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Abstract

Reinforcement learning systems are often concerned
with balancing exploration of untested actions against
exploitation of actionsthat are known to be good. The
benefit of exploration can be estimated usingthe classi-
cal notion of Value of Information — the expected im-
provement in future decision quality arising from the
information acquired by exploration. Estimating this
quantity requires an assessment of the agent’s uncer-
tainty about its current value estimates for states.

In this paper we investigate ways to represent and rea-
son about this uncertainty in algorithmswhere the sys-
tem attempts to learn a model of its environment. We
explicitly represent uncertainty about the parameters of
the model and build probability distributions over Q-
values based on these. These distributions are used to
compute amyopic approximation to the value of infor-
mation for each action and hence to select the action
that best balances exploration and exploitation.

1 Introduction

Reinforcement learning addresses the problem of how an
agent should learn to act in dynamic environments. This
is an important learning paradigm for domains where the
agent must consider sequences of actions to be made
throughout its lifetime. The framework underlying much
of reinforcement learning is that of Markov Decision Pro-
cesses (MDPs). These processes describe the effects of ac-
tionsin a stochastic environment, and the possible rewards
at various states of the environments. If we have an MDP
we can compute the choice of actions that maximizes the
expected future reward. Thetask in reinforcement learning
isto achievethislevel of performancewhen the underlying
MDP s not known in advance.

A central debatein reinforcement learning is over the use
of models. Model-free approaches attempt to learn near-
optimal policieswithout explicitly estimating the dynamics
of the surrounding environment. This is usualy done by
directly approximating a value function that measures the
desirability of each environment state. On the other hand,
model-based approaches attempt to estimate amodel of the
environment’s dynamics and use it to compute an estimate
of the expected value of actionsin the environment.
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A common argument for model -based approachesis that
by learning a model the agent can avoid costly repetition
of stepsin the environment. Instead, the agent can use the
model to learn the effects of its actions at various states.
This can lead to a significant reduction in the number of
steps actually executed by the learner, since it can “learn”
from simulated stepsin the model (Sutton 1990).

Virtualy al of the existing model-based approaches in
theliterature use simple estimation methodsto learn the en-
vironment, and keep a point-estimate of the environment
dynamics. Such estimates ignore the agent’s uncertainty
about various aspects of the environment’sdynamics.

In this paper, we advocate a Bayesian approach to model -
based reinforcement learning. We show that under fairly
reasonable assumptions we can represent the posterior dis-
tribution over possible models given our past experience.
This is done with essentially the same cost as maintaining
point estimates. Our methods thus allow us to continually
update thisdistribution over possible models aswe perform
actions in the environment.

By representing a distribution over possible models, we
can quantify our uncertainty asto what are the best actions
to perform. This gives us a handle on the exploitation vs.
exploration problem. Roughly speaking, this problem in-
volves the dilemma of whether to explore — perform new
actions that can lead us to uncharted territories— or to ex-
ploit — perform actions that have the best performance ac-
cording to our current knowledge. Clearly, the uncertainty
about our model and our expectations asto therange of pos-
sible results of actionsplay crucial rolesin this problem.

In a precursor to this work, Dearden et al. (1998) intro-
duce a Bayesian model-free approach in which uncertainty
about the Q-values of actionsisrepresented using probabil-
ity distributions. By explicitly reasoning using uncertainty
about Q-values, they direct exploration specifically toward
poorly known regions of the state space. Their approach
is based on a decision-theoretic approach to action selec-
tion: the agent should choose actions based on the value of
the information it can expect to learn by performing them
(Howard 1966). Dearden et al. propose a measure that bal-
ances the expected gains in performance from exploration
— in the form of improved policies — with the expected



cost of doing a potentially suboptimal action. This mea-
sureis computed from probability distributionsover the Q-
values of actions.

In this paper, we show how to use the posterior distri-
bution over possible models to estimate the distribution
of possible Q-values, and then use these to select actions.
This use of models allows us to avoid the problem faced
by model-free exploration methods, such as the one used
by Dearden et a., that need to perform repeated actions to
propagate values from one state to another. The main ques-
tion is how to estimate these Q-values from our distribu-
tion of possible models. We present several methods of
stochastic sampling to approximate these Q-value distribu-
tions. We then evaluate the performance of the resulting
Bayesian learning agents on test environments that are de-
signed to fool many exploration methods.

In Section 2 we briefly review the definition of MDPsand
the definition of reinforcement learning problems. In Sec-
tion 3 we discuss a Bayesian approach for learning models.
In Section 4 we review the notion of Q-value distributions
and the use of value of information for directing exploration
and the notion. In Section 5 we propose several sampling
methods for estimating Q-value distributions based on the
uncertainty about the underlying model. In Section 6 we
discuss several approaches of generalizing from the sam-
pleswe get from the af orementioned methods, and how this
generalization can improveour algorithms. In Section 7 we
compare our methods to Prioritized Sweeping (Moore &
Atkeson 1993), a well known model-based reinforcement
learning procedure.

2 Background

We assume the reader is familiar with the basic concepts
of MDPs (see, eg., (Kaelbling, Littman & Moore 1996)).
We will use the following notation: An MDP is a 4-tuple,
(S, A, pr,pr) Where S isaset of states, A isaset of ac-
tions, pr (s-3t) isatransition model that capturesthe prob-
ability of reaching state ¢ after we execute action a at state
s, and pr(s->r) isareward model that captures the proba-
bility of receiving reward » after executing a at state s. For
the reminder of this paper, we assume that possible rewards
are afinite subset R of thereal numbers.

In this paper, we focus on infinite-horizon MDPs with a
discount factor 4. The agent’s aim is to maximize the ex-
pected discounted total reward it receives. Equivalently, we
can compute aoptimal value function V* and a Q-function
Q™. These functions satisfy the Bellman equations:

V¥ (s) = max Q" (s,a),

where

Q*(s,a) = F

Pr

(si”-)[ﬂsv (l] +7 E pT(S_a>SI)V* (Sl)'
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If the agent has accessto VV* or %, it can optimize its ex-
pected reward by choosing the action a at s that maximizes

Q*(s,a). Given amodel, we can compute Q* using ava-
riety of methods, including value iteration. In this method
we repeatedly update an estimate ) of * by applying the
Bellman equations to get new values of Q(s) for some (or
all) of the states.

Reinforcement learning procedures attempt to achieve an
optimal policy when the agent does not know pr and pg.
Sincewedo not know the dynamics of the underlyingMDP,
we cannot computethe Q-valuefunctiondirectly. However,
wecan estimateit. |n model-free approachesoneusually es-
timates () by treating each stepinthe environment asasam-
ple from the underlying dynamics. These samples are then
used for performing updates of the Q-values based on the
Bellman equations. In model-based reinforcement learning
oneusually directly estimatespr (s—>t) and pr(s—>r). The
standard approach isthen to act as though these approxima-
tions are correct, compute @*, and use it to choose actions.

A standard problem in learning is balancing between
planning (i.e., choosing a policy) and execution. Ideally,
the agent would compute the optimal value function for
its model of the environment each time it updatesit. This
scheme is unrealistic since finding the optimal policy for
a given model is a non-trivial computational task. Fortu-
nately, we can approximate this schemeif we noticethat the
approximate model changes only dlightly at each step. We
can hope that the value function from the previous model
can be easily “repaired” to reflect these changes. This ap-
proach was pursued in the DYNA (Sutton 1990) frame-
work, where after the execution of an action, the agent
updates its model of the environment, and then performs
some bounded number of value propagation steps to up-
date its approximation of the value function. Each value-
propagation step locally enforces the Bellman-equation by
setting f/(s) — maXgea Q(s, a), where Q(s, a) =
E[ﬁR(siW)] + Zs'es ﬁT(sim’)V(s’), ﬁT(sixs’) and
pr(s—>r) are the agent’s approximate model, and V' is the
agent’s approximation of the value function.

This raises the question of which states should be up-
dated. Prioritized Sweeping (Moore & Atkeson 1993) is a
method that estimates to what extent states would change
their value asa consequence of new knowledge of the MDP
dynamics or previous value propagations. States are as-
signed priorities based on the expected size of changes in
their values, and stateswith the highest priority arethe ones
for which we perform value propagation.

3 Bayesian Model Learning

In this section we describe how to maintain a Bayesian pos-
terior distribution over MDPs given our experiencesin the
environment. At each step in the environment, we start at
state s, choose an action a, and then observe a new state
t and areward r. We summarize our experience by a se-
quence of experiencetuples (s, a,r,t).

A Bayesian approach to thislearning problemisto main-
tain a belief state over the possible MDPs. Thus, a belief
state 1 defines a probability density P(M | p). Givenan



experience tuple (s, a, r,t) we can compute the posterior
belief state, which we denote i o (s, a, r, 1), by Bayesrule:

P(M | po(s,a,rt))
x  P({s,a,r,t) | MYP(M | p)
= P(s3t| MYP(s5r | M)P(M | ).

Thus, the Bayesian approach startswith someprior prob-
ability distribution over all possible MDPs (we assume that
the sets of possible states, actions and rewards are delim-
ited in advance). Aswe gain experience, the approach fo-
cuses the mass of the posterior distribution on those MDPs
in which the observed experience tuples are most probabl e.

Animmediate question iswhether we can represent these
prior and posterior distributions over an infinite number
of MDPs. We show that this is possible by adopting re-
sults from Bayesian learning of probabilistic models, such
as Bayesian networks (Heckerman 1998). Under carefully
chosen assumptions, we can represent such priors and pos-
teriorsin any of several compact manners. We discuss one
such choice below.

To formally represent our problem, we consider the pa-
rameterization of MDPs. The simplest parameterization is
table based, where there are parameters 65 , , and 67 , .. for
the transition and reward models. Thus for each choice
of s and a, the parameters¢; , = {0 ,, : t € S} de-
fi ne a distribution over possible states, and the parameters

= {05 ., : 7 € R} define adistribution over possible
rewards

We say that our prior satisfies parameter independence if
it has the product form:

HHPr

Thus, the prior distribution over the parameters of each lo-
cal probability term in the MDP isindependent of the prior
over the others. It turns out that this form is maintained as
we incorporate evidence.

Proposition 3.1 Ifthebelief state P (6 | ;1) satisfiesparam-
eter independence, then P(6 | p o (s, a, 7, t)) also satisfies
parameter independence.

Pr(0 | p) = p)Pr(d7 , | p). (D)

As a consequence, the posterior after we incorporate an ar-
bitrarily long number of experiencetupl es al so hasthe prod-
uct form of (1).

Parameter independence allows us to reformulate the
learning problem as a collection of unrelated local learning
problems. In each of these, we have to estimate a probabil -
ity distribution over al states or all rewards. The question
is how to learn these distributions. We can use well-known
Bayesian methods for learning standard distributions such
as multinomials or Gaussian distributions (Degroot 1986).

' The methods we describe are easily extend to other param-
eterizations. In particular, we can consider continuous distribu-
tions, e.g., Gaussians, over rewards. For clarity of discussion, we
focus on multinomial distributions throughout the paper.

For the case of discrete multinomials, which we have
assumed in our transition and reward models, we can use
Dirichlet priors to represent Pr(#; ,) and Pr(6; ,). These
priors are conjugate, and thus the postenor after each ob-
served experiencetuplewill al'so be aDirichlet distribution.
In addition, Dirichlet distributions can be described using a
small number of hyper-parameters. See Appendix A for a
review of Dirichlet priors and their properties.

In the case of most MDPs studied in reinforcement learn-
ing, we expect the transition model to be sparse—there are
only afew states that can result from a particular action at
aparticular state. Unfortunately, if the state space is large,
learning with a Dirichlet prior can require many examples
to recognize that most possible states are highly unlikely.
This problem is addressed by a recent method of learn-
ing sparse-multinomial priors (Friedman & Singer 1999).
Without going into details, the sparse-multinomial priors
have the same general propertiesas Dirichlet priors, but as-
sume that the observed outcomes are from some small sub-
sets of the set of possible ones. The sparse Dirichlet priors
make predictions as though only the observed outcomesare
possible, except that they also assign to novel outcomes. In
the MDP setting, a novel outcome is a transition to state ¢
that was not reached from s previously by executinga. See
Appendix A for abrief summary of sparse-multinomial pri-
ors and their properties.

For both the Dirichlet and its sparse-multinomial exten-
sion, we need to maintain the number of times, N (s-3t),
state ¢ is observed after executing action a a state s, and
similarly, N (s-%r) for rewards. With the prior distributions
over the parametersof the M DP, these countsdefine aposte-
rior distribution over MDPs. This representation allows us
to both predict the probability of the next transition and re-
ward, and also to compute the probability of every possible
MDP and to sample from the distribution of MDPs.

To summarize, we assumed parameter independence, and
that for each prior in (1) we haveeither aDirichlet or sparse-
multinomial prior. The consequence is that the posterior
at each stage in the learning can be represented compactly.
Thisenablesusto estimate adistribution over MDPs at each
stage.

It is easy to extend this discussion for more compact pa-
rameterizations of the transition and reward models. For
example, if each stateis described by several attributes, we
might use a Bayesian network to capture the MDP dynam-
ics. Such a structure requires fewer parameters and thus
we can learn it with fewer examples. Nonetheless, much
of the above discussion and conclusions about parameter
independence and Dirichlet priors apply to these models
(Heckerman 1998).

Standard model -based | earning methods maintain a point
estimate of the model. These point estimates are often close
to the mean prediction of the Bayesian method. However,
these point estimates do not capture the uncertainty about
themodel. Inthispaper, we examinehow knowledgeof this
uncertainty can be exploited to improve exploration.



4 Value of Information Exploration

In arecent paper, Dearden et al. (1998) examined model-
free Bayesian reinforcement learning. Their approach
builds on the notion of Q-value distributions. Recall, that
Q*(s,a) is the expected reward if we execute a at s and
then continue with optimal selection of actions. Since dur-
ing learning we are uncertain about the model, thereisadis-
tribution over the Q-values at each pair (s, a). This distri-
bution is induced by the belief state over possible MDPs,
and the Q-values for each of these MDPs. In the model-
free case, Dearden et al. propose an approach for estimat-
ing Q-value distributions without building a model. This
approach makes several strong assumptionsthat are clearly
violated in MDPs. Inthe next section, we show how wecan
use our representation of the posterior over modelsto give
estimates of Q-value distributions. Before we do that, we
briefly review how Dearden et al. use the Q-value distri-
butions for selecting actions, as we use this method in the
current work.

The approach of Dearden et al is based on the decision-
theoretic ideas of value of information (Howard 1966). The
application of theseideasin thiscontext isreminiscent of its
usein tree search (Russell & Wefald 1991), which can also
be seen asaform of exploration. Theideaisto balancethe
expected gains from exploration—in the form of improved
policies—against the expected cost of doing a potentially
suboptimal action.

To formally define the approach, we need to introduce
some notation. We denote by ¢, , a possible value of
Q*(s,a) in some MDP. We treat these quantities as ran-
dom variablesthat depend on our belief state. (For clarifica
tion of the following discussion, we do not explicitly refer-
encethe belief state in the mathematical notation.) We now
consider what can be gained by learning the truevalue g; ,
of ¢, .. How would this knowledge change the agent’s fu-
ture rewards? Clearly, if this knowledge does not change
the agent’s policy, then future rewards would not change.
Thus, the only interesting scenarios arethose wherethe new
knowledge does changethe agent’spolicy. Thiscan happen
in two cases: (&) when the new knowledge shows that an
action previously considered sub-optimal isrevealed asthe
best choice (given the agent’s beliefs about other actions),
and (b) when the new knowledge indicates that an action
that was previously considered best is actually inferior to
other actions.

For case (a), suppose that a; is the best action; that is,
E[qs.qa,] > Elgs 4] for al other actionsa’. Moreover sup-
pose that the new knowledge indicatesthat a is a better ac-
tion; that is, ¢% , > E|qs,q,]. Thus, we expect the agent to
gaing; ,— E[q’s,al] by virtue of performing a instead of a*.

For case (b), supposethat a; isthe actionwith the highest
expected value and a,, isthe second-best action. If the new
knowledge indicates that ¢, ., < E[¢s,4,], then the agent
should perform a, instead of a; and we expect it to gain
E[qs,dz] - qz,al .

Combining these arguments, the gain from learning the

vaue of q;a of g, 4 iS:

B . ifa =ay
[qs,d2] “s,a and q:,a < E[QS,ag]

Gain, a(g;4) = { = ha? a
) [ E[Qs,al] and q;a > E[qsyal]

0 otherwise

where, again, a; and a, are the actions with the best and
second best expected values respectively. Since the agent
does not know in advance what value will be revealed for
13> We need to compute the expected gain given our prior
beliefs. Hence the expected value of perfect information
about ¢, , is:

o

VPI(s,a) = / Gain, 4(z) Pr(gs o = z)dz 2

— 00

The computation of thisintegral depends on how we repre-
sent our distributions over ¢, ,. We return to this issue be-
low.

Thevalueof perfect information givesan upper bound on
themyopic value of information for exploring action a. The
expected cost incurred for this exploration is given by the
difference between the value of « and the value of the cur-
rent best action, i.e., max,s E[qs o/] — E[g¢s,qo]. This sug-
gests we choose the action that maximizes

VPI(s,a) — (max Eg; 0] — Blgs al).

Clearly, this strategy is equivalent to choosing the action
that maximizes:

Elqs o] + VPI(s, a).

We see that the value of exploration estimate is used as a
way of boosting the desirability of different actions. When
the agent is confident of the estimated Q-values, the VPI of
each action is close to 0, and the agent will always choose
the action with the highest expected value.

5 Estimating Q-Value DDistributions

How do we estimatethe Q-valuedistributions? We now ex-
amine several methods of different complexity and bias.

5.1 Naive Sampling

Perhaps the simplest approach is to simulate the definition
of aQ-valuedistribution. Sincethereare an infinite number
of possible MDPs, we cannot afford to compute Q-values
for each. Instead, we sample k MDPs. M, ..., M* from
the distribution Pr(M | p). We can solve each MDP us-
ing standard techniques (e.g., value iteration or linear pro-
gramming). For each state s and action a, we then have a
samplesolutiong; ,,...,q¥ ., whereq! , isthe optimal Q-
value, Q" (s, a), given the ;"th MDP. From this sample we
can estimate properties of the Q-distribution. For general-
ity, we denote the weight of each sample, given p, as wi.
Initially these weights are all equal to 1.



Given these samples, we can estimate the mean Q-value
as

1 i1
Elgs.a] = m ZZ: W45 q
Similarly, we can estimate the VPl by summing over the &
MDPs:

1 , ,
VPI(s, a) ~ - > wiGain, o(g ).
Zi U)L i g 7 e

This approach is straightforward; however, it requires an
efficient sampling procedure. Here again the assumptions
we made about the priors helpsus. If our prior hastheform
of (1), then we can sample each distribution (pz(s-3t) or
pr(s—r)) independently of the rest. Thus, the sampling
problem reduces to sampling from “simple”’ posterior dis-
tributions. For Dirichlet priors there are known sampling
methods. For the sparse-multinomials the problem is a bit
more complex, but solvable. In Appendix A we describe
both sampling methods.

5.2 Importance Sampling

An immediate problem with the naive sampling approach
isthat it requires several global computations(e.g., comput-
ing valuefunctionsfor MDPs) to eval uate each action made
by the agent. Thisis clearly too expensive. One possible
way of avoiding these repeated computationsisto reusethe
same sampled MDPsfor several steps. To do so, we can use
ideas from importance sampling.

In importance sampling we want to a sample from
Pr(M | p') but for some reasons, we actually sample from
Pr(M | p). We adjust the weight of each sample appro-
priately to correct for the difference between the sampling
distribution (e.g., Pr(M | 1)) and the target distribution
(eg. Pr(M | i)):

i Pr(M' | )
O P (M)

We now use the weighted sum of samples to estimate the
mean and the VPl of different actions. It is easy to verify
that the weighted sample leads to correct prediction when
we have alarge number of samples. In practice, the success
of importance sampling depends on the difference between
thetwo distributions. If an MDP M haslow probability ac-
cordingto Pr(M | ), then the probability of samplingitis
small, evenif Pr(M | u') ishigh.

Fortunately for us, the differences between the beliefs
before and after observing an experience tuple are usually
small. We can easily show that

Proposition 5.1:

Pr(M | po (s, a,r,t>)w
Pr(M | p) g

Pr((s,a,r 1) | M)w

Pr({s @, ) 1) "

Who(s,a,rt)
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Figure 1: Mean and variance of the Q-value distributionfor
astate, plotted asafunction of time. Note that the means of
each method converge to the true value of the state at the
same time that the variances approach zero.

Theterm Pr((s, a,r,t) | M) iseasily computed from A,
and Pr((s,a,r,t) | u) canbeeasily computed based on our
posteriors. Thus, we can easily re-weight the sampled mod-
els after each experienceis recorded and use the weighted
sumfor choosing actions. Note that re-weighting of models
isfast, and since we have aready computed the Q-value for
each pair (s, a) ineach of the models, no additional compu-
tations are needed.

Of course, the original set of models we sampled be-
comes irrelevant as we learn more about the underlying
MDP. We can use the total weight of the sasmpled MDPs
to track how unlikely they are given the observations. Ini-
tially this weight is k. As we learn more it usually be-
comes smaller. When it becomes smaller than some thresh-
old kpin, wesample k — k.,;,, new MDPsfrom our current
belief state, assigning each one weight 1 and thus bringing
thetotal weight of the sampleto £ again. Wethen need only
to solve the newly sampled MDPs.

To summarize, we sample £ MDPs, solve them, and use
the k Q-values to estimate properties of the Q-value distri-
bution. We re-weight the samples at each step to reflect our
newly gained knowledge. Finally, we have an automatic
method for detecting when new samples are required.

5.3 Global Sampling with Repair

The global sampling approach of the previous section has
one serious deficiency. It involves computing global solu-
tionsto MDPs which can be very expensive. Although we
can reuse MDPs from previous steps, this approach still re-
quires usto sample new MDPs and solve them quite often.

An aternative idea is to keep updating each of the sam-
pled MDPs. Recall that after observing an experience tuple
(s,a,r,t), weonly change the posterior over 6; , and 6} ,.
Thus, instead of re-weighting the sample M, we can up-
date, or repair, it by re-sampling Hﬁl’a and 05 ,. If theorig-



inal sample M was sampled from Pr(M | p), then it eas-
ily follows that the repaired M is sampled from Pr(M |
po(s,a,rt)).

Of course, once we modify A% its Q-value function
changes. However, all of these changes are consequences
of the new values of the dynamics at (s, @). Thus, we can
use prioritized sweeping to update the Q-value computed
for M. This sweeping performs several Bellman updates
to correct thevalues of statesthat are affected by the change
in the model .2

This suggests the following algorithm. Initially, we sam-
ple £ MDPs from our prior belief state. At each step we:

o Observe an experiencetuple (s, a, r, )
Update Pr (65 ,) by t, and Pr(6; ,) by r.

e Foreachi=1,... k,sampled’’, 67" fromthe new
Pr(6 ,) and Pr(6; ,), respectively.
e Foreachi = 1,..., krunalocal instantiation of prior-

itized sweeping to update the Q-value function of M.

Thus, our approach is quite similar to standard model
based | earning with prioritized sweeping, but instead of run-
ning one instantiation of prioritized sweeping, we run & in-
stantiationsin parallel, one for each sampled MDP. The re-
pair to the sasmpled MDPs ensures that they constitute a
sample from the current belief state, and the local instantia-
tions of prioritized sweeping ensurethat the Q-values com-
puted in each of these MDPsisagood approximation to the
true value.

Aswith the other approacheswe have described, after we
invoke the k prioritized sweeping instances we use the k
samplesfrom each ¢, , to select the next actionsusing VPI
computations.

Figure 1 shows asingle run of learning where the actions
selected were fixed and each of the three methods was used
to estimate the Q-values of a state. Initially the means and
variances are very high, but as the agent gains more experi-
ence, the means converge on the true value of the state, and
the variances tend towards zero. These results suggest that
the repair and importance sampling approaches both pro-
vide reasonabl e approximationsto naive global sampling.

5.4 Local Sampling

Until now we have considered using global samples of
MDPs. An alternative approach is to try to maintain for
each (s, a) an estimate of the Q-value distribution, and to
update these distributions using a local, Bellman-update
like, propagation rule. To understand this approach, recall
the Bellman equation:

Gs,a = Elpr(s>r)] +v Z pr(s—s') max gy a
s'eS

2Generalized prioritized sweeping (Andre, Friedman & Parr
1997) alows us to extend prioritized sweeping to these approx-
imate settings. When using approximate models or value func-
tions, one must address the problem of calculating the states on
which to estimate the priority.

In our current setting, the terms ¢, ,» are random vari-
ables that depend on our current estimate of Q-value dis-
tributions. The probabilities pr(s—s') are also random
variables that depend on our posterior on 6 _, and finally

Elpr(sr)] isalso arandom variable that depends on the
posterior on @ ,. Thus, we can samplefromg, ,, by jointly
sampling from all of these distributions, i.e., ¢, o+ for al
states, pr(s—s'), and pr(s—r)., and then computing the
Q-value. If we repeat this sampling step & times, we get &
samples from asingle bellman iteration for ¢ 4.

Starting with our beliefs about the model and about the
Q-value distribution of all states, we can sample from the
distribution of ¢, .. To make this procedure managesable,
we assume that we can sample from each ¢, ,» indepen-
dently. This assumption does not hold in general MDPs,
since the distribution of different Q-values are correlated
(by the Bellman equation). However, we might hope that
the exponential decay will weaken these dependencies.

We are now left with the question how to use the k£ sam-
ples from ¢, .. The simplest approach is to use the sam-
ples as a representation of our approximation of the distri-
bution of ¢, ,. We can compute the mean and VPI from
a set of samples, as we did in the global sampling ap-
proach. Similarly, we can re-sample from this represen-
tation by randomly choosing one of the points. This re-
sultsin amethod that is similar to recent sampling methods
that have been used successfully in monitoring complex dy-
namic processes (Kanazawa, Koller & Russell 1995).

This gives us amethod for performing a Bellman-update
on our Q-value distributions. To get a good estimate of
thesedistributionswe need to repeat these updates. Herewe
can use a prioritized sweeping like algorithm that performs
updates based on an estimate of which Q-value distribution
can be most affected by the updatesto other Q-value distri-
butions.

6 Generalization and Smoothing

In the approaches described above we generated samples
from the Q-value distributions, and effectively used a col-
lection of points to represent the approximation to the Q-
Value distribution. A possible problem with this represen-
tation approach isthat we use afairly simplistic representa-
tion to describe a complex distribution. This suggests that
we should generalize from the £ samples by using standard
generalization methods.

This is particularly important in the local sampling ap-
proach. Here we also use our representation of the Q-value
distribution to propagate samples for other Q-value distri-
butions. Experience from monitoring tasks in stochastic
processes suggest that introducing generalization can dras-
tically improve performance (Koller & Fratkina 1998).

Perhaps the simplest approach to generalize from the k
samplesisto assumethat the Q-valuedistribution hasa par-
ticular parametric form, and then to fit the parameters to
the samples. The first approach that comes to mind is fit-
ting aGaussian to the k samples. Thiscapturesthefirst two
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Figure 2: Samples, Gaussian approximation, and Kernel estimates of a Q-value distribution after 100, 300, and 700 steps

of Naive global sampling on the same run as Figure 1.

moments of the sample, and allows simple generalization.
Unfortunately, because of the max() termsin the Bellman
equations, we expect the Q-value distribution to be skewed
to the positive direction. If thisskew isstrong, thenfitting a
Gaussian would be a poor generalization from the sample.

At the other end of the spectrum are non-parametric ap-
proaches. One of the simplest ones is Kernel estimation
(see for example (Bishop 1995)). In this approach, we ap-
proximate the distribution over Q(s, a) by a sum of Gaus-
sians with afixed variance, one for each sample. This ap-
proach can be effective if we are careful in choosing the
variance parameter. A too small variance, will lead to
a spiky distribution, a too large variance, will lead to an
overly smooth and flat distribution. We use a ssimple rule
for estimating the kernel width as a function of the mean
(squared) distance between points.3

Of course, there are many other generalization methods
wemight consider using here, such as mixturedistributions.
However, thesetwo approaches provideuswithinitial ideas
on the effect of generalization in this context.

We must also computethe VPI of aset of generalized dis-
tributionsmade up of Gaussiansor kernel estimates. Thisis
simply a matter of solving the integral given in Equation 2

3This ruleis motivated by aleave-one-out cross-validation es-
timate of the kernel widths. Let ¢, ..., ¢* bethe k samples. We
want to find the kernel width o that maximizesthe term

J(o?) = Zlog(z fd'ld %)
: J#i

where f(q‘ l¢’, o) isthe Gaussian pdf with mean ¢’ and variance
0. Using Jensen’ sinequality, we have that

J(o*) 23N Tlog fla'ld’, 0?)
P 1)

Proposition 6.1 : The value of o’

that meximizes ). 3" . log fld'ld’, 0%) is +d, whered isthe
average distance among samples:

1 i e
d:k(k—l)zz#;(q _q)

2

wherePr (¢, . = z) iscomputed fromthe generalized prob-
ability distribution for state s and action a. Thisintegration
can be simplifiedto aterm wherethe main cost isan evalua-
tion of the cdf of a Gaussian distribution (e.g., see (Russell
& Wefald 1991). This function, however, is implemented
in most language libraries (e.g., using the erf() function in
the C-library), and thus can be done quite efficiently.

Figure 2 shows the effects of Gaussian approximation
and kernel estimation smoothing (using the computed ker-
nel width) on the sample values used to generate the Q-
distributionsin Figure 1 for three different time steps. Early
in the run Gaussian approximation producesavery poor ap-
proximation because the samples are quite widely spread
and very skewed, while kernel estimation provides a much
better approximation to the observed distribution. For this
reason, we expect kernel estimation to perform better than
Gaussian approximation for computing VPI.

7 Experimental Results

Figure 3 shows two domains of the type on which we have
tested our algorithms. Each is a four action maze domain
in which the agent begins at the point marked S and must
collect theflag F and deliver it tothe goal G. The agent re-
celvesareward of 1 for each flag it collects and then moves
to the goal state, and the problem isthen reset. If the agent
enters the square marked 7" (a trap) it receives a reward of
-10. Each action (up, down, left, right) succeeds with prob-
ability 0.9if that directionis clear, and with probability 0.1,
movesthe agent perpendicul ar to the desired direction. The
“trap” domain has 18 states, the “maze” domain 56.

We evaluate the agorithms by computing the average
(over 10 runs) future discounted reward received by the
agent. We use this measure rather than the value of the
learned policy because exploratory agents rarely actually
follow either thegreedy policy they havediscovered or their
current exploration policy for very long. For comparison
we use prioritized sweeping (Moore & Atkeson 1993) with
the Thoreg Parameter optimized for each problem.

Figure 4 showsthe performance of a representative sam-
ple of our agorithms on the trap domain. Unless they
are based on a very small number of samples, all of
the Bayesian exploration methods outperform prioritized



Figure 3: The (a) “trap” and (b.) larger maze domains.
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Figure 6: The effects of smoothing techniques on perfor-
mance in the large maze domain.

sweeping. Thisisduetotheir more cautious approachtothe
trap state. Although they are uncertain about it, they know
that its value is probably bad, and hence do not explore it
further after a small number of visits.

Figure 5 compares prioritized sweeping with our Q-value
estimation techniques on the larger maze domain. As the
graph shows, our techniques perform better than prioritize
sweeping early in the learning process. They explore more
widely initially, and do abetter job of avoiding thetrap state
once they find it. Of the three techniques, globa sampling
performs best, although its computational requirementsare
considerable — about ten times as much as sampling with
repair. Importance sampling runs about twice as fast as
global sampling but converges relatively late on this prob-
lem, and did not converge on all trials.

Figure 6 shows the relative performance of the three
smoothing methods, again on the larger domain. To exag-
gerate the effects of smoothing, only 20 sampleswere used
to produce this graph. Kernel estimation performs very
well, while no smoothing failed to find the optimal (two
flag) strategy on two out of ten runs. Gaussian approxima-
tion was slow to settle on apolicy, it continued to make ex-
ploratory actions after 1500 steps while all the other algo-
rithms had converged by then.

We are currently investigating the performance of the al-
gorithm on both more complex maze domains and random
MDPS, and a so the effectiveness of the local sampling ap-
proach we have described.

8 Discussion

This paper makes two main contributions. First, we show
how to maintain Bayesian belief states about MDPs. We
show that this can be done in a smple manner by using
ideasthat appear in Bayesian learning of probabilistic mod-
els. Second, we discusshow to usethe Bayesian belief state
to choose actionsin away that balances exploration and ex-
ploitation. We adapt the value of information approach of
Dearden et al. (1998) to this model-based setup and show
how to approximate the Q-value distributions needed for
making these choices.

A recent approach to exploration that is related to our
work is that of Kearns and Singh (1998). Their approach
dividesthe set of statesin to two groups. The known states
are ones for which the learner is quite confident about the
transition probabilities. That is, the learner believes that
its estimate of the transition probabilities is close enough
to the true distribution. All other states are considered un-
known states. In Kearns and Singh’s proposal, the learner
constructsapolicy over the known states. Thispolicy takes
into account both exploitation and the possibility of find-
ing better rewards in unknown states (which are considered
as highly-rewarding). When it finds itself in an unknown
state, the agent chooses actions randomly. The algorithm
proceeds in phases, after each one it reclassifies the states
and recomputesthe policy on the known states. Kearnsand
Singh’s proposal is significant in that it is the first one for



which we have polynomia guarantees on number of steps
needed to get to a good policy. However, this algorithm
was not implemented or tested, and it is not clear how fast
itlearnsin real domains.

Our exploration strategy also keeps a record of how con-
fident we are in each state (i.e., Bayesian posterior), and
also chooses actions based on their expected rewards (both
known rewards, and possible exploration rewards). The
main differenceisthat we do not commit to abinary classi-
fication of states, but instead choose actions in a way that
takes into account the possible value of doing the explo-
ration. This leads to exploitation, even before we are ex-
tremely confident in the dynamics at every statein the”in-
teresting” parts of the domain.

There are several directionsfor future research. First, we
are currently conducting experiments on larger domainsto
show how our method scales up. We are also interested in
applying it to more compact model representations(e.g., us-
ing dynamic Bayesian networks), and to problemswith con-
tinuous state spaces.

Finally, the most challenging future direction is to deal
with the actual value of information of an action rather than
myopic estimates. This problem can stated as an MDP
over belief states. However, this MDP is extremely large,
and requires some approximations to find good policies
quickly. Some of the ideas we introduced here, such as the
re-weighting of sampled MDPs might allow us to address
this computational task.
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A Dirichlet and Sparse-Multinomial Priors

Let X bearandom variablethat can take L. possible values
fromaset ©.. Without loss of generdlity, let ¥ = {1,...L}.
We aregiven atraining set D that contains the outcomes of
N independent draws z', ..., =™V of X from an unknown
multinomial distribution P*. The multinomial estimation
problem isto find a good approximation for P*.

This problem can be stated as the problem of predicting
the outcome 2V+! given z!, ..., 2. Given aprior dis-
tribution over the possible multinomial distributions, the
Bayesian estimateis:

P(CL‘N+1 |:L‘1,...,£L‘N,£)

= /P(;EN“ |6, 6)P(6 | 2',...,2N €)ds (3)

whered = (0, ...,01) isavector that describes possible
values of the (unknown) probabilities P*(1), ..., P*(L),
and ¢ isthe* context” variable that denote all other assump-
tions about the domain.

The posterior probability of 4 can be rewritten as:

POzt .., 2N &) o« Px',... 2N |6,6)P(0]¢)
= POlOTI0N, (@)

where N; is the number of occurrences of the symbol 7 in
the training data.

Dirichlet distributions are a parametric family that is
conjugate to the multinomial distribution. That is, if the
prior distribution is from this family, so is the posterior.
A Dirichlet prior for X is specified by hyper-parameters
ai,...,ar,and hasthe form:

PO &) o [T~ (36 =1andd; > 0foral i)

where the proportion depends on a normalizing constant
that ensures that thisis a legal density function (i.e., inte-
gral of P(6 | &) over al parameter valuesis 1). Given a
Dirichlet prior, theinitial prediction for each value of X is

Qa;
Zj @

It is easy to see that, if the prior is a Dirichlet prior with
hyper-parametersas, . . ., ar, thenthe posterior isaDirich-
let with hyper-parametersa + Ny, . .., ar + Ng. Thus, we
get that the prediction for XV+1! is

P(X'=i|¢) = /aip(e | €)do =

o + N;
Zj(aj +Nj)

In some situationswe would like to sample a vector 6 ac-
cording to the distribution P(6 | £). This can be done us-
ing asimple procedure: Samplevaluesys, . . ., yr, suchthat
each y; ~ Gamma(c;, 1) and then normalize to get a prob-
ability distribution, where Gamma(«, 3) isthe Gamma dis-
tribution. Proceduresfor sampling from these distributions
can befoundin (Ripley 1987).

Friedman and Singer (1999) introduce a structured prior
that captures our uncertainty about the set of “feasible” val-
ues of X. Define a random variable V' that takes values
from the set 2% of possible subsets of . Theintended se-
manticsfor thisvariable, isthat if we know the value of V,
thend; > 0iffi e V.

Clearly, the hypothesis V' = ¥’ (for &/ C X)) isconsis-
tent withtrainingdataonly if ¥’ containsall theindices: for
which N; > 0. We denote by X° the set of observed sym-
bols. That is, £° = {1 : N; > 0}, andwelet k° = |X°|.
Suppose we know the value of 1. Given this assumption,
we can define a Dirichlet prior over possible multinomial

P(XNHL =2t N6 =



distributions 4 if we use the same hyper-parameter « for
each symbol in V. Formally, we define the prior:

POIV) o [T 077" O 6 =1and¢; = 0forali ¢ V)

eV 7

()
Using Eg. (4), we have that:
N | E R =0
P(XNFtL — gt pn — [V]e+
( ila’,....2% V) {0 otherwise
(6)

Now consider the case where we are uncertain about the
actual set of feasible outcomes. We construct a two tiered
prior over the values of V. We start with a prior over the
size of V, and assume that all sets of the same cardinality
have the same prior probability. Welet the random variable
S denote the cardinality of V. We assumethat we are given
adistribution P(S = k) for k = 1, ..., L. We define the
prior over setstobe P(V | S = k) = (£) ™. Thisprior is
asparse-multinomial with parameters o and Pr(S = k).

Friedman and Singer show that how we can efficiently
predict using this prior.

Theorem A.1 (Friedman & Singer 1999) Given a sparse-
multinomial prior, the probability of the next symbol is

et Ne O(D, L) ifi e X°
N+1 _ - _ kea+N )
P =i o= { BT ) s
where
L
a0+ N
k=k°
Moreover,
my
P(S=k|D)= 721«% ot
where
k! T'(ka)
mi = P =N Tha s M)

andT'(z) = [, t*~'e~'dt isthe gamma function. Thus,

L k°a4+N
Zk:ko ko+N m

Zk’ZRO m

O(D, L) =

We can think of C'(D, L) as scaling factor that we apply to
the Dirichlet prediction that assumes that we have seen all
of the feasible symbols. The quantity 1 — C (D, L) isthe
probability mass assigned to novel (i.e., unseen) outcomes.

In some of the methods discussed above we need to sam-
ple a parameter vector from a sparse-multinomial prior.
Probable parameter vectors according to such a prior are
sparsg, i.e., contain few non-zero entries. The choice of
the non-zero entries among the outcomes that were not ob-
served is done with uniform probability. This presents a

complication since each samplewill depend on some unob-
served states. To “smooth” this behaviour we sample from
thedistribution over V'° combined with the novel event. We
sample avalue of k£ from P(S = k|D). We then, sam-
plefromthe Dirichlet distribution of dimension £ wherethe
first k° elementsare assigned hyper-parameter o + N;, and
the rest are assigned hyper-parameter «. The sampled vec-
tor of probabilities describesthe probability of outcomesin
V° and additional k¥ — k° events. We combine these latter
probabilities to be the probability of the novel event.
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