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ABSTRACT

Therecentgrowth in genomicdataandmeasurememf genome-
wide expressiorpatternsallowsto examinegeneregulationby tran-
scriptionfactorsusingcomputationatools. In thiswork, we present
aclassof mathematicainodelsthathelpin understandinghe con-
nectionsetweertranscriptiorfactorsandfunctionalclasse®f genes
basedon geneticand genomicdata. Thesemodelsrepresenthe
joint distribution of transcriptiorfactorbindingsitesandof expres-
sionlevelsof agenein a singlemodel.Learninga combinedprob-
ability modelof binding sitesandexpressiorpatternsenablesisto
improve the clusteringof the genesasednthediscovery of puta-
tive bindingsitesandto detectwhich bindingsitesandexperiments
bestcharacterizea cluster To learnsuchmodelsfrom data,we in-
troducea new searchmethodthatrapidly learnsamodelaccording
to a Bayesianscore. We evaluateour methodon syntheticdataas
well asonrealdataandanalyzethebiologicalinsightsit provides.

1. INTRODUCTION

A centralgoal of molecularbiology is to understanahe regu-
lation of proteinsynthesis With the advent of genomesequencing
projectswe have access$o DNA sequencesf thepromoterregions
that containthe binding sitesof transcriptionfactors thatregulate
geneexpression. In addition, the developmentof DNA microar
raysallows researcherto measurghe abundanceof thousand®f
MRNA targetssimultaneouslyproviding a“genomic” viewpointon
geneexpression. As a consequencehis technologyfacilitates
new experimentalapproachedor understandingyeneexpression
andregulation[20, 31].

The combinationof thesetwo importantdatasourcedeadsto
betterunderstandingf generegulation[1, 3]. The main biolog-
ical hypothesisunderlyingmostof theseanalysess “Geneswith
a commonfunctionalrole have similar expressionpatternsacross
differentexperiments.This similarity of expressiorpatternss due
to co-regulationof genesin the samefunctionalgroupby specific
transcriptionfactors. Clearly, this assumptioris only afirst-order
approximationof biological reality. Thereare genefunctionsfor
which this assumptiordefinitely doesnot hold, andthereare co-
expressedgenesthat are not co-regulated. Nonethelessthis as-
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sumptionis usefulin finding the“strong” signalsin thedata.

Basedonthis assumptionpnecanclustergenesby their expres-
sion levels, andthen searchfor shortDNA stringsthat appearin
significantover-abundancen the promoterregionsof thesegenes
[27, 32, 33]. Suchanapproactcandiscover new binding sitesin
promotemregions.

Our aim hereis complimentanyto this approachlInsteadof dis-
covering new binding sites,our focusis on characterizinggroups
of geneshasedon their expressionlevelsin differentexperiments
andthepresencef putative bindingsiteswithin their promoterre-
gions. The basicbiological hypothesisuggestshat geneswithin
afunctionalgroupwill be similar with respecto bothtypesof at-
tributes. We treatexpressionlevel measurementandinformation
onpromoterbindingsitesin asymmetricfashionandclustergenes
basedon bothtypesof data.In doingso,our methodcharacterizes
theattributesthatdistinguisheachcluster

More specifically we develop a classof clusteringmodelsthat
clustergenesbasedon randomvariablesof two types. Random
variablesof thefirst type describethe expressionevel of the gene
(or morepreciselyits mRNA transcript)in anexperiment(microar
ray hybridization). Eachexperimentis denotedby a differentran-
dom variablewhosevalue s the expressionlevel of the genein
that particularexperiment. Randomvariablesof the secondtype
describeoccurrence®f putative binding sitesin the promoterre-
gion of thegenes Again, eachbindingsiteis denotedy arandom
variable,whosevalueis the numberof timesthe binding site was
detectedn thegenes promoterregion.

Our methodclustersgeneswith similar expressionpatternsand
promoterregions. In addition,the learnedmodelprovidesinsight
ontheregulationof geneswithin eachcluster Thekey featuresof
ourapproacthare: (1) automatidetectiorof thenumberof clusters;
(2) automatiaetectiorof randonvariableghatareirrelevantto the
clustering;(3) robustclusteringin the presencef mary suchran-
domvariables,(4) context-dependedepresentatiotthat describes
which clusterseachattributedepend®n. Thisallows usto discover
the attributes(randomvariables)}thatcharacterizeachclusterand
distinguishit from the rest. We learntheseclustermodelsusing
a Bayesiamapproachthat usesstructural EM [10, 11], an efficient
searchmethodover different models. We evaluatethe resulting
methodon syntheticdata,andapplyit to real-life data.

In Section2 we introducethe classof probabilisticmodelsthat
we call Context-SpecificClustering models. In Section3 we dis-
cusshow to scoe suchmodelsbasedon data. In Section4 we
describeour approactfor finding a high-scoringclusteringmodel.
In Section5 we evaluatethe learningprocedureon syntheticand
real-life data.We concluden adiscussiorof relatedwork andpos-
sibleextensiondn Section6.



2. CONTEXT-SPECIFIC CLUSTERING

2.1 Naive BayesianClustering

Let X4, ..., X~ berandomvariables.In our mainapplication,
theserandomvariablesdenotethe attribute of a particulargene:
the expressionlevel of this genein eachof the experiments,and
the numbersof occurrence®f eachbinding sitesin the promoter
region. Supposehatwe receve a datasetD that consistsof M
joint instance®f therandomvariables.Them'th instancds ajoint
assignmenti[m],...,znx[m]to X1,..., Xn. In ourapplication,
instancegorrespondo genes:eachgeneis describedy thevalues
of therandomvariables.

In modelingsuchdatawe assumeéhatthereis anunderlyingjoint
distribution P(X4, ..., Xn) fromwhichthetraininginstancesvere
sampled.The estimationtaskis to approximatethis joint distribu-
tion basedon the datasetD. Suchanestimatecanhelpusunder
standthe interactionsbetweenthe variables. A typical approach
to estimatingsucha joint distribution is to definea probabilistic
modelthat definesa setof distributions that can be describedn
a parametricform, andthenfind the particularparametergor the
modelthat“bestfit” thedatain somesense.

A simple modelthatis often usedin dataanalysisis the naive
Bayesmodel. In this modelwe assumeéhatthereis anunobsered
randomvariableC thattakesvaluesl, ..., K, anddescribesvhich
“cluster” the examplebelongsto. We thenassumehatif we know
thevalueof C, all the obsered variablesbecomeindependenof
eachanother Thatis, theform of thedistributionis:

P(Xy,...,Xn) =

ZP(C EP(X:i|C=k)---P(Xn|C=k) (1)

In otherwords,we estimatea mixture of productdistributions.

Thisform specifiegheglobalstructue of thedistribution. In ad-
dition, we alsohave to specifyhow to representhe conditionaldis-
tributions. For this purposewe useparametricfamilies. Thereare
several of familiesof conditionaldistributionswe canusefor mod-
eling P(X; | C = k). In thispaperwe focusontwo suchfamilies.
If X; is adiscretevariablethattakesafinite numberof values(e.g.,
a variablethat denotesnumberof binding sitesin a promoterre-
gion),werepresentheconditionalprobabilityasamultinomialdis-
tribution P(X; | C' = k) ~ Multinomial({f,,x : z: € Val(X;)}.
Thatis, for eachvaluez; of X; we have aparameted,, |, thatde-
notesthe probabilitythat X; = z; whenC = k. The parameters
mustbenon-ngative, andsatisfy) " 0, = 1, for eachk. If X;
is a continuousvariable(e.g.,a variablethat denotesthe expres-
sion level of a genein a particularexperiment),we useGaussian
distribution P(X; | C = k) ~ N(px; 1> 0, %)-

The nave Bayesmodelis attractive for several reasons.First,
from estimationpoint of view we needto estimaterelatively few
parametersthe mixture coeficients P(C = k), andthe parame-
tersof the conditionaldistributions P(X; | C = k). Secondthe
estimatednodelcanbeinterpretecasmodelingthedataby K clus-
ters(onefor eachvaluek = 1,..., K), suchthatthe distribution
of differentvariableswithin eachclusterareindependent.Thus,
dependenciebetweenthe obsered variablesare representedy
the clustervariable. Finally, this modelallows for fairly efficient
learningalgorithms(suchasexpectatiormaximization(EM) [9]).

Oncewe have estimatedthe conditional probabilities, we can
computethe probability of anexamplebelongingto a cluster:

P(C=k|z1,...,zN) X

P(C=k)P(z1|C=k)---Plzn |C =k)

If the clustersare well-separatedthen this conditional probabil-
ity will assigneachexampleto one clusterwith high probability

However, it is possiblethat clustersoverlap, and someexamples
areassignedo several clusters. If we comparethe probability of

two clustersthen

lo (C k|£L‘1,...,$N) _
gp(c K |21, ..,xN)_
PC k‘ P(z; |C=k

wlo=k @

Thus, we canseethe “decision” betweenary two clustersasthe
sumof termsthatrepresenthe contrikution of eachattributeto this
decision.Theratio P(z; | C = k)/P(z; | C = k') is therelative
supportthatz; givesto k versusk’.

2.2 Selectve Naive BayesianModels

The naive Bayesmodel gives all variablesequalstatus. This
is a potential sourceof problemsfor two reasons. First, some
variablescan be “noise” and have no real interactionswith the
othervariables. Supposehat X; is independenfrom restof the
variables By learning K conditionalprobability modelsP(X; |

=1),...,P(X1 | C = K), we areincreasingthe variability
of the estlmatednodel Second sincewe are dealingwith rela-
tively small numberof training examples,if we fail to recognize
that X is independentf therest,the obserationsof X; canbias
our choiceof clusters.

If we know that X is independentrom therest,we canusethe
factthat P(X; | C) = P(X:) andrewrite themodelin asimpler
form: P(X1)>, P(C = k)P(X2 |C =k)---P(Xny | C =
k) This form requireslessparametersindthusthe estimationof
theseparameterss morerobust. More importantly the structure
of thismodelexplicitly captureghefactthatX; is independenof
the othervariables—itdistribution doesnot dependon the cluster
variable.Notethatin thismodel,asexpectedthevalueof X, does
notimpactthe probability of the classC.

In our biological domain,we expectto seemary variablesthat
areindependenfor almostindependentpf the classification.For
example,binding sitesof transcriptionfactorsthatdo not play an
active role in the conditionsin which expressiorlevels weremea-
sured.Anotherexampleis a putative bindingsitethatdoesnot cor-
respondo arealbiologically meaningfulfunction. Thus,learning
thatthesesitesareindependenbf the measuredxpressionlevels
is animportantaspecbf the dataanalysisprocess.

Basedon this discussion,we want to considermodelswhere
several of the variablesdo not dependon the hiddenclass. For-
mally, we candescribehesedependenciely specifyingasetG C
{1,..., N} thatrepresentshe setof variablesthatdependon the
clustervariableC'. Theform of thejoint distributionis

P(X1,...,Xn | G) =

[1P&x) ] > (P(C =k [[Pxi|C= k))

igG k e

We notethat this classof modelsis essentiallya specialsubclass
of Bayesiannetworks[24]. (Similar modelswere consideredor
somavhat differentapplicationin supervisedearningby Langley
andSage21].)

We note again,that whenwe comparethe posteriorprobability
of two clusters,asin (2), we only needto considervariablesthat



arenotindependenof C. Thatis,
P(C=k|z,...,zN)

1 =
BPC =W |21,...,2n)
P(C=k) P(:cz|C k)
log 5ie=wm) +Zl P@|C=F)

2.3 Context-Specificindependence

Supposehat a certainbinding site, whosepresences denoted
by thevariableX, is regulatinggenesn two functionalcategories.
We would thenexpectthis site to be presentwith have high prob-
ability in promoterregions of genesin thesetwo categories,and
to have low probability of appearingn the promoterregion of all
othergenes.SinceX; is relevantto the expressionievel of (some)
genesit is notindependenof the othervariablesandsowe would
prefermodelswherel € G. In sucha model,we needto specify
P(X1 | C = k)for K =1,...,K. Thatis, for eachfunc-
tional category, we learn a different probability distribution over
X;. However, sinceX; is relevantonly to classed and2, thisin-
troducesunnecessarglistinctions:oncewe know thatC' is notone
of thetwo “relevant” functionclassegi.e., C' > 2), we canpredict
P(X; | C) usingasingledistribution.

To capturesuchdistinctions,we needto introducea language
thatrefinetheideasof selectve naive Bayesiarmodels.More pre-
cisely we wantto describeadditionalstructurewithin the condi-
tionaldistribution P(X; | C). Theintuition hereis thatwe needto
specify contet-specificindependencie€CSl): once,we know that
C ¢ {1,2}, thenX; isindependentf C. Thisissuehasreceved
muchattentionin the probabilisticreasoningcommunity[2, 6, 14].

Here, we choosea fairly simple representatiorof CSl that is
termeddefaulttablesin [14]. Thisrepresentatiors asfollows. The
structureof thedistribution P(X; | C) is representethy anobject
Li = {k1,...,ki} wherek; € {1,..., K}. Eachk; represents
casethathasanexplicit conditionalprobability All othercasesre
treatedby a specialdefaultconditionalprobability Formally, the
conditionalprobability hasthe form:

P(X: | C =k)
P(X: | C ¢ {ki,...,

It will be convenientfor us to think of £; asdefininga random
variable,whichwe will denoteL;, with [ + 1 values.Thisrandom
variableis the characteristidunction of C, suchthat L; = i if
C=kj,andL; =1+ 1if C g {kl,. . .,kl}. Then,P(Xi | C)
is replacedby P(X; | L;). This representatiomequiresi + 1
differentdistributionsratherthan K differentones.Notethateach
of theseconditionaldistributionscanbe multinomial, Gaussianpr
ary otherparametridamily we might chooseo use.

Returningto our exampleabore. Using a default tablewe can
representhe probability P(X; | C) usingthe casesl, 2 andthe
default {3,..., K}. This requiresestimatingthe probability of
binding site in eachof the first two clusters,and the probability
of observingthetranscriptiorfactorin theremainingclusters.

We notethatin the extremecase,when £; is empty thenwe
arerenderingX; independentf C. To seethis, notethat L; hasa
singlevaluein this situation,andthusP(X; | C) is thesamefor all
valuesC'. Thus,CSlis arefinemenbf selectve Bayesianmodels,
andit sufficesto specifythe choice£; for eachvariable.

Finally, we considerclassifyinga genegivenamodel.As in (2),
the decisionbetweentwo clustersis a sum of termsof the form
P(z; | C =k)/P(z; | C = K'). Now if bothk andk’ fall in the
“default” category of £;, thenthey mapto the samevalue of L;,
andthusdefinethe sameconditionalprobability over X;. In such
asituation theobsenationz; doesnot contributeto thedistinction

k=k;

P(X;|C=k)= { ki}) otherwise

betweenk andk’. We will saythat X; distinguishesa clusterk,
if the conditionalprobability P(X; | C = k) is differentthanthe
otherconditionalprobabilities.Thatis k£ = k; for somes.

3. SCORING CSI CLUSTERINGS

We want to learn CSI Clusteringsfrom data. By learning,we
meanselectinghe numberof clustersk, the setof dependentan-
domvariablesG, the correspondindocal structuresC;, andin ad-
dition, estimatingthe parametersf the conditionaldistributionsin
the model. We reiteratethat CSl clusteringis a specialsub-class
of Bayesiannetworkswith default tables. Thus, we adoptstan-
dardlearningapproachesor Bayesiannetworks [11, 14, 16] and
specializethemfor this classof models. In particular we usea
Bayesianapproachfor learningprobabilisticmodels. In this ap-
proachlearningis posedasan optimizationproblem.

In this sectionwe review the scoring functions over different
choicesof clusteringmodels,andin the next sectionwe will con-
sidermethodsdor finding high-scoringclusteringmodels.

3.1 The BayesianScore

We assumehatthesetof variablesX, . .., Xy isfixed. Wede-
fine a CSlI Clusteringmodelto beatuple M = (K, {L;}), where
K specifiegshenumberof valuesof thelatentclassand£; specifies
the choiceof local structue for X;. (Recallthat X; doesnotde-
pendon C if L; hasasinglevalue.) A model M is parameterized
by avectorfy, of parametersTheseincludethe mixture parame-
ters@k = P(C =k), andtheparameteré}m of P(X; | L; =1).

As input for the learning problem, we are given a datasetD
that consistsof M samplesthe m’th samplespecifiesa joint as-
signmente:[m], ..., zn[m] to X1,...,Xn~. In the Bayesiarap-
proachwe computethe posteriorprobabilityof amodel,giventhe
particulardatasetD:

P(M | D) « P(D | M)P(M)

The term P(M) is the prior probability of the model M, and
P(D | M) isthemaminal likelihoodof the data,giventhe model
M

In this paper we useafairly simpleclassof priors over models,
in which P(M) = P(K)P(G) ], P(L:). We choosethesefor
their mathematicasimplicity (which makessomeof the computa-
tions belav easier)and sincethey slightly favor simpler models.
We assumehat P(K) « A¥ is a geometricdistribution with pa-
rameterA whichis fairly closeto 1. The prior over G is designed
to penalizedependenciesThus P(G) a!€! for someparameter
a < 1. (RecallthatG = {i : £; # 0}.) Finally, the prior distribu-
tion over local models(following [14]) is P(L;) = =< (IZ\)_l'
Thus,we seta uniform prior over the numberof casesn £;, and
thenputauniform prior over all local structureswith this cardinal-
ity.

We now considerthe mamginal likelihoodterm. This termeval-
uatesthe probability of generatinghe dataset D from the model
M. This probability requiresaveragingover all possibleparame-
terizationsof M:

P(D|M)=/P(D|M,§M)P(6’M|M)dé’M @)

—

whereP(d( | M) is the prior densityover the parameterd s,

andP(D | M,@x) is the likelihood of the datawhich hasthe
form

HZ( P(C = k|M0J\4)HPx1 |l(k)M0M))



wherel; (k) is thevalue L; asafunctionof k.
In thiswork we follow a standardapproacho learninggraphical
modelsandusedecomposablpriors thathave theform

Plm I M) =PO)]] T POxp)

i 1eVal(L;)

For multinomial X; andfor C, we useaDirichlet[8] prior overthe
parametersandfor normal X;, we usea normal-gammarior [8].
We review the detailsof bothfamiliesof priorsin AppendixA.
Themamwinallikelihoodtermevaluateghefit of thedataby aver-
agingthelikelihoodof thedataover all possibleparameterizations
of the model. We stressthat this is differentfrom the maximum
likelihood method In that method,one evaluateseachmodel by
thelikelihoodit achiereswith the bestparametersThatscorecan
bemisleadingsince"bad” modelscanhave parameterthatgive the
datahighlikelihood.Bayesiarapproacheavoid such“overfitting”
by averagingover all possibleparameterizationsThis averaging
regularizeghescore.In fact,ageneratheoren{28] shavs thatfor
largedatasets(i.e.,asM — o), logP (D | M) is equalto

log P(D | M, fn) — % log M dim(M) + O(1) (4)

wheref, arethe maximumaposterioriprobability (MAP) param-
etersthatmaximize P(D | M, Ga) P(6r4 | M), anddim(M) is

thedimensionalityof themodel M (thenumberof degreesof free-

domin theparameterizationf M). Thus,in thelimit theBayesian
scorebehaeslike a penalizedmaximumlikelihood score,where
the penaltydependson the complity of the model. (Note that
this approximationis closely relatedto the minimumdescription
length(MDL) principle[26].)

3.2 CompleteData

We briefly discussthe evaluationof the mamginal likelihoodin
thecasewherewe have completedata Thatis, we now assumehat
we arelearningfrom a dataset D, thatcontainsM samplesgach
of thesespecifiesvaluese:[m], ..., zn[m], c[m] for X1,..., Xn
andC. (In this case we alsofix in adwancethe numberof values
of C.) This settingis easierthanthe settingwe needto dealwith,
however, thedevelopmenthereareneededor the onesbelow.

For suchdatasets,thelikelihoodterm P(D. | M, §M) canbe
decomposethto a productof localterms:

P(De | M, fpm) = (5)

LIocaI(C:SCagc)H H LIocaI(Xi:SX;\lagxi|l)
i leVal(L;)

wherethe Ljoc5 termsdenotethe likelihood thatdependson each

conditionalprobabilitydistributionandtheassociateduficientstatis-

ticsvectorsSc andSx;,|;. Thesestatisticsarecumulatize functions
over the training samples.Theseinclude countsof the numberof
timesa certainevent occurred,or sumof the valuesof X;, or Xf
in the sampleswvhereL; = 1. Thedetailsof thesdlikelihoodsand
sufficient statisticsarelesscrucialfor thedevelopmentselawv (see
AppendixA for details).

An importantpropertyof the suficient statisticsis thatoncewe
computethe countsfor the casein which L; = C, we caneasily
getcountsfor otherlocal structures:

Sx;i=Y_ P(Li=1|C=k)Sx,
k

(NotethatsinceL; is a deterministicfunctionof C, P(L; = 1 |
C =c)iseither0or1.)

Theimportantconsequencef thedecompositiorof Eq.5is that
themaminal likelihoodtermsimilarly decomposeésee[14, 16])

P(Dc | M) = SIocaI(C: SC)H H SIocaI(XiaSXi\l) (6)

i leVal(L;)

where
Stocal(Xi, Sx;11) = /LIocaI(Xi:SXi-\lagXi\l)P(gxi\l | M)dfx,

The decompositiorof mamginal likelihoodsuggestshatwe can
easilyfind the bestmodelin the caseof completedata. Theintu-
ition is thatthe obseration of C decoupleghe modelingchoices
for eachX; from the othervariables.Formally, we caneasilysee
thatchangingL; for X; change®nly the prior associatedvith that
L; andthe mamginal likelihoodterm HzeVal(L,-) Stocal(Xs, Sx;11)-
Thus,we canoptimizethechoiceof eachL; separatelyf the oth-
ers. For eachsuchchoicewe computethe sufficient statistics,and
evaluatethe changen the scoreof themodel?

To summarizewhenwe have completedatathe problemof learn-
ing a CSl clusteringmodelis straightforvard: We collectthe suffi-
cientstatisticsSx; |, for every X; andk = 1,..., K, andthenwe
can efficiently evaluateevery possiblemodel. Moreover, we can
choosethe one with the highestposteriorwithout explicitly enu-
meratingall possiblemodels.

3.3 Incomplete Data

We now return to the casethat interestsus, wherewe do not
obsere the classlabels. Sucha learningproblemis saidto have
incompletedata In this learningscenario,the evaluationof the
mauginal likelihood Eq. (3) is problematicand cannotbe carried
outin analyticalform, andthuswe needresortto approximations.
Se€]5] for anoverview of methodgor approximatinghemaiginal
likelihood.

In this paperwe usetwo suchapproximationgo the logarithm
of the mamginal likelihood. The first is the Bayesianinformation
Criterion (BIC) approximatiorof Schwarz [28] (seeEq. (4)).

BIC(M, Gs) = log P(D | M, Gac) — % log M dim(M)

To evaluatethis score we performexpectednaximizationEM) it-
erationsto find the MAP parameter$22] (seealso[5, 16]). The
benefitof this scoreis thatoncewe foundthe MAP parametersit
is fairly easyto evaluate.Unfortunately this scoreis only asymp-
totically correct,andcanover-penalizemodelsin practice.

A more accurateapproximationis the Cheeseman-Stu{CS)
score[5, 4]. This scoreapproximateshe mamginal likelihoodas:

CSM, ) =
log P(D | M,8r) — log P(D: | M, Gpm) +
log P(D; | M)

where D} is a fictitious dataset that is representedy a set of
sufiicient statistics. The computationof P(D} | M, ) and
P(D; | M) is thenperformedas thoughthe datais complete.
This simply amountsto evaluating Eq. (5) and Eq. (6) usingthe
sufiicient statisticsfor D};.

Thechoiceof D; is suchthatits suficient statisticswill bethe
expectedsuficientstatisticsgiven M andfa(. Thesearedefined

'In theory the choiceof L; requiresto considerO(2%) alterna-
tives,whichis efficientwhenK is asmallconstantln practice we
constructL; by a greedyprocedurehatat eachiterationfindsthe
bestk to separatdrom the default case,until no improvementis
madeto thescore[14].



by averagingover all possiblecompletionsD, of thedata

B [Sxye | M, ] = Y S25.P(D: | DM ) ()
Dc

whereD, representsa potentialcompletiorof thedata(i.e., assign-
mentof clustervalueto eachexample)andS)’:(’;IC is the sufiicient
statisticsfor X; givenc evaluatedon D... Usingthelinearity of ex-
pectationthistermcanbeefficiently computeg(see[s, 11]). Thus,

to computeD;, we find the MAP parametergM, andthencom-

putethe expectedsuficient statisticsgiven M, 6. Wethenuse
thesewithin Eq. (5) and Eq. (6) asthe suficient statisticsof the
fictional datasetD,.

4. LEARNING CSI CLUSTERINGS

Our goalis to find a model M thatattainsthe highestposterior
probability Unfortunately thereare O(2¥ %) choicesof mod-
elswith K clusters.Thus,we cannotexhaustvely evaluateall the
models.Insteadwve needto resortto someform of heuristicsearch.
The main computationakost of sucha searchis evaluatingcan-
didatemodels. For eachmodel, this procedureperformsan EM

optimizationto find the MAP parameteré'M, andthenusesthese
parametergor computingthe score(usingeitherBIC or CS).

To avoid suchexpensve evaluationsof candidatesve usethe
frameawork of Bayesianstructual EM [11]. This framework al-
lows usto searctfor modelswithin the EM loop. This algorithmis
iterative. At the beginning of of the j'th iterationwe have amodel

andparameters\t?, 67. We thenperformthefollowing steps:

e E-Step: Computeexpectedsuficient statisticsgiven M7, 67
asin Eq. (7).

¢ M-Step: Learnamodel M?*! asthoughthe expectedsuffi-
cientstatisticavereobsenredin acompletedataset. Foreach
X, choosegheCSImodelL;, independentlypf theothervari-
ables. Then, estimateparameterg’+* for Mi*! to bethe
MAP parametergiventhe expectedsuficient statistics.

Theseiterationsare reminiscentof the standardEM algorithm.
The main differenceis thatin the standardapproachthe M-Step
involvesreestimatingparameterswhile in StructuralEM we also
relearnthe structure.We canusetwo scoresn choosingmodelsat
the M-Step. Eitherthe Bayesiamapproactdescribedn Section3.2
or theBIC score.

Theseiterationsare guaranteedo improve the scorein the fol-
lowing sense.If we usethe BIC scorein the M-step,thenresults
of [10] shaw thatthe BIC scoreof M7 T, 67! is notlessthanthat
of MY, 6. If we usethe Bayesianscoren the M-step,thenresults
of [11] shav thatwe are performingan approximateversionof a
procedurethat doesimprove the Bayesianscorein eachiteration.
In practice mostiterationsdoimprove theCSscore(whichis often
areasonabl@approximatiorof thetrue Bayesiarscore).

Sincethe scoreis boundedfrom above, the structuralEM iter-
ationswill corverge. The convergencepoint canbe a local max-
imum and depend=n the initial startingpoint (see[10, 11]). In
orderto find a high scoringmodel, we examine several ways of
initializing the algorithmandrestartingt afterit converged.

We usetwo differentmethoddor initializing the procedureThe
firstis thefull model(whereL; = C for every node). This model
is themostexpressie in the classwe considerandthusallows the
startingpoint to captureary type of “trend” in the data. We then
let the following iterationsto zoomin on this trendby adoptinga
more specificstructure.The secondnitialization mode,is a using

arandommodel,whereeachL; is choseratrandom.This allows
us to usemultiple startingpointsthat can be quite differentfrom
eachother andthusleadthe searcho differentmaxima.

To “escape”local maximumwe perform the following steps.
Oncea local maximumis achieved, we starta randomfirst-ascent
hill-climb searchprocedureover clusteringtopologies.More pre-
cisely at eachiterationthe procedurechoosesa variables at ran-
dom, and reversesits dependeng status. More precisely if X;
depend®n C, we male it independentandif X; doesnotdepend
on C, we male it dependenfwithout ary CSl structure).We then
evaluatethenew structureusingstandardEM andcomputets score
usingthe parameterfoundby EM. If therandommodificationim-
provesthe score thenwe usethe new structureasa startingpoint
for anew structuralEM run. If afterafixedamountof randomtri-
alsnoimprovementwasfound,theprocedurgerminateghesearch
andreturnsthe bestmodelfoundsofar.

We notethatthe procedurewe describein this sectionis a spe-
cializationof the StructuralEM framework for learningBayesian
networks [10, 11]. However, we focuson a specificclassof net-
works (i.e., CSl clusterings).Therestrictionto this classof model
allows us to perform an efficient E-stepby exploiting the small
numberof statisticsthatareneededn orderto evaluateCSl clus-
terings.In contrasttheproceduresf [10] needto considera much
largernumberof suficient statisticsandcomputethemondemand
duringthe M-step. In addition,the restrictedclassof networks al-
lows usto performanefficient M-step. In contrastthe procedures
of [10] performheuristicsearch.

5. EVALUATION

5.1 Simulation Studies

To evaluatethe performanceof our clusteringmethod,we per
formedtestson syntheticdatasets. Thesedatasetswere sampled
from a known clusteringmodel (which determinedhe numberof
clusters,which variablesdependon which clustervalue, andthe
conditionalprobabilities).Sincewe know themodelthatoriginated
the data,we canmeasurenow closelyour procedurerecoversthis
modelbasednthetrainingdata.We measure aspectsFirst, how
well doesthe modelrecover thereal structure(numberof clusters,
falsepositive and falsenegative edgesin the model). Second,is
the “biological bottomline”. How well doesthe modelclassifya
given sample(gene). The aim of thesetestsis to understandow
the performanceof the methoddependson variousparameter®f
thelearningproblem.

To measurehe classificationsuccesswe examinedthe follow-
ing criterion. A clusteringmodel M definesa conditionalproba-
bility distribution over clustersgivena sample.Let M, denotethe
true model,andlet M. denotethe estimatednodel. Both define
conditionaldistributionsover clusters.We wantto comparethese
two conditionaldistributions. We will denotethe clustersof the
true modelas C; andthe clustersof the estimatedmodelas Ce.
Then,we candefineajoint distribution over thesetwo clusterings:

P(Cf’ Ce) =
> P(x | My)P(Cy | x, M) P(Ce | x, M)

wherethe sumis over all possiblegjoint assignmentto X. In prac-
tice we cannotsumover all thesejoint assignmentsandthuswe
estimatethis distribution by samplingfrom P(X | M;). Oncewe
have thejoint distribution we cancomputethe mutualinformation
, I(C4, C.) betweerthetwo clusteringvariableq7]. Thistermde-
notesthe numberof bits oneclusteringcarriesaboutthe other In



thetablebelon we reporttheinformationratio I(Cy, Ce)/H(C}),
whichmeasurefow muchinformationC, pravidesaboutC; com-
paredto themaximumpossible(whichis theentrogy of C;).

The modelwe sampledrom has5 clusters 50 continuousvari-
ables, 100 discretenode. We simulatedthe biological domainand
assumedhatmostof the discretevariableswererelevantfor a few
clusters(if ary) andthe thatthe continuousoneswererelevantto
mary clusters. From this modelwe sampledtraining setsof size
200,500,and800 (eacha supersebf the proceedingone)andin-
dependentestsetof size2000.

To estimatethe robustnessof our procedurewe injectedaddi-
tional noiseinto the training set. This wasdoneby addinggenes,
whosevaluesweresampledrom afairly diffusebackgroundprob-
ability. Theseobscurethe clusteringin the original model. We ex-
pectthatbiological databasewill containgeneghatdo notfall in
to “nice” functionalcateyories. We ranour procedureon the sam-
pled datasetsthat we obtainedby adding10% or 30% additional
“noise” genedo theoriginaltrainingdata.

The procedurewasinitialized with randomstartingpoints, and
for eachtraining dataand clusternumberit wasrun 3 times. We
performedhis procedurdor numberclustersn therange3to 7 and
choosethe modelwith the bestscoreamongthese. Due to space
considerationsye briefly summarizehe highlightsof theresults.

Cluster number: In all runs, modelslearnedwith fewer clus-
tersthanthe original modelwere sharplypenalized.On the other
hand,modelslearnedwith additionalclustersgot scoreshatwere
closeto thescorerecevedwhenlearningwith 5 clusters.Often,we
noticedthata modelwith 6 or 7 clustershad“degenerate’clusters
thatnoneof the“true” samplegi.e., onesthatweregeneratedrom
the original models)wereclassifiedto. As expected this phenom-
enawasstrongerin the runswith 30% noise. In generalBIC had
strongerpenaltyfor additionalclusters,and so moreoften choose
5 clustersasthe bestscoringmodel

Structur e accuracy: We measuredhe percentagef additional
variablesin G (falsepositives)and missingonesin G (falseneg-
atives). In general the procedurgusingboth BIC andCS scores)
tendedto have very smallnumberof falsenegatives(andthis only
in the smallersamplesizes). On the otherhand,both scoreshad
falsepositives,about20%for CS,and10%—-20%for BIC.

Mutual Information Ratio: In this category all the runswith
800trainingsampleschiezedthemaximalinformationgain. Runs
with 200 samplesachiezed informationgain of about90%. Runs
with 500 sampleshadvariedresultsthat dependean the level of
noises. For 10% noisewe got maximal information gain, while
resultsin the noisier datasetgot 95% informationgain. These
resultsshaw thatthelearnedclusterswerevery informative of the
original clusters.

Clearly, thesesimulationsonly explore a smallpartof the space
of possibleparametersHowever, they shav thaton a modelthat
hasstatisticalcharacteristicsimilar to real-life datasetspur proce-
durecanperformin arobustmanneranddiscover clusteringsthat
arecloseto theoriginal one,evenin the presenc®f noise.

5.2 Biological Data

We also evaluatedour procedureon two biological datasetsof
buddingyeastgeneexpression Thefirst datasetis from Spellman
etal [31] who measure@xpressiorevelsof genesduringdifferent
cell-cycle stages We examinedthe expressiorof thex 800 genes
thatSpellmanretal identify ascell-cycle relatedin 77 experiments.
Thesecondlatasetis from Gaschetal [15] who measure@xpres-

sionlevelsof genesn responséo differentervironmentalchanges.

In this dataset,we examinedthegenesGaschetal identify in their
analysiq15, Figures3, 4, 7], andgenesvhoseexpressiorchanged

Name Description

ABF1 ARS-binding factor involved in the activation of DNA-replication
andtranscriptionategulationof variousgenes

GCN4 Transcriptionfactorof the basicleucinezipper(bZIP) family, regu-
latesgenerakontrolin responsgo aminoacidor purinestanation
MCM Yeast Cell cycle and metabolic regulatorYeast Cell cycle and
metabolicregulator

MIG1 Zinc-fingertranscriptionatepressoimvolvedin glucose-repression
PHO4 Basic helix-loop-helix (bHLH) transcriptionfactor requiredfor ex-
pressiorof phosphatgathway, inactivatedby hyperphosphorylation
by Pho80p-Pho85pyclin-dependenproteinkinase

RAP1 DNA-binding proteinwith repressoandactivator actiities, alsoin-
volvedin silencingat telomeresandsilentmatingtypeloci
StressRespons&lementMSN2/MSN4.

Aspengillus Stuntedprotein

STRE1
STUAP

Table 1: Description of binding sites mentioned in the clus-
ters of Figure 1. The descriptions are basedon TRANSFAC
databaseentries and YPD descriptions.

by morethana 2-fold in atleast30 experiments.This list contains
1271geneghatwereweremeasuredn 92 experiments.

In additionto the expressionlevels from thesetwo datasets,
we recordedfor eachgenethe numberof putatve binding sites
in the 1000bpupstreamof the ORF ( thesesequencesvere re-
trieved from SCPD[29]). Theseweregeneratedy two methods.
Thefirstis basedon consensusequencefundin the SCPD[29]
databaseThe secondmethodis basedon the “fungi” matrixesin
the TRANSFAC databas§l7]. We usedthe Matinspectoprogram
[25] (runwith thedefault parameterso scanthe upstreanregions.
We usedthesematchesto count (a) the numberof putative sites
in the 1000bpupstreanregion, and (b) the numberputatie sites
in four 250bpsub-rgjions of the upstreanregion. This generated
discretevaluedrandomvariableqwith values0, 1, 2, > 2) thatcor
respondo eachputatie site (eithera whole promoterregion or a
sub-rgion).

We ranour procedurewith differentinitialization pointsanddif-
ferentnumberof clusters.In our experimentsausefulinitialization
pointwask-mean<lusteringof only theexpressiommeasurements,
usingthe XClusterprogram[30].

In generalmostof the clusteringswe learnedhadthe following
characteristics.First, the expressionmeasurementaere consid-
eredinformative by the clustering. Most of the expressionvari-
ableshad impacton mostof the clusters. Second,mostbinding
site measurementwere considerechon-informatve. Thelearning
proceduralecidedfor mostof thesethatthey have no effectonary
of the clusters. Thosethat were consideredelevant, usually had
only 1 or 2 distinct contets in their local structure. This canbe
potentiallydueto the factthat someof thesefactorsweretruly ir-
relevant, or to a large numberof errorsmadeby the binding site
predictionprogramsthat maskthe informative signalin thesepu-
tative sites. The resultswere similar whenwe usedbinding sites
SCPDconsensusitesand TRANSFAC matrix matches.

To illustrate the type of clusteringswe find, we shav in Fig-
ure 1 two of the clusteringswe learned.Thesedescribequalitatve
“clusterprofiles”thathelpsseewhich experimentdistinguisheach
cluster andthegenerakrendof expressiorat theseexperiments.

As we cansee the clusterslearnedfrom the Cell-Cycledataall
shaw periodichehaior. This canbe expectedsincethe 800genes
areall correlatedwith thecell-cycle. However, theclusterdiffer in
their phase Suchclustersprofilesarecharacteristiof mary of the
modelswe foundfor the Cell-Cycledata. Eachof the clustersde-
pendonsomevhatdifferenttranscriptiorfactors:includingCGN4
(controlssynthesisof nucleotidesandaminoacids),ARS, MCM,
RAP1andRHO4,SCB(all relatedto cell cycle control). Note that
thesesitesarelocatedin differentpositionsin thedifferentclusters.
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Figure 1: Schematicrepresentationof two of the clusteringswe found for the Cell-Cycle data of Spellmanet al and Environmental
Responsedata of Gaschet al. For eachcluster, the table shows the number of genesthat were mappedto the cluster, a qualitati ve
accountof the expressionpatterns, and the binding sitesthat wererecognized.The expressionpatternsdescribethr eecases:” ” when
when the measure doesdistinguish the cluster and the averageexpression
is above or below, respectiely, of the default mean. The last column shows the binding sitesthat distinguish the clusters. The index
in the brackets shows which sub-region of the promoter region was recognizedto have higher than expectednumber of putative
sites. The sub-regionsare 1: -1000to -751,2: -750to -501, 3: -500to -251,and 4: -250to -1. The last row in eachgroup shows the
treatmentapplied in eachexperiment. For the Cell-Cycle data, theseare: A - CLN3, B - CLB2, C - Alpha, D - CDC15,E - CDC28,F
- ELU (seeSpellmanet al for details). For the ervironmentalresponselata, theseare A - 37C Heat Shock,B - Variable Temperature
Shock, C - HydrogenPeroxide, D - Menadione, E - DDT, F - Diamide, G - Sorbitol osmotic shock,H - Amino-acid starvation, | -
Nitr ogenDepletion, J - Diauxic shift, K - Stationary phase,L - Continuous carbon sources,M - Continuous temperature (seeGasch

the measurementdoesnot distinguish the cluster, “+"/"-"
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et al for more details).

Figure 2: Detailed description of the eight clusters of the Environmental Stressdata setdescribedin Figure 1. The graphs on the
left show clusters of genesthat are down-regulatedin responseo stress,and on the right clustersof genesthat are up-regulatedin
responseto stress. Each graph shows the mean value of the expressionlevel of genesin the clustersfor eachexperiment, and the
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Figure 3: Detailed description of the seren clustersof the Cell-Cycle data setdescribedin Figure 1.

This mightindicatethatthe positionof the site affectsits role.

In theEnvironmentalResponséatathebestscoringmodelshad
eightclusters.In themodelshavn in Figurel, we seefour clusters
of geneshatwereundergpressedn stressconditions,threeclus-
ters of genesthat are overexpressedn theseconditions,and one
clusterof genesthat were mostly unafectedby the stresscondi-
tions. This later clusterhashigh variance,while the othershave
relatively tight variancein mostexperiments.Someof the clusters
correspondo clearbiological function: For example,Cluster#0,
consistanostly (103/117)of geneghatareassociateavith protein
synthesisClusterf3alsocontaingproteinsynthesigeneg46/247)
andRNA processin@ndtranscriptiongeneg24/247).

We notethatthe clustersdescribadifferent“levels” of response.

This might be a consequencef the k-meansclustering. Although
the learnedclusteringis quite different than the initial k-means
clustering(more than50% of the geneshave changedclustersin
thefinal clustering) it mightbepossiblethatadditionalexploration
of themodelspacewill find other“profiles” of clusters.

6. DISCUSSION

In this papemwe examinedthe problemof clusteringgenesased
on a combinationof genomicandgeneticdata. We presentanap-
proachthat allows to combinegeneexpressiondataand putatve
binding site (from varioussources)andidentify and characterize
clustersof genes.Our approachs novel in its ability to dealwith
mary attributesthat areirrelevantto the clustering,andits ability
to tailor eachclusterto the attributesthatit depend®n. Dueto the
natureof theunderlyingbiologicalproblem we believe thatourap-
proachis moresuitablethanstandarctlusteringmethodshattreat
all variableson equalfooting.

The preliminary experimentalresultson both syntheticandreal
data, suggestthat this approachis robust to noise and recovers
groupsof geneswith coherenbehaior. Thisclaim,howvever, needs

to be substantiatedy additional experimentsand careful analy-
sis of the clustersfound. As describedabove, becauseof local
maxima, the resultsare affected by the initialization point. We
areworking on developingmoresuitablesearchmethodshatwill
escapdocal maximaat low cost(without resortingto large-scale
stochasticsimulations). Anotherissue,is the noisy outputof the
consensusndweight matrixesputative sitessearchesThis noise
obscuresubtlesignalsin the data,which might be learnablewith
betterbinding sitesrecognitiontools.

Ourapproacths similarto thatof HolmesandBruno[18] in that
both approachesiseunified probabilisticmodelsfor geneexpres-
sion and binding sites. However, thereare several distinct differ-
encesHolmesandBrunofocusontheproblemsof finding new pu-
tative sites,assuchtheirmodelcombinesanaive Bayesmodelover
expressionattributesandan HMM-lik e modelof DNA sequences
(asin [19, 23]). This provides more detailedmodelsof binding
sites,andcandiscorver novel ones.However, suchmodelsassume
onebinding site per cluster and cannotdetectmultiple regulatory
sites,nor detectthat someexperimentsareirrelevantto the defini-
tion of aspecificcluster Thisdifferencds reflectedn thechoiceof
statisticalmethods:HolmesandBruno's methodsearche$or max-
imumlikelihoodparameterfn afixed parametrianodel,while our
approachperformsBayesiarmodelselection.

Thereareseveralwaysof extendingour approachThefirst one
is to extendthe modelsof bindingsitesto finer grainmodels,such
asPSSM/HMM like modelsof bindingsites.This involvesreplac-
ing arandomvariableby a sub-modethatincludesadditionalpa-
rametersthat needto be learned. The languageof Bayesiannet-
works providestoolsfor suchcomplex modelsandthefoundations
for learningwith them.Yet, therearealgorithmicandmodelingis-
sueghatneedto beaddressedSucha combinedapproacttanam-
plify our understandingasto the relevanceof new bindingsite(s)
to the clusteringof genes.



Anotherimportantaspectof our approachis thatit providesa
comprehense modelof expressiorandthe binding sitesthatreg-
ulateit. As suchit attemptgo dealwith all attributesthataffectthe
geneexpressiorpatternatonce ,anddoesnotconsidereachbinding
site without regardto its context. A possibleextensionis to learn
directinteractionetweerattributes(e.qg.,if bindingsite A appears
in a certainregion, thenthe probability thatit will appeaiin other
regionswill decrease)We cando soby learninga Bayesiamet-
work that modelsthesedependenciesAn attractive classof such
Bayesiametworksarethetree-augmenteNaiveBayeanodelsthat
wereintroducedn the contet of supervisedearning[12].

Finally, themodelswe learnheregeneralizeover genes Thatis,
they proposeda uniform modelfor genesln contrastexperiments
receve individual treatment.ldeally, we would like to generalize
both over genesandover experiments.This requiresa modelthat
describe-sidedclustering: clustersof genesandclustersof ex-
periments.To learnclusteringghatalsotakesinto accountgenetic
information,we needmoreexpressie language A potentialmod-
eling languagdor this problemcanbefoundin [13].
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APPENDIX

A. SUFFICIENT STATISTICS AND
CONJUGATE PRIORS

In this appendixwe review the detailsof Dirichlet and Normal
Gammapriors. Thisis mostlytext bookmaterialandcanbefound,
for example,in [8].

A.1 Dirichlet Priors

Let X bearandomvariablethatcantake K possiblevaluesthat
without lossof generalityarenamed{1, ... K'}. A parameteriza-

tion for X is avectorfx = (61,...,0r) suchthatd; > 0 and
>, 6; = 1. Supposewe aregivenatrainingsetof N independent
dravszi, - .., zy of X from anunknavn multinomialdistribution
P*. Thelikelihoodof the obserationsfor givenparameterss:

e

where NN; is the numberof occurrence®f the symbols in the se-
guencers,...,zn. Thevector§ = (Ny,..., Nk) is the sufi-
cient statisticsof the sequencery, ..., zn. If two sequencesre
suchthat they have the samecounts,thentheir likelihood is the
same.

The multinomial estimationproblemis to find a good approxi-
mationfor P*. This problemcanbe statedasthe problemof pre-
dicting the outcomezy 4+1 givenzi,...,xn. Givena prior dis-
tribution over the possiblemultinomial distributions,the Bayesian
estimates:

P(zy1,...,zN | 5)() =

yTN) =

/P(m+1 | )P@ | z1,...,zNx)dd (8)

P($N+1 |IL‘1,...

Theposteriomrobability of § canbe rewritten usingBayeslaw as:

P(@|x1,...,ov) o PO ]]6 9)

The family of Dirichlet distributionsis conjugateto the multino-
mial distribution. Thatis, if the prior distributionis from this fam-
ily, sois the posterior A Dirichlet prior for X is specifiedby hy-
perpammetes ai, ..., ak, andhastheform:

o z al) g -1

P(0) i
®) H D(a) H

for 3>, 6; = 1 andf; > 0 for all 4, wherel'(z) = [°t* ‘e~ 'dt

isthegamméfunction. GivenaDirichIetprior theinitial prediction

for eachvalueof X is P(X1 = i) = [ 6; P(§)df = @i/ aj.

is easyto seethat, if theprior is aDirichlet prior with hyperparam—

etersay, ..., ak, thenthe posterioris a Dirichlet with hyperpa-
rametersy; + Ni,...,ak + Nk. Thus,wegetthattheprediction
for XN+ is

(i + Ni)

P(XN+1=i|l‘1,... m
AN J

TN =

We canthink of the hyperparameters; asthe numberof “imag-
inary” examplesin which we sav outcomei. Thus,the ratio be-
tween hyperparametersorrespondgo our initial assessmentf
the relative probability of the correspondingoutcomes. The to-
tal weightof the hyperparametenepresenbur confidencgor en-
trenchmentjn the prior knowledge. As we cansee,if this weight
is large,our estimategor the parametergendto befurtheroff from
theempiricalfrequencie®bseredin thetrainingdata.

Finally, to scoremodelswe alsoneedto computethe mamginal
probability:

P

/P(xl, .. zx | 6)P(E)d0

_ L o) (o + Ny)
- P(Ez a; + Nz) H P(a@')

P((El,...,SL‘N) =

A.2 Normal-Gamma Priors

Let X beacontinuousrariablewith aGaussiamlistribution. The
parameterizationof P(X) is usually specifiedby the meany and
thevariances?. In ourtreatmentwe will usetheprecisionr = ;15
insteadbf thevariance As we shallseeit is morenaturalto usethis
parameterizatiom BayesiarreasoningThelik elihoodfunctionin
this caseis

— pi) }

Pl@,.. o | ) = HFeXP{__T

It turnsoutthatthesuficientstatisticsor thislik elihoodfunction

are N (the numberof samples)Ty = Y, z;, andT> = Y, z;.
Thenwe canwrite
P(l‘l,...,.'EN |/~l’57—) =
1 9 1 1
exp NE(logT —Tu)+Th STH TQET

Thenormal-gammalistributionis aconjugateprior for thislike-
lihood function. This prior over y, 7 is definedas

P(ll, ) x 7'26 QAT(H‘ /4"0)2 oa—1 57'
wherepo, A, «, and 3 arethe hyperparametersThis prior hasa
gammeadistribution over = anda normaldistributionfor P(u | 7)
with meanuo andprecisionAr.

The posteriordistribution, after we have seenzq, ..., zx with
sufficientstatistics(IV, T1, T») hashyperparametergg, X', o', 8,

wherepp = 29EXL XN = A4+ N, o/ = a+ §N,andg’ =
B+EN(T2—TF)+ NA(T—io)” Finally, themaginal likelihood
IS

- -

P(xl,...,xN)=/P(m1,...,xN|0)P(0)d5

= ot ()

wheres’ is definedasabove.
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