modelsof the QMR-DT type. We give convergenceratesfor theseal-
gorithmsandfor the Jaakkola andJordan(1999)algorithm,andverify
thesetheoreticalpredictionsempirically. We alsopresentempiricalre-
sultson thedifficult QMR-DT network problem,obtainingperformance
of the new algorithmsroughly comparableto the Jaakkola andJordan
algorithm.

1 Intr oduction

Thegraphicalmodelsformalismprovidesanappealingframework for thedesignandanal-
ysisof network-basedlearningandinferencesystems.Theformalismendowsgraphswith
a joint probability distribution andinterpretsmostqueriesof interestasmarginal or con-
ditional probabilitiesunderthis joint. For a fixedmodeloneis generallyinterestedin the
conditionalprobabilityof anoutputgivenaninput (for prediction),or aninputconditional
on the output(for diagnosisor control). During learningthe focusis usuallyon the like-
lihood (a marginal probability),on theconditionalprobabilityof unobservednodesgiven
observednodes(e.g.,for anEM or gradient-basedalgorithm),or on theconditionalproba-
bility of theparametersgiventheobserveddata(in aBayesiansetting).

In all of thesecasesthekey computationaloperationis thatof marginalization.Thereare
severalmethodsavailablefor computingmarginal probabilitiesin graphicalmodels,most
of whichinvolvesomeform of message-passingonthegraph.Exactmethods,while viable
in many interestingcases(involving sparsegraphs),areinfeasiblein thedensegraphsthat
weconsiderin thecurrentpaper. A numberof approximationmethodshaveevolvedto treat
suchcases;theseincludesearch-basedmethods,loopy propagation,stochasticsampling,
andvariationalmethods.

Variationalmethods,the focusof the currentpaper, have beenappliedsuccessfullyto a
numberof large-scaleinferenceproblems. In particular, Jaakkola andJordan(1999)de-
velopeda variationalinferencemethodfor the QMR-DT network, a benchmarknetwork
involving over 4,000nodes(seebelow). The variationalmethodprovided accurateap-
proximationto posteriorprobabilitieswithin a secondof computertime. For this difficult



inferenceproblemexact methodsare entirely infeasible(seebelow), loopy propagation
doesnot convergeto correctposteriors(Murphy, Weiss,& Jordan,1999),andstochastic
samplingmethodsareslow andunreliable(Jaakkola& Jordan,1999).

A significantstepforwardin theunderstandingof variationalinferencewasmadebyKearns
andSaul(1998),who usedlarge deviation techniquesto analyzethe convergencerateof
a simplifiedvariationalinferencealgorithm. Imposingconditionson themagnitudeof the
weightsin thenetwork, they establisheda

����� ���	��
��
��
rateof convergencefor theerror

of their algorithm,where



is thefan-in.

In the currentpaperwe utilize techniquessimilar to thoseof KearnsandSaulto derive a
new setof variationalinferencealgorithmswith ratesthatarefasterthan

��� � ������
���
��
.

Our techniquesalsoallow us to analyzethe convergencerateof the Jaakkola andJordan
(1999)algorithm. We test thesealgorithmson an idealizedproblemandverify that our
analysiscorrectlypredictstheir ratesof convergence.We thenapply thesealgorithmsto
thedifficult theQMR-DT network problem.

2 Background

2.1 The QMR-DT network

TheQMR-DT (QuickMedicalReference,Decision-Theoretic)network is abipartitegraph
with approximately600 top-level nodes��� representingdiseasesandapproximately4000
lower-level nodes ��� representingfindings (observed symptoms). All nodesarebinary-
valued.Eachdiseaseis givena prior probability � � � ��� � � , obtainedfrom archival data,
andeachfinding is parameterizedasa“noisy-OR” model:� � � �!�"�$# � � �%�'&)(�*,+.-0/1*325476�8 - +.- 4.9:4<;
where = � is the set of parentdiseasesfor finding � � , and wherethe parameters> �?� are
obtainedfrom assessmentsby medicalexperts(seeShwe,et al., 1991).

Letting @A� � >A��B�CED ��F	G - ><�?���H� , we havethefollowing expressionfor thelikelihood1:

� � � � �JI K 9�L
MNPOQ��RTSPU �'&)( *,V.-7W�X - OQ��RTSYU ( *ZV.-7W S * X -\[Q��R]S � � � � �_^` ; (1)

wherethesumis a sumacrosstheapproximatelya	b B:B configurationsof thediseases.Note
thatthesecondproduct,a productover thenegativefindings,factorizesacrossthediseases� � ; thesefactorscanbeabsorbedinto thepriors � � � � � andhavenosignificanteffectonthe
complexity of inference.It is thepositive findingswhich couplethediseasesandprevent
thesumfrom beingdistributedacrosstheproduct.

Genericexact algorithmssuchas the junction tree algorithm scaleexponentially in the
sizeof themaximalcliquein a moralized,triangulatedgraph.JaakkolaandJordan(1999)
found cliquesof morethan150 nodesin QMR-DT; this rulesout the junction treealgo-
rithm. Heckerman(1989)discovereda factorizationspecificto QMR-DT thatreducesthe
complexity substantially;however the resultingalgorithmstill scalesexponentiallyin the
numberof positivefindingsandis only feasiblefor asmallsubsetof thebenchmarkcases.

1In thisexpression,thefactorscedgfihij aretheprobabilitiesassociatedwith the(parent-less)disease
nodes,thefactors dlk]mn<o$p - j aretheprobabilitiesof the(child) findingnodesthatareobservedto be
in theirpositivestate,andthefactorsn oqp - aretheprobabilitiesof thenegativefindings.Theresulting
productis thejoint probability cedsrut7f	j , which is marginalizedto obtainthelikelihood cedsrqj .



2.2 The Jaakkola and Jordan (JJ) algorithm

Jaakkola andJordan(1999)proposeda variationalalgorithmfor approximateinferencein
the QMR-DT setting. Briefly, their approachis to make useof the following variational
inequality: �'&)( *ZV -�v (<w - V - *yx - ;
where z�� is a deterministicfunction of {|� . This inequalityholds for arbitraryvaluesof
the free “variationalparameter”{}� . Substitutingthesevariationalupperboundsfor the
probabilitiesof positive findingsin Eq. (1), oneobtainsa factorizableupperboundon the
likelihood.Becauseof thefactorizability, thesumacrossdiseasescanbedistributedacross
the joint probability, yielding a productof sumsratherthana sumof products.Onethen
minimizestheresultingexpressionwith respectto thevariationalparametersto obtainthe
tightestpossiblevariationalbound.

2.3 The Kearnsand Saul (KS) algorithm

A simplifiedvariationalalgorithmwasproposedby KearnsandSaul(1998),whosemain
goalwasthetheoreticalanalysisof theratesof convergencefor variationalalgorithms.In
their approach,the local conditionalprobability for the finding �H� is approximatedby its
valueat a point a smalldistance~H� aboveor below (dependingon whetherupperor lower
boundsaredesired)themeaninput ��� @ �g� . This yieldsa variationalalgorithmin which the
values ~ � are the variationalparametersto be optimized. Under the assumptionthat the
weights><�?� areboundedin magnitudeby � ��
 , where� is aconstantand



is thenumber

of parent(“disease”)nodes,KearnsandSaulshowedthat theerror in likelihoodfor their
algorithmconvergesat a rateof

��� � ������
���
��
.

3 Algorithms basedon local expansions

Inspiredby KearnsandSaul(1998),we describethedesignof approximationalgorithms
for QMR-DT obtainedby expansionsaroundthemeaninput to thefinding nodes.Rather
thanusingpoint approximationsas in the Kearns-Saul(KS) algorithm,we make useof
Taylor expansions.(SeealsoPlefka(1982),andBarberandvandeLaar (1999)for other
perturbationaltechniques.)

ConsiderageneralizedQMR-DTarchitecturein whichthenoisy-ORmodelis replacedbya
generalfunction � � @ ���	��� � � ; ��� having uniformly boundedderivatives,i.e., # ��� ��� � @ � # v� � . Define � � @<S ;i���i��; @ O � �%� O��R]S � � � @A� ��� X - � O��R]S � �'& � � @A� �.� S * X - sothat thelikelihood
canbewrittenas � � � � � � K V - L � � � @HS ;i�i���i; @ O � � � (2)

Also define� �]� ��� @ ���y� > �0B C D [��R]S > ��� � � � ���"� � .
A simplemean-field-likeapproximationcanbeobtainedbyevaluating� atthemeanvalues�3� : � � � �P� � � �]S ;i���i��; � O � � (3)
We referto this approximationas“MF(0).”

Expandingthefunction � to secondorder, anddefining � �]� @ �y& � � , we have:� � � � � � K�� - L � � �_� � � C OI���.R]S � � � �_� � � � � �iC �aq� OI�g�.R]S OI���.R]S � � � � � ��� � � � � ��� � ��C�� � OI���.R]S OI���:R]S OI�� :R]S � � � � � �   � � ¡ � � � � ��� � �i� �  1¢ (4)



wherethesubscriptson � representderivatives.Droppingtheremaindertermandbringing
theexpectationinside,we havethe“MF(2)” approximation:� � � �P� � � � � � C �a OI�g�.R]S OI����RTS �T���.��� � � � � ��� �1�����:��� �
Moregenerally, weobtaina “MF

�¤£¥�
” approximationby carryingout aTaylor expansionto£

-th order.

3.1 Analysis

In this section,we give two theoremsestablishingconvergenceratesfor theMF
�¤£¥�

family
of algorithmsandfor the Jaakkola andJordanalgorithm. As in KearnsandSaul(1998),
our resultsareobtainedunderthe assumptionthat the weightsareof magnitudeat most��� � ��
�� (recall that



is the numberof diseasenodes).For large



, this assumptionof

“weakinteractions”impliesthateach@ � will becloseto itsmeanvaluewith highprobability
(by thelaw of largenumbers),andtherebygivesjustificationto theuseof localexpansions
for theprobabilitiesof thefindings.

Due to spaceconstraints,thedetailedproofsof the theoremsgiven in this sectionarede-
ferredto the long versionof this paper, andwe will insteadonly sketchthe intuitions for
theproofshere.

Theorem1 Let ¦ (thenumberof findings)befixed,andsuppose# ><��� # v¨§[ for all
£ ;l© for

somefixedconstant� . Thentheabsoluteerror of theMF
��ª«�

approximationis
� U S[�¬0.® �s¯�°l� Wfor

ª
oddand

� U S[ ¬0 °l� ® ��¯ W for
ª

even.

Proof intuition. First considerthecaseof odd
ª
. Since # > �?�q# v±§[ , thequantity � �T� @ �y&� �]�²D � > �?� � � �Y& ��� � ��� � is likeanaverageof



randomvariables,andhencehasstandard

deviationon theorder � �	³ 
 . SinceMF(
ª
) matches� up to the

ª
-th orderderivatives,we

find thatwhenwetakeaTaylorexpansionof MF(
ª
)’serror, theleadingnon-zerotermis theª C � -st orderterm,which containsquantitiessuchas ��´�µ S� . Now because� � hasstandard

deviation on theorder � � ³ 
 , it is unsurprisingthat ��� � ´�µ S� � is on theorder � ��
 � ´�µ S¥��¶�· ,
which givestheerrorof MF(

ª
) for odd

ª
.

For
ª

even,theleadingnon-zerotermin theTaylorexpansionof theerroris a
ª C � -storder

termwith quantitiessuchas ��´�µ S� . But if we think of �:� asconverging (via a centrallimit
theoremeffect) to a symmetricdistribution, thensincesymmetricdistributionshave small
oddcentralmoments,��� � ´�µ S� � wouldbesmall.Thismeansthatfor

ª
even,wemaylook to

theorder
ª C�a termfor theerror, which leadsto MF(

ª
) having thethesamebig-

�
erroras

MF(
ª C � ). Note this is alsoconsistentwith how MF(0) andMF(1) alwaysgive thesame

estimatesandhencehavethesameabsoluteerror. ¸
A theoremmay alsobe proved for the convergencerateof the Jaakkola andJordan(JJ)
algorithm.For simplicity, we stateit hereonly for noisy-ORnetworks.2 A closelyrelated
result also holds for sigmoid networks with suitablymodified assumptions;seethe full
paper.

Theorem2 Let ¦ befixed,andsuppose� � @ � �%�q&e( *,V is thenoisy-ORfunction.Suppose
further that � v > ��� v¹§[ for all

£ ;_© for somefixedconstant� , andthat � ��º �y»Y¼ ½ for all£
, for somefixed � »Y¼ ½¿¾ � . Thentheabsoluteerror of theJJ approximationis

� U S[ W .2Notein any casethatJJcanbeappliedonlywhenÀ is log-concave,suchasin noisy-ORnetworks
(whereincidentallyall weightsarenon-negative).



The conditionof some� »Y¼ ½ lowerboundingthe �3� ’s ensuresthat the findingsarenot too
unlikely; for it to hold, it is sufficient thattherebebias(“leak”) nodesin thenetwork with
weightsboundedaway from zero.

Proof intuition. Neglectingnegativefindings,(which asdiscusseddo not needto behan-
dledvariationally,) this resultis provedfor a “simplified” versionof theJJalgorithm,that
alwayschoosesthe variationalparametersso that for each

£
, the exponentialupperbound

on � � @ � � is tangentto � at @ ��� � � . (The“normal” versionof JJcanhave errorno worse
thanthissimplifiedone.)TakingaTaylorexpansionagainof theapproximation’serror, we
find thatsincetheupperboundhasmatchedzerothandfirst derivativeswith � , theerroris
a secondorderterm with quantitiessuchas � ·� . As discussedin the MF(

ª
) proof outline,

this quantityhasexpectationon theorder � ��
 , andhenceJJ’s erroris
��� � ��
�� . ¸

To summarizeour resultsin themostusefulcases,we find thatMF
� � � hasa convergence

rateof
��� � ��
�� , bothMF

� a � andMF
� � �

haveratesof
��� � ��
 · � , andJJhasa convergence

rateof
��� � ��
�� .

4 Simulation results

4.1 Artificial networks

We carriedout a setof simulationsthatwereintendedto verify thetheoreticalresultspre-
sentedin theprevioussection.Weusedbipartitenoisy-ORnetworks,with full connectivity
betweenlayersandwith theweights ><�?� chosenuniformly in

� � ; a ��
�� . Thenumber



of
top-level (“disease”)nodesrangedfrom 10 to 1000. Priors on the diseasenodeswere
chosenuniformly in

� � ; � � .
Theresultsareshown in Figure1 for oneandfive positive findings(similar resultswhere
obtainedfor additionalpositivefindings).
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Figure1: Absoluteerrorin likelihood(averagedovermany randomlygeneratednetworks)asafunc-
tion of thenumberof diseasenodesfor variousalgorithms.Theshort-dashedlinesaretheKS upper
andlowerbounds(thesecurvesoverlapin theleft panel),thelong-dashedline is theJJalgorithmand
thesolid linesareMF d¤ÅAj , MF dsÆÇj andMF d¤ÈAj (thelattertwo curvesoverlapin theright panel).

Theresultsareentirelyconsistentwith thetheoreticalanalysis,showing nearlyexactly the
expectedslopesof -1/2, -1 and-2 on a loglog plot.3 Moreover, theasymptoticresultsare

3The anomalousbehavior of the KS lower boundin the secondpanelis dueto the fact that the
algorithmgenerallyfinds a vacuouslower boundof 0 in this case,which yields an error which is
essentiallyconstantasa functionof thenumberof diseases.



alsopredictive of overall performance:theMF
� a � andMF

� � �
algorithmsperformbestin

all cases,MF
� � � andJJareroughlyequivalent,andKS is theleastaccurate.

4.2 QMR-DT network

We now presentresultsfor the QMR-DT network, in particularfor the four benchmark
CPC casesstudiedby Jaakkola and Jordan(1999). Thesecasesall have fewer than20
positive findings;thusit is possibleto run theHeckerman(1989)“Quickscore”algorithm
to obtainthetruelikelihood.
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Figure2: Resultsfor CPCcases16 and32, for differentnumbersof exactly treatedfindings. The
horizontal line is the true likelihood, the dashedline is JJ’s estimate,and the lower solid line is
MF(3)’s estimate.
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Figure3: Resultsfor CPCcases34 and46. Samelegendasabove.

In JaakkolaandJordan(1999),ahybridmethodologywasproposedin whichonly aportion
of thefindingsweretreatedapproximately;exactmethodswereusedto treattheremaining
findings. Using this hybrid methodology, Figures2 and3 show the resultsof runningJJ
andMF(3) on thesefour cases.4

4Theseexperimentswererun usinga versionof the JJalgorithmthat optimizesthe variational
parametersjust oncewithout any findings treatedexactly, and thenusesthesefixed valuesof the
parametersthereafter. Theorderin which findingsarechosento be treatedexactly is basedon JJ’s
estimates,asdescribedin Jaakkola andJordan(1999).Missingpointsin thegraphsfor cases16 and



Theresultsshow the MF algorithmyielding resultsthatarecomparablewith the JJalgo-
rithm.

5 Conclusionsand extensionto multilay er networks

Thispaperhaspresenteda classof approximateinferencealgorithmsfor graphicalmodels
of theQMR-DT type,suppliedatheoreticalanalysisof convergencerates,verifiedtherates
empirically, andpresentedpromisingempiricalresultsfor thedifficult QMR-DT problem.

Although the focus of this paperhasbeentwo-layernetworks, the MF(
ª
) family of al-

gorithmscanalsobe extendedto multilayer networks. For example,considera 3-layer
network with nodesÉ�� beingparentsof nodes��� beingparentsof nodes�<� . To approximateÊPË � � � using(say)MF(2), we first write

Ê�Ë � � � asan expectationof a function ( � ) of the@ � ’s, andapproximatethis functionvia a second-orderTaylor expansion.To calculatethe
expectationof theTaylor approximation,we needto calculatetermsin theexpansionsuch
as ��� �u� � , ��� �����<� � and ��� � ·� � . When ��� hadnoparents,thesequantitieswereeasilyderivedin
termsof thediseaseprior probabilities.Now, they insteaddependon thejoint distribution
of � � and � � , which weuseour two-layerversionof MF(

ª
), appliedto thefirst two ( É � and�u� ) layersof thenetwork, to approximate.It is importantfuturework to carefullystudythe

performanceof this algorithmin themultilayersetting.
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