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Abstract. In mary multivariate domains,we are interestedin analyzingthe dependenc
structureof the underlyingdistribution, e.g.,whethertwo variablesarein directinteraction.
We canrepresentiependeng structuresusing Bayesiametworkmodels.To analyzea given
dataset,Bayesiarmodelselectionattemptdo find the mostlikely (MAP) model,andusests

structureto answerthesequestionsHowever, whenthe amountof availabledatais modest,
theremight be mary modelsthat have non-nejligible posterior Thus,we wantcomputethe
Bayesianposteriorof a feature,i.e., the total posteriorprobability of all modelsthat contain
it. In this paper we proposea new approachfor this task. We first shav how to efficiently

computea sum over the exponentialnumberof networks that are consistentwith a fixed
orderover network variables.This allows usto compute for a givenorder boththe maiginal

probability of the dataand the posteriorof a feature.We then usethis result as the basis
for an algorithm that approximateshe Bayesianposteriorof a feature.Our approachuses
a Markov Chain Monte Carlo (MCMC) method,but over ordersratherthan over network

structuresThe spaceof ordersis smallerand moreregular thanthe spaceof structuresand
hasmuchasmootheposteriorlandscape”We presenempiricalresultson syntheticandreal-
life datasetshat compareour approachio full modelaveraging(whenpossible)to MCMC

over network structuresandto a non-Bayesiamootstrapapproach.

Keywords: BayesiarNetworks, StructureLearning, MCMC, BayesiarModel Averaging

Abbreviations: BN — BayesianNetwork; MCMC — Markov Chain Monte Carlo; PDAG —
Partially DirectedAcyclic Graph

1. Introduction

Bayesiannetworks(Pearl,1988) are a graphicalrepresentatiorof a multi-
variatejoint probability distribution that exploits the dependeng structue
of distributionsto describethemin a compactandnaturalmannerA BN is
a directedagyclic graph,in which the nodescorrespondo the variablesin
the domainand the edgescorrespondo direct probabilisticdependencies
betweenthem. Formally, the structureof the network representsa set of
conditionalindependencassertionsaaboutthe distribution: assertion®f the
form thevariablesX andY areindependengiventhatwe have obsered the
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2 Friedman& Koller

valuesof the variablesin somesetZ. Thus,the network structureallows us

to distinguishbetweerthe simplenotionof correlationandthe moreinterest-
ing notion of directdependencs;e., it allows usto statethattwo variables
arecorrelated put that the correlationis an indirect one, mediatedby other
variables.The useof conditionalindependencés the key to the ability of

Bayesiametworks to provide a general-purposeompactrepresentatiofior

comple probability distributions.

In the last decadeherehasbeena greatdeal of researctfocusedon the
problemof learningBNs from data(Buntine,1996; Heckerman,1998).An
obvious motivation for this taskis to learna modelthatwe canthenusefor
inferenceor decisionmaking,asa substitutgor amodelconstructedby ahu-
manexpert.In othercircumstancegyurgoalmightbeto learnamodelof the
systemmotfor prediction but for discoveringthedomainstructure For exam-
ple,we mightwantto useBN learningto understandhemechanisnioy which
genedn acell expressthemselesin protein,andthe causalanddependence
relationsbetweenthe expressionlevels of differentgenes(Friedmanet al.,
2000;Lander 1999).If we learnthe “true” BN structureof our distrikbution,
we revealmary importantaspect@&boutour domain.For example,if X andY
arenotconnectedlirectlyby anedgethenary correlationbetweerthemis an
indirectone:thereis somesetof variablesZ suchthattheinfluenceof X onY
is mediatedvia Z. More controversially the presencef a directedpathfrom
X toY indicates(undercertainassumptiongSpirtesetal., 1993;Heckerman
etal., 1997))that X causesy. The extraction of suchstructuil featuesis
oftenour primarygoalin the discorery task,ascanbe seenby the emphasis
in datamining researchon discovering associationrules In fact, we can
view the task of learningthe structureof the underlying BN as providing
asemanticallycoherenandwell-definedgoalfor the discovery task.

Themostcommonapproactio discovering BN structures to uselearning
with modelselectiorto provide uswith asinglehigh-scoringnodel.Wethen
usethatmodel(or its Markov equivalenceclasg asour modelfor the struc-
ture of the domain.Indeed,in small domainswith a substantiamountof
data,it hasbeenshavn thatthe highestscoringmodelis ordersof magnitude
morelikely thanary other(Heckermanetal., 1997).In suchcasesthe use
of modelselectionis a good approximation.Unfortunately thereare mary
domainsof interestwherethis situationdoesnot hold. In our geneexpression
example,we might have thousand®f genegeachof which is modeledasa
randomvariable)andonly a few hundredexperimentgdatacases)In cases
like this, wherethe amountof datais smallrelative to the sizeof themodel,
thereare likely to be mary modelsthat explain the datareasonablywell.
Model selectionmakes a somevhat arbitrary choicebetweenthesemodels.
However, structuralfeatureq(e.g.,edges)hatappeain this singlestructure
doesnot necessarilyappearin otherlikely structures;indeed,we have no
guaranteethatthesestructuralfeaturesareeven likely relatve to the setof
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BeingBayesiarAbout Network Structure 3

possiblestructuresFurthermoremodelselections sensitve to the particular
instanceghatit wasgiven.Hadwe sampledanotherdatasetof the samesize
(from the samedistribution), modelselectiorwould have learneda very dif-
ferentmodel.For both of thesereasonsye cannotsimply acceptour chosen
structureasatruerepresentatioof theunderlyingprocess.

Given that thereare mary qualitatvely different structuresthat are ap-
proximatelyequallygood,we cannotlearna uniquestructurefrom the data.
Moreover, in mary learningscenarioshereareexponentiallymary structures
thatare“reasonably’goodgiventhedata.Thus,enumeratinghesestructures
is alsoimpractical. However, there might be certainfeaturesof the distri-
bution that are so strongthat we can extract themreliably. As an extreme
example,if two variablesarehighly correlatede.g.,deterministicallyrelated
to eachother),it is likely thatanedgebetweerthemwill appeain ary high-
scoringmodel.As we discusse@bove, extractingthesestructuralfeatureds
oftenthe primarygoalof BN learning.

Bayesiarlearning allows usto estimatethe strengthwith which the data
indicatesthe presencenf a certainfeature.The Bayesianscoe of a model
is simply its posteriorprobability given the data. Thus,we canestimatethe
extentto whichafeature e.g.,thepresencef anedge|s likely giventhedata
by estimatingts probability:

F’(fID)ZZF’(GID)f(G), 1)

where G represents model,and f(G) is 1 if the featureholdsin G and
0 otherwise.If this probability is closeto 1, thenalmostary high-scoring
modelcontainsthe feature. On the otherhand,if the probabilityis low, we
know thatthefeatureis absenin the mostlikely models.

The numberof BN structuress superexponentialin the numberof ran-
domvariablesin the domain;therefore this summationcanbe computedn
closediorm only for verysmalldomainsprthosen whichwe have additional
constraintghat restrictthe space(asin (Heclermanet al., 1997)). Alterna-
tively, this summationcanbe approximatedyy consideringonly a subsef
possiblestructures.Several approximationshave beenproposed(Madigan
andRaftery 1994;MadiganandYork, 1995).Onetheoreticallywell-founded
approachs to useMarkov ChainMonte Carlo(MCMC) methodswe define
aMarkov chainover structuresvhosestationarydistribution is the posterior
P(G| D), we thengeneratesamplegrom this chain,andusethemto estimate
Eq.(1). Thisapproachs quitepopular andvariantshave beenusedby Madi-
ganandYork (1995),Madiganet al. (1996),Giudici and Green(1999),and
Giudici etal. (2000).

In this paper we proposea new approachfor evaluatingthe Bayesian
posteriomprobability of certainstructuralnetwork propertiesThekey ideain
ourapproachs theuseof anorderingonthenetwork variableso separat¢he
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4 Friedman& Koller

probleminto two easierone.An order < is atotal orderingon the variables
in our domain,which placesarestrictionon the structureof the learnedBN:
if X <Y, we restrictattentionto networks wherean edgebetweenx andy,
if ary, mustgofrom X toY. We cannow decouplehe problemof evaluating
theprobability over all structuresnto two subproblemsevaluatingthe prob-
ability for a given order and summingover the setof possibleorders.Our
two maintechnicalideasprovide solutionsto thesetwo subproblems.

In Section3, we provide an efficient closedform equationfor summing
overall (superexponentidly mary) networkswith atmostk parentpernode
(for someconstank) thatareconsistenwith a fixed order <. This equation
allows us both to computethe overall probability of the datafor this set
of networks, andto computethe posteriorprobability of certainstructural
featuresover this set.In Section4, we shav how to estimatethe probability
of afeatureover thesetof all ordersby usinganMCMC algorithmto sample
amonghepossibleorders Thespaceof orderss muchsmallerthanthespace
of network structuresit alsoappearso be muchlesspealed, allowing much
fastermixing (i.e., corvergenceto the stationarydistribution of the Markov
chain).We presenempiricalresultsllustratingthis obseration,shaving that
our approachhassubstantiabdwvantagesover direct MCMC over BN struc-
tures.TheMarkov chainoverordersmixesmuchfasterandmorereliablythan
thechainover network structuresindeed differentrunsof MCMC over net-
workstypically leadto very differentestimatesn the posteriorprobabilities
of structuralfeaturesillustratingpoorcorvemgenceto the stationarydistribu-
tion; by contrastdifferentrunsof MCMC overorderscornvergereliablyto the
sameestimatesWe alsopresentesultsshaving thatour approactaccurately
detectglominantfeaturesevenwith sparsedata,andthatit outperformsooth
MCMC overstructureandthenon-Bayesialbootstrapapproactof Friedman
etal. (1999).

2. Bayesian learning of Bayesian networks

2.1. THE BAYESIAN LEARNING FRAMEWORK

Considerthe problemof analyzingthe distribution over somesetof random
variablesX, ..., X, eachof which takesvaluesin somedomainVal(X;). We
aregivenafully obsereddatasetD = {x[1],...,x[M]}, whereeachx[m] is a
completeassignmento thevariablesXy, ..., X, in Val(Xy,...,X,).

TheBayesiarlearningparadignmtells usthatwe mustdefinea prior prob-
ability distribution P(‘B) over the spaceof possibleBayesiannetworks B.
This prior is then updatedusing Bayesianconditioningto give a posterior
distribution P(‘B | D) overthis space.

For Bayesiametworks,thedescriptiorof amodelB hastwo components:
thestructureG of thenetwork, andthevaluesof thenumericalparameter§g
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BeingBayesiarAbout Network Structure 5

associateavith it. Thenetwork structureG is adirectedacgyclic graph,whose
nodegepresenthevariablesn thedomain,andwhoseedgesepresentlirect
probabilisticdependenciebetweenthem. The BN structureencodesa set
of conditionalindependencassumptionsthateachnodeX is conditionally
independentf all of its nondescendanis G givenits parentgin G) Pag(X).
Thesdndependencassumptionsn turn,imply mary otherconditionalinde-
pendencstatementsyhich canbeextractedirom thenetwork usingasimple
graphicakriterioncalledd-sepaation (Pearl,1988).In particular they imply
thata variableX is conditionallyindependenof all othernetwork variables
givenits Markov blanket— thesetconsistingof X’s parentsits children,and
theotherparentof its children.Intuitively, the Markov blanket of X is theset
of nodesthatare,in somesensedirectly correlatedwith X, atleastin some
circumstance$.We usethefamily of anodeX to denotethe setconsistingof
X andits parents.

TheparameterizatioBg of the network varies.For example,in adiscrete
Bayesiametwork of structureG, the parameter§g typically definea multi-
nomial distribution By, , for eachvariableX; andeachassignmenbof values
u to Pag(X;). If we considerGaussiarBayesiannetworks over continuous
domainsthenby,, containghe coeficientsfor alinearcombinatiorof u and
avarianceparameter

To definethe prior P(‘B), we needto definea discreteprobability distri-
bution over graphstructuresG, andfor eachpossiblegraphG, to definea
densitymeasurever possiblevaluesof parameter§g.

The prior over structuress usually consideredhe lessimportantof the
two componentsUnlike otherpartsof the posterioy it doesnot grow asthe
numberof datacasegyrows. Hence,relatiely little attentionhasbeenpaid
to the choiceof structureprior, anda simpleprior is oftenchosenargely for
pragmaticeasonsThe simplestandthereforemostcommonchoiceis a uni-
form prior over structureg§Heckerman,1998). To provide a greaterpenalty
to densenetworks,onecandefinea prior usinga probability 3 thateachedge
bepresentthennetworkswith medgeshave prior probability proportionako

BM(1— B)(g)_m (Buntine,1991).An alternatve prior, andthe onewe usein

ourexperimentsconsiderghenumberof optionsin determininghefamilies
of G. Intuitively, if we decidethatanodeX; hask parentsthenthereare (", %)

possibleparentssets.If we assumehatwe chooseuniformly from thesewe
getaprior:

PeE I'[ (\PQG_(;n)l' @

1 More formally, the Markov blanlet of X is the setof nodesthataredirectly linked to X
in the undirectedMarkov networkwhich is a minimal I-map for the distribution represented
by G.
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6 Friedman& Koller

Note thatthe negative logarithmof this prior correspondso the description
length of specifyingthe parentsets,assumingthat the cardinality of these
setsareknown. Thus,we implicitly assumehat cardinalitiesof parentsets

areuniformly distributed.
A key propertyof all thesepriorsis thatthey satisfy:

— Structure modularity Theprior P(G) canbewrittenin theform

P(G) = [ Px (Pas(X)

wherepy (Pag(Xi)) is adistribution over the possibleparent-setsf X;.

Thatis, the prior decompose@to a product,with a termfor eachvariable
in our domain.In otherwords, the choicesof the familiesfor the different

variablesareindependené priori.

Next we considerthe prior over parametersP(6g | G). Here,the form of
the prior variesdependingpn the type of parametridamilieswe considerin
discretenetworks, the standardassumptioris a Dirichlet prior over 8y, for
eachvariableX; and eachinstantiationu to its parents(Heckerman,1998).
In Gaussiametworks, we might usea Wishartprior (HeckermanandGeiger
1995).For our purposewe needonly requirethatthe prior satisfiegwo basic
assumptionsaspresentedby Heckermanetal. (1995):

— Global parameter independence: Let By, pa,(x) betheparameterspec-
ifying thebehaior of thevariableX; giventhe variousinstantiationgo
its parentsThenwe requirethat

P(6c | G) = [ ]P(Bx|ras(x) | G) (3)

— Parameter modularity: Let G andG' betwo graphsn whichPag (X)) =
Pax (X)) = U then

P(Bxju | G) =P(Bxu | G) 4)
Oncewe definethe prior, we canexaminetheform of the posteriorprob-
ability. UsingBayesrule, we have that
P(G|D)OP(D | G)P(G).

The term P(D | G) is the maminal likelihood of the datagiven G, andis
definedasthe integral of the likelihoodfunction over all possibleparameter

valuesfor G.

P(D|G) = /P(D | G,66)P(8G | G)d6g
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Being BayesianAbout Network Structure 7

ThetermP(D | G, 6¢) is simply the probability of the datagiven a specific
Bayesiametwork. Whenthe datais completethis termis simply a product
of conditionalprobabilities.

Usingtheabove assumptiongynecanshawv (see(Heclkermanretal.,1995)):

THEOREMZ2.1: If D is completeandP(G) satisfiepparameteindependence
andparametemodularity, then

PoIG) =]/ [ POKIMY | P2 06) 1, ey PO ) 4Ot

If the prior alsosatisfiesstructuremodularity we canalsoconcludethatthe
posteriomprobabilitydecomposes:

P(G|D) OP(D|G)P(G) =[] scor(X;,Pas(X) | D) ()

where
scoe(X;,U | D) = DN(U)/ [1POGIm] [ u[m], 8x1u)P(Bx|u)dbxu

For standardpriors such as Dirichlet or Wishart, scoe(X;,Pag(X)) hasa
simpleclosedform solutionthatis easilycomputedrom theprior andcertain
suficient statisticsover the data. (E.qg., in the caseof multinomialswith a
Dirichlet prior, the sufiicient statisticsare simply the countsof the different
eventsx;, u in thedata.)

We notethatthe parameteprior canhave a substantialmpacton the pos-
teriordistribution over structureskFor example,in Dirichlet priors,thegreater
the “strength” of the parameteprior (the equivalentsamplesize definedby
thehyperparametersihie greatetthebiastowardsthedistribution inducedby
thehyperparametergadingstructureshatresemblahatdistributionto have
a higherscore Of course astheamountof datain thetraining setgrows, the
impactof the prior shrinks,but theimpactcanbe quite significantfor small
datasets.This issueis fundamentato the Bayesiamapproachjncludingthe
useof the Bayesiarscorein standarBN structuresearchandis outsidethe
scopeof this paper

2.2. BAYESIAN MODEL AVERAGING

Recallthatour goalis to computethe posteriorprobability of somefeature
f(G) overall possiblegraphsG. Thisis equalto:

P(f|D) = gf(G)P(G\D)
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8 Friedman& Koller

Theproblem,of coursejs thatthenumberof possibleBN structuress super
exponential:2°(™), wheren is the numberof variables

We canreducethis numberby restrictingattentionto structuresG where
thereis aboundk onthenumberof parentgpernode.Thisassumptionwhich
we will make throughoutthis paper is afairly innocuousone.Therearefew
applicationsin which very large families are called for, andthereis rarely
enoughdatato supportrobust parameteestimationfor suchfamilies.From
a more formal perspectie, networks with very large familiestendto have
low score.Let G bethe setof all graphswith indegree boundedby some
constank. Notethatthenumberof structuresn Gy is still superexponential:
Ze(knlog n) 3

Thus, exhaustve enumeratiorover the setof possibleBN structuresis
feasibleonly for tiny domaing4—-5nodes)Onesolution,proposedy several
researcheréMadiganand Raftery 1994; Madiganand York, 1995; Hecler
manetal., 1997),is to approximatehis exhaustve enumeratiorby finding a
set @G of high scoringstructuresandthenestimatingthe relatve massof the
structuresn G thatcontainsf:

YcegP(G|D)f(G)
P(f|D) = . (6)
YcegP(G|D)

This approacheavesopenthe questionof how we constructg. The sim-
plestapproachis to usemodelselectionto pick a single high-scoringstruc-
ture, andthenusethatas our approximationlf the amountof datais large
relative to the size of the model,thenthe posteriorwill be sharplypealed
arounda singlemodel,andthis approximatioris areasonablene.However,
aswe discussedn theintroduction therearemary interestingdomainge.g.,
our biological application)wherethe amountof datais smallrelative to the
sizeof themodel.In this casethereis usuallyalarge numberof high-scoring
models,sousingasinglemodelasour setg is avery poorapproximation.

A simple approachto finding a larger setis to recordall the structures
examinedduring the searchandreturnthe high scoringones.However, the

2 Recallthatthe®( f(n)) denotesothanasymptotidower boundandanasymptotiaupper
bound (up to a constantfactor). In this case,the numberof BN structuress at Ieastz(g),
becauseve have at leastthis mary subgraphdor ary completegraphover the n nodes.We
have at most3(®) structurespecausdor eachpossiblepair of nodesX;, Xj we have eitherno
edgeanedgeX; — Xj, or anedgeX; < X;. Hence we we have thatthe numberof possible
structuress both 22(™) and20().

3 For eachnodeX;, we have at most (E) possiblefamilies,sothatthe numberof possible
networksis (E)n < nkn = 2knlogn giving us the upperbound.For the lower bound,consider

afixedorderingon the numberof nodesandconsidereachof the nodesX; thatappeaiin the
secondhalf of the ordering.For eachof these we have (”ﬁz) possiblefamilies, which, for
k constant,s Q(nk). Consideringthe choiceof family only for thesenodes,the numberof

n/2
possiblestructuress atleast(”ﬁz) / , which is 2@(knlogn)
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BeingBayesiarAbout Network Structure 9

setof structuregoundin thismannelis quitesensitve to thesearctprocedure
we use.For example,if we usegreedyhill-climbing, thenthesetof structures
we will collectwill all be quite similar. Sucha restrictedsetof candidates
also shav up when we considermultiple restartsof greedy hill-climbing
andbeam-searchrhis is a seriousproblemsincewe run therisk of getting
estimate®f confidencehatarebasedon a biasedsampleof structures.

Madiganand Raftery (1994) proposean alternatve approachcalled Oc-
cam’s window which rejectsmodelswhoseposteriormprobabilityis very low,
aswell ascomplex modelswhoseposteriorprobability is not substantially
betterthana simplermodel(onethat containsa subsef the edges) These
two principlesallow themto prunethe spaceof modelsconsideredpftento
anumbersmallenoughto be exhaustvely enumeratedViadiganandRaftery
alsoprovide a searchprocedurdor finding thesemodels.

An alternatve approachproposedy MadiganandYork (1995),is based
ontheuseof Markov chain MonteCarlo (MCMC)simulation.In thiscasewe
defineaMarkov Chainoverthespaceof possiblestructuresywhosestationary
distribution is the posteriordistribution P(G | D). We thengenerate setof
possiblestructuresdy doingarandomwalk in this Markov chain.Assuming
thatwe continuethis procesauntil the chainconvergesto the stationarydis-
tribution, we canhopeto geta setof structureghatis representate of the
posterior Relatedapproachesave alsobeenadoptedby otherresearchers.
Giudici and Green(1999)and Giudici et al. (2000) proposean MCMC ap-
proachoverjunctiontrees— undirectedgraphicalmodelsthataredecompos-
able i.e.,wheregraphis triangulated Green(1995)andGiudici etal. (2000)
alsoextendthe MCMC methodologyto casesvhereclosed-formintegration
over parameterss infeasible,by defining a reversible jump Markov Chain
that traversesthe spaceof parametersas well as structure.Madiganet al.
(1996) provide an approachfor MCMC samplingover the spaceof PDAGSs
(Partially Directed Acyclic Graphs),representingequivalenceclassesover
network structures.

TheseMCMC solutionsarethe only approactthat can,in principle, ap-
proximatetrue Bayesianmodel averagingby samplingfrom the posterior
over network structures.They have beendemonstratedvith successon a
variety of smalldomains,typically with 4—14variables.However, thereare
severalissueghatpotentiallylimit its effectivenesdor largedomainsnvolv-
ing mary variables As we discussedthe spaceof network structureggrons
superexponentiallywith the numberof variables.Therefore the domainof
the MCMC traversalis enormousor all but the tiniestdomains® More im-
portantly the posteriordistribution over structuress oftenquite pealed, with
neighboringstructureshaving very differentscores.The reasonis thateven

4 For theexperimentslonesofar, thelargerdomains(thosewith morethan7—8variables)
weretypically associatedvith alarge setof structuralconstraintdimiting the setof possible
structures.
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10 Friedman& Koller

small perturbationgo the structure— a removal of a single edge— can
causea hugereductionin score.Thus,the“posteriorlandscapetanbequite
jagged,with high “peaks” separatedy low “valleys”. In suchsituations,
MCMC is known to beslow to mix, requiringmary samplego reachthe pos-
terior distribution. In Section5 we provide experimentalevidenceindicating
thatthesedifficultiesdo, indeed arisein practice.

3. Closed form for known order

In this section we temporarilyturn our attentionto a somavhateasierprob-
lem. Ratherthanperformmodelaveragingoverthespaceof all structuresye
restrictattentionto structureshatareconsistentvith someknown total order
<. In otherwords,we restrictattentionto structuress whereif X; € Pag(X;)

theni < j. Thisassumptiorwasa standardnein the earlywork on learning
Bayesiametworksfrom data(CooperandHerslovits, 1992).

3.1. COMPUTING THE MARGINAL LIKELIHOOD

We first considerthe problemof computingthe probability of the datagiven
theorder:
PD[<)= > P(G|<)P(D|G) @)
GeGi

Note thatthis summationalthoughrestrictedto networks with boundedn-
degreeandconsistentith <, is still exponentiallylarge: the numberof such
structuress still 20(knlogn) 5

Thekey insightis that,whenwe restrictattentionto structuresonsistent
with a given order <, the choiceof family for onenodeplacesno additional
constraintoon the choiceof family for another Note thatthis propertydoes
not hold without therestrictionon the order;for example,if we pick X to be
aparentof Xj, thenX; cannotin turn be a parentof X;.

Therefore we canchoosea structureG consistenwith < by choosing,
independentlya family U for eachnodeX;. The parametemodularity as-
sumptionin Eq. (4) stateghatthechoiceof parameter$or thefamily of X; is
independendf thechoiceof family for anotherfamily in thenetwork. Hence,
summingover possiblegraphsconsistentwith < is equivalentto summing
over possiblechoicesof family for eachnode,eachwith its parameteprior.

5 Our lower boundin footnote 3 was derived in the caseof a fixed ordering,and the
matchingupperbound certainly continuesto hold in the more restrictedcase.Clearly, the
numberof structuresn this caseis substantialljiower, but that differenceexpresse®nly in
the differentconstantfactorin the exponentwhich is obscuredby the ® notation.(Note that
a constantfactor in the exponentcorrespondsgo a differentbasefor the exponent,a very
significantdifference.)

journal .tex; 31/05/2001; 12:06; p.10



Being BayesianAbout Network Structure 11

Givenour constrainton the sizeof thefamily, the possibleparentsetsfor the
nodeX; is

whereU < X; is definedto holdwhenall nodesn U precedeX; in <. Let Gi
bethesetof structuresn Gy consistentvith <. Using Eq. (5), we have that

P(D|<) = Gz [] scoe(X, Pag(Xi) | D)
€Gk< |
=[] > scoe(X,U|D). C))
I UeU <

Intuitively, the equality statesthat we cansumover all networks consistent
with < by summingover the setof possiblefamiliesfor eachnode,andthen
multiplying the resultsfor the different nodes.This transformationallows
us to computeP(D |<) very efficiently. The expressionon the right-hand
side consistsof a productwith a term for eachnode X;, eachof which is
a summationover all possiblefamiliesfor X;. Given the boundk over the
numberof parentsthe numberof possiblefamiliesfor a nodeX; is at most
(?) < nk. Hence thetotal costof computingEq. (8) is atmostn- n® = n+1,

We notethatthe decompositiorof Eq. (8) wasfirst mentionedoy Buntine
(1991),but theramificationdor Bayesiarmodelaveragingwerenot pursued.
The conceptof Bayesianmodel averagingusing a closed-formsummation
over an exponentially large set of structureswas proposed(in a different
setting)by PereiraandSinger(1999).

The computationof P(D |<) is usefulin andof itself; aswe shawv in the
next section,computingthe probability P(D |<) is akey stepin our MCMC
algorithm.

3.2. PROBABILITIES OF FEATURES

For certaintypes of featuresf, we can usethe techniqueof the previous
sectionto computejn closedform, the probability P(f |<,D) that f holdsin
astructuregiventheorderandthe data.

In generaljf f(-) is afeature We wantto compute

P(fH,D):F)IgI’T[)'S).

We have justshavn how to computethedenominatarThenumerators asum
over all structureghatcontainthefeatureandareconsistentvith the order:

F’(f,DH):G% F(GP(G|<)P(D|G) 9)

Thecomputatiorof this termdepend®n the specifictype of featuref.
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12 Friedman& Koller

Thesimplestsituationis whenwe wantto computethe posteriomprobabil-
ity of a particularchoiceof parentdJ. Thisin effect requireusto sumover
all graphswherePag(X;) = U. In this case,we canapply the sameclosed
form analysisto (9). The only differenceis that we restrict Uj - to be the
singleton{U}. Sincethe termsthatsumover the parentsof X, for k # j are
notdisturbedby this constraintthey canceloutfrom the equation.

PROPOSITIONS.1:
scoréX;,U | D)
Sueq,. scorgX, U [ D)’

P(Pag(X)=U|D,<) = (10)

A slightly morecomple situationis whenwe wantto computethe pos-
terior probability of the edge featue X; — X;. Again, we canapplythe same
closedform analysisto (9). The only differenceis that we restrict Uj - to
consistonly of subsetshatcontainX;.

PROPOSITIONS.2:

. : _ Y{uet : xeu} ScoréX;, U | D)
P(Xj € Pag(X) |<,D) = S oo scordX, U D)

A somevhatmoresubtlecomputations requiredto computetheposterior
of the Markov featue X; & X;, denotingthat X; is in the Markov blanket of
X;; thisfeatureholdsif G containgheedgeX; — X;j, or theedgeX; — X, or
thereis a variableX, suchthatbothedgesx; — X andX; — X arein G.

Assumewithoutlossof generalitythatX; precedes; in theorder In this
caseX; canbein X;’s Markov blanket eitherif thereis anedgefrom X; to X;,
or if X; andX; areboth parentsof somethird nodeX;. We have just shavn
how thefirst of theseprobabilitiesP(X; € Pag(X;) | D, <), canbecomputedn
closedform. We canalsoeasilycomputethe probability P(X;, Xj € Pag(X) |
D, <) thatbothX; andX; areparentf X : we simplyrestrict?j - to families
thatcontainboth X; andXj. Thekey is to notethatasthe choiceof families
of differentnodesareindependenttheseareall independenevents.Hence,
X andX;j arenotin the sameMarkov blanket only if all of theseeventsfail
to occur Thus,

PROPOSITIONS.3.:

P(Xl ”\‘A’Xj | D’<) =
1-(1-P(X; € Pag(X) | D, <)) - |_L (1-P(X;,X; € Pag(X) | D, <))
X

]

Unfortunatelythis approactcannotbe usedto computethe probability of
arbitrary structuralfeatures.For example,we cannotcomputethe probabil-
ity thatthereexists somedirectedpathfrom X; to X;, aswe would have to
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considerall possiblewaysin which a pathfrom X; to X; couldmanifestitself
throughour exponentiallymary structures.

We canovercomehisdifficulty usingasimplesamplingapproachEg.(10)
providesuswith a closedform expressiorfor the exactposteriorprobability
of thedifferentpossiblefamiliesof the nodeX;. We canthereforeeasilysam-
ple entirenetworksfrom the posteriordistribution giventhe order:we simply
samplea family for eachnode,accordingto the distribution in Eq. (10).
We canthenusethe samplednetworks to evaluateary feature,suchasthe
existenceof acausabpathfrom X; to Xj.

4, MCMC methods

In the previous section,we madethe simplifying assumptiorthat we were
givena predeterminedrder Althoughthis assumptiommight be reasonable
in certaincasesit is clearly too restrictve in domainswherewe have very
little prior knowledge(e.g.,our biology domain).We thereforewantto con-
siderstructuresconsistenwith all n! possibleordersover BN nodes.Here,
unfortunately we have no elgganttricks that allow a closedform solution.
Therefore,we provide a solution which usesour closedform solution of
Eq.(8) asasubroutingn aMarkov ChainMonteCarloalgorithm(Metropolis
etal., 1953). This hybrid algorithmis a form of Rao-Blackwellizedvionte
Carlo samplingalgorithm (Casellaand Robert,1996). Relatedapproaches,
calledmixture estimatos wereproposedindanalyzedy GelfandandSmith
(1990) and by Liu et al. (1994) (seediscussionbelown). This approachis
somavhat relatedto the work of Larrafiagaet al. (1996), which proposes
theuseof a geneticalgorithmto searchor a high-scoringorder;there,how-
ever, the scoreof anorderis the scoreof a single high-scoringstructure(as
foundby the K2 algorithmof CooperandHerslovits (1992)),andtheoverall
purposds modelselectiorratherthanmodelaveraging Furthermoregenetic
algorithms,unlike MCMC, arenot guaranteedo generatesamplesrom the
posteriordistribution.

4.1. THE BASIC ALGORITHM

We introducea uniform prior over orders<, and defineP(G |<) to be of
the samenatureasthe priorswe usedin the previous section.It is important
to notethat the resultingprior over structureshasa differentform thanour
original prior over structuresFor example,if we defineP(G |<) to be uni-
form, we have thatP(G) is not uniform: graphsthatareconsistentvith more
ordersaremorelikely. For example,a Naive Bayesgraphis consistentvith
(n—1)! orders,whereasary chain-structuredyraphis consistenwith only
one.As oneconsequenceaur inducedstructuredistribution is nothypothesis
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14 Friedman& Koller

equivalent(Heclermanetal., 1995),in thatdifferentnetwork structureghat
arein thesameequvalenceclassoftenhave differentpriors.For example the
chainX — Y — Z is associatedavith a uniqueorder whereaghe equialent
structureX <Y — Z is associatedvith two orders,andis thereforetwice as
likely apriori. However, asHeclkermanetal. obsere, hypothesiequivalence
is often too strongan assumption(e.g., in causalsettings).They propose
likelihoodequivalenceasa substitute a propertywhich clearly holdsin our
setting.

In generalwhile this discrepang in priorsis unfortunatejt is important
to seeit in proportion.The standardoriors over network structuresareoften
usednotbecausehey areparticularlywell-motivated,but ratherbecausehey
aresimpleandeasyto work with. In fact, the ubiquitousuniform prior over
structureds far from uniform over PDAGs (Markov equivalenceclasses)y—
PDAGsconsistentith morestructuresave a higherinducedprior probabil-
ity. Onecanarguethat,for causaldiscovery, a uniform prior over PDAGsis
moreappropriateneverthelessa uniform prior over networks is mostoften
usedfor practicalreasonsFinally, the prior inducedover our networks does
have somgustification:onecanarguethatastructurewvhichis consistentith
more ordersmakes fewer assumptiongboutcausalorder andis therefore
morelikely apriori (Wallaceetal., 1996).

We now constructa Markov chain M, with statespaceO consistingof
all n! orders<; our constructionwill guaranteghat / hasthe stationary
distribution P(<| D). We canthensimulatethis Markov chain,obtaininga
sequencef samples<1, ..., <71. Wecannow approximateéheexpectedvalue
of ary functiong(<) as:

1T
Bl D)~ 1 3 9(=0-

Specificallywe canlet g(<) beP(f |<, D) for somefeature(edge)f. Wecan
thencomputeg(<:) = P(f |<t,D), asdescribedn the previoussection.

It remainsonly to discusghe constructiorof the Markov chain.We usea
standardVetropolisalgorithm(Metropolisetal.,1953).We needto guarantee
two things:

— thatthechainis reversiblg i.e.,thatP(< — <') = P(<' — <);
— thatthe stationarydistribution of the chainis the desiredposteriordis-
tribution P(<| D).

We accomplishthis goal using a standardMetropolis sampling.For each
order<, we definea proposalprobability g(<'|<), which definesthe proba-
bility thatthe algorithmwill “propose”a maove from < to <'. Thealgorithm
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thenacceptghis move with probability

P(<'| D)a(<]=<")

ML B D)a(<)

It is well known that the resultingchain is reversible and hasthe desired
stationarydistribution (Gilks etal., 1996).

We considerseveral specificconstructiongor the proposaldistribution,
basedon differentneighborhoodsn the spaceof orders.In one very sim-
ple constructionwe consideronly operatorghatflip two nodesin the order
(leaving all othersunchanged):

4.2. COMPUTATIONAL ISSUES

Althoughourclosedform solutionto themaginal likelihoodandto the prob-
abilitiesof thedifferentstructuralfeaturesallows usto performthecomputa-
tionin time polynomialin n, it canstill bequiteexpensve, especiallyfor large
networks andreasonablsizek. We utilize severalideasandapproximations
to reducethe compleity of thesecomputations.

Our first setof ideassene to reducethe scopeof the summationboth
for the mamginal likelihoodandfor the computationof featureprobabilities.
For eachnodeX;, we restrictattentionto at mostC othernodesascandidate
parents(for somefixedC). We selecttheseC nodesin adwance,beforeary
MCMC step,asfollows: for eachpotentialparentX;, we computethe score
of thesingleedgeX; — X;; wethenselecttheC nodesX; for whichthisscore
washighest.NotethatC is differentfrom k: C is the sizeof the setof nodes
that could potentially be parentsof a nodeX;, whereask is an upperbound
on the sizeof the parentsetactuallychosenfor X; from amongthe setof C
candidateparents.

Secondfor eachnodeX;, we precomputehe scorefor somenumberF of
the highest-scorindamilies. The parentdn thesefamiliesare selectedrom
amongtheC candidatgarentdor X;. Again, this proceduras executedonce,
at the very beginning of the processThe list of highest-scoringamiliesis
sortedn decreasingrder;let/; bethescoreof theworstfamily in X’slist. As
we considera particularorder we extractfrom thelist all familiesconsistent
with thatorder We know thatall familiesnotin thelist scoreno betterthan
;. Thus,if thebestfamily extractedfrom thelist is somefactory betterthan
Z;, we choosdo restrictattentionto thefamiliesextractedfrom thelist, under
theassumptiorthatotherfamilieswill have negligible effectrelative to these
high-scoringamilies.If thescoreof thebestfamily extracteds notthatgood,
wedoafull enumeration.
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16 Friedman& Koller

When performing exhaustve enumerationwe prune families that aug-
mentlow-scoringfamilieswith low-scoringedges Specifically assumehat
for somefamily U, we have thatscoe(X;,U | D) is substantiallylower than
other families enumeratedso far. In this case,families that extend U are
likely to be even worse. More precisely we definethe incrementalvalue
of a parentY for X; to be its addedvalue as a single parent: A(Y;X;) =
scoe(X;,Y) —score(X). If we nov have a family U suchthat, for all other
possibleparentsy, scoe(X;, U) +A(Y; X) is lowerthanthebestfamily found
sofarfor X;, we pruneall extensionsof U.

In additionto reducingthe scopeof the summationye canfurtherreduce
the costof our MCMC algorithm,by observingthat, whenwe take a single
MCMC stepin the spacewe can often presere muchof our computation.
In particular let < be anorderandlet <’ be the orderobtainedby flipping
ij andix. Now, considerthe termsin Eq. (8); thosetermscorrespondingo
nodes, in theorder < thatprecede; or succeedy do notchangeastheset
of potentialparentsets?;, - is thesameFurthermorethetermsfor i) thatare
between; andix alsohave alot in common— all parentsetsU thatcontain
neitherij norix remainthe same.Thus,we only needto subtract

scoe(X;,U | D)
{UelU< : U9>qj}

andadd

scoe(X,U | D).
{Ued; s 1 UaX, }

Having collecteda setof ordersamplesusingour MCMC algorithm,we
canusethemto estimatethe probability of the variousstructuralfeatures.
However, this processcanbe quite expensve, especiallywhenwe areinter
estedin the probabilitiesof all @(n?) (edgeor Markov) featuresTo reduce
the computationaburden,we performthis computationusingonly a small
setof sampledorders.To make surethatwe got a representate setof or-
ders,we did not simply usethe first ordersgeneratedby the MCMC process
after a burn-in phase;rather after the burn-in phasewe continuedrunning
the MCMC processcollectinganordersampleatfixedintenals (e.g.,every
100 steps).This procesgesultsin sampledrom the chainthatare closerto
independentherebyallowing usto provide alower-varianceestimateof the
probabilityusinga smallernumberof sample$.

6 An evenbetterestimatewould be obtainedif we could useall of the samplesggenerated
by theMCMC processbut thecomputationatostof estimatingeatureprobabilitiesfor all of
themwould be prohibitive.
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Figure 1. Comparisorof posteriorprobabilitiesfor the exact posteriorover orders(x-axis)
versusorderMCMC (y-axis) in the Flaredatasetwith 100 instancesThe figuresshav the
probabilitiesfor all Markov featuresandedgefeatures.

5. Experimental Results

We evaluatedour approachn a variety of ways.We first compareit with a
full Bayesiamtmodelaveraging,in thosedomainssmall enoughto permitan
exhaustve enumeratiorof BN structuresMost importantly we compareit
with the morepracticalandmostcommonapproacho Bayesiammodelaver
aging:usingMCMC directly over BN structure§MadiganandYork, 1995).
In thisapproachaMetropolis-Hasting$/arkov chainis definedwhosestates
correspondo individual BN structuresEachstepin the chaincorresponds
to a local transformationon the structure:adding,deleting,or reversingan
edge.The proposaldistribution is uniform over theselocal transformations,
andthe acceptancerobabilityis definedusingthe Bayesianscore,in away
that guaranteesghat the stationarydistribution of the chainis the posterior
P(G| D). Wecall ourapproactorde-MCMC andthe MCMC over BN struc-
ture structue-MCMC Our primary measurdor comparingthe differentap-
proachess via the probability that they give to the structuralfeatureswe
discussabore: edgefeaturesandMarkov features.

Evaluatingthe SamplingProcess. Ourfirst goalis to evaluatethe extentto
which the samplingprocesgeflectsthe resultof true Bayesianmodel aver
aging.We first comparedhe estimatesnadeby orderMCMC to estimates
givenby thefull Bayesiaraveragingover networks. We experimentednthe
Flaredatase{Murphy andAha, 1995),thathasnine discretevariables most
of whichtake 2 or 3 values We ranthe MCMC samplewith aburn-inperiod
of 1,000stepsandthenproceededo collecteither5, 20, or 50 ordersamples
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18 Friedman& Koller

at fixed intenals of 100 steps.(We notethat the burn-in time andsampling
intenal are probablyexcessie, but they ensurethat we are samplingvery
closeto the stationaryprobability of the process.)lhe resultsare shavn in
Figurel. As we cansee,the estimatesare very rohust. In fact, for Markov
featuresaven a sampleof 5 ordersgivesa surprisinglydecentestimate This
surprisingsuccesss dueto thefactthata singlesampleof anordercontains
informationaboutexponentiallymary possiblestructuresFor edgeswe ob-
viously needmoresamplesasedgeghatarenotin the directionof theorder
necessariljhave probability 0. With 20 and50 sampleswve seea very close
correlationbetweerthe MCMC estimateandthe exactcomputatiorfor both
typesof features.

Mixing rate Wethenconsideredarger datasetswhereexhaustve enumer
ation is not an option. For this purposewe usedsyntheticdatagenerated
from the Alarm BN (Beinlich et al., 1989),a network with 37 nodes.Here,
our computationaheuristicsare necessaryWe usedthe following settings:
k (max. numberof parentsin a family) = 3;’ C (max. numberof potential
parents)= 20; F (numberof families cached)= 4000; andy (differencein
scorerequiredin pruning)= 10. Notethaty = 10 correspondso a difference
of 21%in theposteriorprobabilityof thefamilies.Differentfamilieshave huge
differencesn score,so a differenceof 219 in the posteriorprobability is not
uncommon.

Our first goal wasthe comparisorof the mixing rate of the two MCMC
samplersFor structure-MCMC we useda burn in of 100,000iterationsand
thensampledevery 25,000iterations.For ordekMCMC, we useda burn in
of 10,000iterationsandthensamplecdevery 2,500iterations In bothmethods
we collecteda total of 50 samplesper run. We note that, computationally
structure-MCMGs fasterthanorderMCMC. In our currentimplementation,
generatinga successonetwork is aboutan order of magnitudefasterthan
generatinga successoorder We thereforedesignedhe runsin Figure2 to
take roughlythe sameamountof computatiortime.

In bothapproachesye experimentedvith differentinitializationsfor the
MCMC runs.In theuninformednitialization, we startedhestructure-MCMC
with an empty network andthe orderMCMC with a randomorder. In the
informedinitialization, we startedthe structure-MCMCwith the greedynet-
work — the BN found by greedyhill climbing searchover network struc-
tures(Heckerman,1998)andthe orderMCMC with anorderconsistentith
thatstructure.

One phenomenorthat was quite clear was that ordekMCMC runs mix
muchfaster Thatis, aftera smallnumberof iterations,theserunsreached
“plateau” wheresuccessie sampleshad comparablescoresRunsstartedin

7 We notethatthe maximumnumberof parentsn afamily in the original Alarm network
is 3, henceour choiceof k = 3.
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Figure 2. Plotsof the progressiorof the MCMC runs. Eachgraphshaws plots of 6 inde-
pendentunsover Alarm with either 100,500, and 1000instancesThe graphplot the score
(log,(P(D | G)P(G)) orlog,(P(D |<)P(=<))) of the“current” candidatgy-axis)for different
iterations(x-axis) of theMCMC samplerIn eachplot, threeof therunsareinitialized with an
uniformednetwork or order andthe otherswith the greedynetwork or anorderingconsistent
with it.

differentplaces(including randomorderandordersseededrom the results
of agreedy-searchmodelselectionyapidly reachedhe sameplateauOnthe
otherhand MCMC runsover network structureseachedery differentlevels
of scoresgventhoughthey wererunfor a muchlarger numberof iterations.
Figure 2 illustratesthis phenomenorior examplesof Alarm with 100, 500,

journal .tex; 31/05/2001; 12:06; p.19



20 Friedman& Koller

and1000instancesNote the substantiabifferencein the scaleof the y-axis
betweerthetwo setsof graphs.

In thecaseof 100instanceshothMCMC samplerseemedo mix. Structure-
MCMC mixesafterabout20,000-30,00@erationswhile orderMCMC mixes
afteraboutl,000-2,000terations.On the otherhand,whenwe examine500
samplesprderMCMC corvemesto ahigh-scoringolateauwhichwe believe
is the stationarydistribution, within 10,000iterations.By contrast different
runsof thestructure-MCMGstayedn very differentregionsof thein thefirst
500,000iterations.Thesituationis evenworsein the caseof 1,000instances.
In this case structure-MCMCstartedfrom anemptynetwork doesnotreach
the level of scoreachiered by the runs startingfrom the structurefound by
greedyhill climbing search.Moreover, theselatter runs seemto fluctuate
aroundthe scoreof the initial seed,never exploring anotherregion of the
space Note that differentruns shaw differencesof 100-500bits. Thus, the
sub-optimakunssamplefrom networksthatareatleast21 lessprobable!

Effectsof Mixing. This phenomenomastwo explanationsEitherthe seed
structureis the global optimum and the sampleris samplingfrom the pos-
terior distribution, which is “centered”aroundthe optimum;or the sampler
is stuckin alocal “hill” in the spaceof structuresrom which it cannotes-
cape.Thislatterhypothesiss supportedy thefactthatrunsstartingat other
structurege.g., the empty network) take a very long time to reachsimilar
level of scoresjndicatingthatthereis a very differentpart of the spaceon
which stationarybehaior is reached We now provide further supportfor
this secondchypothesis.

We first examinethe posteriorcomputedor differentfeaturesn different
runs.Figure3 comparesheposteriomprobabilityof Markov featuresassigned
by differentrunsof structure-MCMC Let usfirst considertherunsover 500
instancesHere, althoughdifferent runs give a similar probability estimate
to most structuralfeatures there are several featureson which they differ
radically In particular therearefeatureghatareassignegrobabilitycloseto
1 by structuresampledrom onerunandprobabilitycloseto 0 by thosesam-
pled from the other While this behaior is lesscommonin the runsseeded
with thegreedystructurejt occurseventhere.Thisphenomenosuggestshat
eachof theseruns (evenrunsthat startat the sameplace)getstrappedin a
differentlocal neighborhoodn the structurespace Someavhatsurprisingly a
similarphenomenoappearso occurevenin thecaseof 100instanceswhere
the runs appearedo mix. In this case,the overall correlationbetweenthe
runsis, aswe mightexpect,wealer: with 100instancestherearemary more
high-scoringstructuresand thereforethe varianceof the samplingprocess
is higher However, we onceagainobsere featureswhich have probability
closeto 0 in onerun andcloseto 1 in the other Thesediscrepanciearenot
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Figure 3. Scattemlots that compareposteriorprobability of Markov featureson the Alarm

datasetas determinedby differentruns of structure-MCMC.Each point correspondgo a
single Markov feature;its x andy coordinatesdenotethe posteriorestimatedby the two

comparedruns. The position of pointsis slightly randomly perturbedto visualize clusters
of pointsin the sameposition.

aseasilyexplainedby the varianceof the samplingprocessTherefore gven
for 100instancesit is not clearthatstructure-MCMCmixes.

By contrastcomparisorof the predictionsof differentrunsof ordekMCMC
aretightly correlated.To testthis, we comparedthe posteriorestimatesof
Markov featuresandPathfeaturesThe latter representelationsof the form
“thereis adirectedpathfrom X to Y” in the PDAG of the network structure.

journal .tex; 31/05/2001; 12:06; p.21



22

08 |

0.6

04 -

0.8 [

0.6 [

0.4 |

02 |

0.8 [

0.6 [

0.4 |

02 |

Friedman& Koller

Markov features Pathfeatures
100instances
o 3% 1r 802,
oo o@ Q)oo
o — 08t BRI A
o 6% o 28 o
wo & 6’0000 e
S
0.6 | . 0%’%;9 52"
o /3 P L
-
g 0.4 o5 S °
8%o o %
o §9c
G ° 6 o
&L 02| 8,0
.
oo 0 L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
500instances
: :
o] o0
% @
2 0.8 b %
.
o o
9 06 [ S
.
. o o5
2608 041 gg)" 8@0?
o o
° 0.2 + o
& ooo
4
4
L L L L L L 0 L L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
1000instances
:
1r 8/
0.8
g @
$e°
0.6 o R
0 865°
g 04 %%?’ o®°
.
0.2 + o0
o
&
ol
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 4. Scattemplotsthatcompareposteriorprobabilityof Markov andPathfeaturesonthe
Alarm domainasdeterminedy differentrunsof orderMCMC. Eachpoint correspondso a
singlefeature;its x andy coordinatesienotethe posteriorestimatedy the greedyseededun
andarandomseededunrespectiely.

As discussedh Section3, we cannotprovide aclosedform expressiorfor the
posteriorof sucha featuregivenanorder However, we cansamplenetworks
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from the order andestimatethefeaturerelative to those.In our experiments,
we sampled20 networks from eachorder Figure4 compareswo runs,one
startingfrom anorderconsistentvith the greedystructureandthe otherfrom
arandomorder We canseethatthe predictionsarevery similar, bothfor the
small datasetandthe larger one. The predictionsfor the Path featureshave
somevhat highervariance which we attribute to the additionalrandomness
of samplingstructuregrom the ordering.Thevery high degreeof correlation
betweerthetwo runsreafirms our claim thatthey areindeedsamplingfrom
similar distributions. Thatis, they aresamplingfrom the exactposterior

We believe thatthe differencein mixing rateis dueto thesmootheposte-
rior landscapef the spaceof orders.In the spaceof networks, evena small
perturbatiorto a network canleadto a hugedifferencein score.By contrast,
the scoreof anorderis a lot lesssensitve to slight perturbationsFor one,
the scoreof eachorderis an aggreate of the scoresof a very large set
of structureshence differencesn scoresof individual networks can often
cancelout. Furthermorefor mostorders,we arelikely to find a consistent
structurewhich is not too bada fit to the data;henceanorderis unlikely to
beuniformly horrible.

Thedisparityin mixing ratesis morepronouncedor larger datasetsThe
reasonis quite clear: asthe amountof datagrows, the posteriorlandscape
becomes'sharper” since the effect of a single changein the structureis
amplified acrossmary samples.As we discussedabore, if our datasetis
large enough,model selectionis often a good approximationto model av-
eraging.However, it is importantto notethat500instancegor Alarm arenot
enoughto peakthe posteriorsharplyenoughthatmodelselectionis areliable
approacho discovering structure We canseethat by examiningthe poste-
rior probabilitiesin Figure 4. We seethat the posteriorprobability for most
Markov featuress fairly farfrom 0 or 1. As Markov featuresareinvariantfor
all networksin thesameMarkov equivalenceclass(PDAG), thisphenomenon
indicateghatthereareseveral PDAGsthathave high scoregiventhedata.By
contrastjn the caseof 1000instanceswe seethatthe probability of almost
all featuress clusteredaroundO or 1, indicatingthatmodelselectionis likely
to returnafairly representate structuren this case.

A secondform of supportfor the non-mixing conjectureis obtainedby
consideringan even smallerdataset: the Boston-housinglataset,from the
UCI repository(Murphy and Aha, 1995),is a continuousdomainwith 14
variablesand 506 samplesHere, we consideredinear Gaussiametworks,
andusedastandardVishartparameteprior. We startedhe structure-MCMC
on the structureobtainedfrom greedyhill-climbing search.We startedthe
orderMCMC on anorderconsistenwith thatstructure As usual,asshovn
in Figure 6(a), structure-MCMCdoesnot converge. However, asshavn in
Figure6(b), therunsof orderMCMC are alsosomavhat more erratic,indi-
catingamorejaggedposteriodandscapevenoverordersln away, thisis not
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Figure 5. Scattemlots that compareposteriorprobability of Markov featureson the Alarm
domainas determinedby the two different MCMC samplers Each point correspondgo a
single Markov feature;its x andy coordinateglenotethe posteriorestimatedby the greedy
seededun of orderMCMC andstructure-MCMC espectiely.
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Figure 6. Plotsof the progressiorof the MCMC runson the Boston-housinglataset.Each
graphshaws plots of 4 independentuns.All the runsareseededvith the network found by
searchingover network structures.

surprisinggiventhelargenumberof instancesndsmalldomain.in Figure?,
we seethat,asabove, differentrunsof structure-MCMUeadto very different
answerswhereadlifferentrunsof orderMCMC arevery consistent.
Moreinterestings theexaminationof thefeatureprobabilitiegshemseles.
Figure8(a)shavsacomparisorbetweerthefeatureprobabilitiesof structure-
MCMC andthoseof the structurereturnedby greedysearch,usedasthe
startingpoint for the chain.We canseethat mostof the structuredraversed
by the MCMC searcharevery similar to the greedyseed By contrastFig-
ure 8(b) shaws that orderMCMC traversesa differentregion of the space,
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Figure 7. Scatterplotsthat compareposteriorprobability of Markov on the Boston-housing
dataset,asdeterminedy differentrunsof structure-MCMCandordekMCMC.
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Figure 8. Scatter plots that compare posterior probability of Markov featureson the
Boston-housingdata set, as determinedby different runs of structure-MCMC and or-
derMCMC, to the probabilitiesaccordingto theinitial seedof the MCMC runs.The x-axis
denotesvhetherthe featureappearsn the seednetwork: 1 if it appearandO if doesnot. The
y-axis denotethe estimateof the posteriorprobability of the featurebasedon the MCMC
sampling.

leadingto very differentestimateslt turns out that the structurefound by
the greedysearchis suboptimal but that structure-MCMCremainsstuckin
alocal maximumaroundthatpoint. By contrastthe bettermixing properties
of orderMCMC allow is to breakout of this local maximum,andto reach
a substantiallyhigherscoringregion. Thus, even in caseswvherethereis a
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dominantglobal maximum,ordekMCMC can be a more robust approach
thangreedyhill-climbing, structure-MCMC or their combination.

Comparisonof Estimates. We now comparethe estimatesof the two ap-
proache®nthe Alarm dataset.We deliberatelychoseto usethe smallerdata
setsfor two reasonsto allow structure-MCMCa betterchanceto mix, and
to highlight thedifferencesesultingfrom thedifferentpriorsusedin the two
approachesThe resultsareshavn in Figure5. We seethat,in generalthe
estimatesof the two methodsare not too far apart,althoughthe posterior
estimateof the structure-MCMGis usuallylarger.
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Figure 9. Comparisonof posteriorprobabilitiesfor different Markov featuresbetweenfull
Bayesianaveragingusing: orders(x-axis) versusPDAGs (y-axis) for two UCI datasetg5
variableseach).

We attribute thesediscrepanciem the posteriorto the differentstructure
priorweemplg in theorderMCMC samplerTotestthisconjecturein away
thatdecouplest from the effectsof samplingwe choseto compareheexact
posteriorcomputedby summingover all ordersto the posteriorcomputed
by summingover all equivalenceclassesof Bayesiannetworks (PDAGS)
(i.e., we countedonly a single representate network for eachequvalence
class.)Of course,in orderto do the exact Bayesiancomputationwe need
to do anexhaustve enumeratiorof hypothesed-or orders this enumeration
is possiblefor asmary as10 variables but for structureswe arelimited to
domainswith 5—6variablesWetook two datasets— Voteand Flare— from
the UCI repository(Murphy andAha, 1995)andselectedive variablesfrom
each(all of which arediscrete) We generatedlataset®f sizes50 and 200,
andcomputedthe full Bayesianaveragingposteriorfor thesedatasetsising
bothmethodsFigure9 comparesheresultsfor bothdatasetsWe seethatthe
two approachearewell correlatedput thatthe prior doeshave someeffect.
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Figure 10. Comparisonof the posteriorof Markov featureswhenwe changethe structure
prior strengthfor Alarm with 100instancesThetop row compareshe modifiedprior (y-axis)

in orderMCMC againstthe standardprior (x-axis). The middle row malkes an analogous
comparisorfor structure-MCMC The bottomcompareshe modifiedprior with order(x-axis)

againstthe modified prior with structureg(y-axis). Eachcolumn correspondgo a different

weightingof the prior, asdenotedat thetop of the column.

To gainabetterunderstandingf the generakffect of a structureprior, we
examinedthesensitvity of Bayesiarmodelaveragingto changesn theprior.
Recallthat our experimentsusethe MDL prior shovn in Eqg. (2), whether
for P(G) (in structure-MCMC)or for P(G | <) (in orderMCMC). Weranthe
sameexperiment,raisingthis prior to somepower — 0, % or 2. Notethata
power of O correspondgo a uniform prior, over structuresn the structure-
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MCMC caseand over structureswithin an orderin the orderMCMC case.
By contrast,a power of 2 correspond$o an even more extreme penaltyfor

large families.Figure 10 shavs the comparisorof the modifiedpriorsto the
“standard’case As we canexpect,a strongerstructureprior resultsin lower
posteriorfor featureswvhile a uniform structureprior is moreproneto adding
edgesand thus most featureshave higher posterior Thus, we seethat the
resultsof astructurediscovery algorithmarealwayssensitve to the structure
prior, andthat even two very reasonabldand common)priors canleadto

very differentresults.This effectis atleastaslarge asthe effect of usingour

orderbasedstructureprior. Giventhatthe choiceof prior in BN learningis

often somevhat arbitrary thereis no reasonto assumehat our orderbased
prior is lessreasonabléhanary other

Structue Reconstruction. Thisphenomenonaisesanobviousquestiongiven
that the approachegive different results,which is betterat reconstructing
featuresof the generatingmodel. To testthis, we label Markov featuresin
the Alarm domainas positiveif they appearin the generatinghetwork and
negativeif they donot. We thenuseour posteriorto try anddistinguish‘true”
featuredrom “f alse” ones:we pick athreshold, andpredictthatthe feature
f is “true” if P(f) > t. Clearly aswe vary the the value of t, we will get
different setsof features.At eachthresholdvalue we can have two types
of errors:false positives— positive featuresthat are misclassifiedas nega-
tive, andfalse negatives— negative featuresthat are classifiedas positive.
Differentvaluesof t achieve differenttradeofs betweenthesetwo type of
errors. Thus, for eachmethodwe can plot the tradeof curve betweenthe
two typesof errors.Note that, in mostapplicationsof structurediscovery,
we caremore aboutfalsepositvesthanaboutfalsenegatves. For example,
in our biological application falsenegatvesareonly to be expected— it is
unrealisticto expectthatwe would detectall causakonnectiondasedn our
limited data.However, falsepositivescorrespondo hypothesizingmportant
biological connectionsspuriously Thus, our main concernis with the left-
hand-sideof the tradeof curwe, the part wherewe have a small numberof
falsepositives. Within that region, we wantto achiere the smallestpossible
numberof falsenegaties.

We computedsuchtradeof curvesfor Alarm datasetwith 100,500, and
1000instancedor two typesof featuresMarkov featuresandPathfeatures.
Figure11 displaysROC curvescomparingordekMCMC, structure-MCMC,
andthenon-paametricBootstap approaclof Friedmaretal. (1999),anon-
Bayesiarsimulationapproactio estimate‘confidence’in featuresThecurves
representhe averageperformanceover ten repetitionsof the experiment—
we sampledendatasetsfrom the Alarm dataset,andfor eacheachthreshold
t we reportthe averagenumberof errorsof bothtypes.
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Figure 11. Classificationtradeof curvesfor differentmethodson datasetof varying sizes
sampledrom the Alarm network. Thex-axisandthey-axisdenotealsepositiveandfalseneg-
ativeerrors respectiely. Thecurweis achiezedby differentthresholdvaluesin therange[0, 1].
Eachgraphcontainsthreecurves, eachcollectedover 50 samplesorderMCMC, with order
samplescollectedevery 200 iterations;structure-MCMC,with structuresamplescollected
every 1000iterations;and 50 network structuresgeneratedy the non-parametridootstrap
samplingmethod.

As we cansee,in all caseorderMCMC doesaswell or betterthanthe
otherapproachesyith marked gainsin threecasesin particular for t larger
than0.4, orderMCMC makesnofalsepositive errorsfor Markov featureson
the 1000-instancelataset.We believe thatfeaturedt missesaredueto weak
interactiongn the network thatcannotbe reliably learnedfrom sucha small
dataset.
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Figure 12. Plotsof the progressiorof the MCMC runson the Geneticddataset.Eachgraph
shavs plotsof 4independentuns.All therunsareseededvith thenetwork foundby searching
over network structures.
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Figure 13. Scatteplotsthatcomparegposteriomprobabilityof Markov andpathfeatureonthe
Geneticdataset,asdeterminedy differentrunsof ordeFMCMC.

Applicationto GeneExpressiorData. As statedn theintroductionour goal
is to applystructuresstimatiormethoddor causalearningfrom geneexpres-
siondata.Wetestedour methodonarelatively smallgeneticdatasetof Fried-
manetal. (2000).Thisdatasetis derivedfrom alargerdatasetof S.cerevisiae
cell-cycle measurementeportedn Spellmaretal. (1998).Thedatasetcon-
tains76 samplesf 250genesFriedmaretal. discretizedeachmeasurement
into threevalues(“underexpressed”’;normal”, “overexpressed”).

We applied ordekMCMC, using an informed greedy initialization. For
theseruns,weused k (max.numberof parentsn afamily) = 3;C (max.num-
ber of potentialparents)= 45; F (numberof familiescached)= 4000;and
y (differencein scorerequiredin pruning)= 10. (The choiceof k = 3 is im-
posedby computationalimitations,inducedby thelarge numberof variables
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Figure 14. Classificatiortradeof curvesfor differentmethodson thesimulatedGeneticglata
set.Thex-axisandthey-axisdenotefalsepositiveandfalsenegativeerrors,respectiely. The
cuneis achieved by differentthresholdvaluesin therange[0, 1]. .

in thedomain.)We useda burn-in periodof 4000iterations andthensampled
every 400iterationscollecting50 samplesn eachrun.

Figure 12 shaws the progressiorof runsof the two MCMC methodson
this data.As we cansee,orderMCMC mixesrapidly (after a few hundred
iterations).On the other hand, structure-MCMCseemsto be mixing only
after 200,000iterations.Figure 13 shavs comparisorof estimategrom two
differentrunsof the orderbasedVICMC sampler As in the otherdatasets,
the estimatedor Markov featuresbasedon the two differentruns are very
similar. In this casewe alsoshav the estimatedor pathfeatureswhich are
obtainedasdiscussedh Section3.2) by samplingspecificnetworksfrom the
distribution over networksfor a givenorder andthenevaluatingthepresence
or absencef a pathin eachsampledchetworks. In this casewe sampledb00
networks from our 50 sampledorderings.The varianceof this estimatoris,
as can be expected,much higher; neverthelessthe estimatesare still quite
well-correlated.

Sincewe wantto usethis tool for scientificdiscosery, we wantto eval-
uate how well Bayesianstructureestimationperformsin this domain. To
do sowe performedthe following simulationexperiments We sampled100
instancedrom the network found by structuresearchon the geneticsdata.
Wethenappliedthe orderbasedViICMC samplerandthe bootstrapapproach
and evaluatedthe successn reconstructingeaturesof the generatingnet-
work. Figure 14 shavs thetradeof betweerthetwo typesof errorsfor these
two methodsin predictingMarkov andpathfeatures As we cansee,order
MCMC clearlyoutperformghe bootstrapapproach.

We shouldstresghatthe simulationis basedbn anetwork thatis probably
simpler than the underlying structure(since we learnedit from few sam-
ples).Nonethelessye view theseresultsasanindicationthatusingBayesian
estimatesis more reliable in this domain. A discussionof the biological
conclusiongrom this analysisarebeyondthe scopeof this paper
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6. Discussion and futurework

We have presentedh new approachfor expressingthe posteriordistribution
over BN structuregyiven a dataset,andtherebyfor evaluatingthe posterior
probability of importantstructuralfeaturesof the distribution. Our approach
is basedn two mainideas.Thefirst is a cleanandcomputationallytractable
expressionfor the posteriorof the datagiven a known order over network
variables.The secondis Monte Carlo samplingalgorithm over orders.We
have shavn experimentallythatthis approachmixessubstantiallyfasterthan
thestandardlCMC algorithmthatsamplesstructuregirectly.

Oncewe have generated setof orderssampledfrom the posteriordis-
tribution, we canusethemin a variety of ways.As we have shavn, we can
estimateheprobabilitiesof certainstructuralfeatures— edgefeaturesor ad-
jaceng in Markov neighborhoods— directlyin closedform for agivenorder
For other structuralfeatureswe can estimatetheir probability by sampling
network structuredrom eachorder andtestingfor the presenceor absence
of thefeaturein eachstructure.

We have shawn thatthe estimateseturnedby our algorithm,usingeither
of thesetwo methodsaresubstantiallynorerobustthanthoseobtainedfrom
standardMCMC over structuresTo someextent, if we ignorethe different
prior usedin thesetwo approacheghis phenomenortis dueto the fact that
mixture estimatorshave lower variancethanestimatordasedon individual
samplegGelfandandSmith,1990;Liu etal.,1994).More significantly how-
ever, we seethatthe resultsof MCMC over structuresare substantialljless
reliable,asthey arehighly sensitve to the region of the spaceto which the
Markov chainproceshappengo gravitate.

We have alsotestedthe efficacy of our algorithmfor the task of recov-
ering structuralfeatureswhich we know are presentWe have shavn that
our algorithmis always more reliable at recovering featuresthan MCMC
over structuresandin all but one casealsomorereliablethanthe bootstrap
approactof Friedmaretal. (1999).

We believe thatthis approacltanbeextendedo dealwith datasetswhere
someof thedatais missing by extendingtheMCMC overorderswith MCMC
over missingvalues,allowing usto averageover both. If successfulye can
usethiscombinedViICMC algorithmfor doingfull Bayesiarmodelaveraging
for predictiontasksaswell. Finally, we planto apply this algorithmin our
biology domain,in orderto try and understandhe underlying structureof
geneexpression.
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