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Abstract

The Information bottleneck methodis an unsu-
pervisednon-parametricdataorganizationtech-
nique. Given a joint distribution �������
	�� , this
methodconstructsa new variable thatextracts
partitions,or clusters,over the valuesof � that
are informative about 	 . The informationbot-
tleneck has alreadybeenapplied to document
classification,geneexpression,neuralcode,and
spectralanalysis. In this paper, we introduce
a generalprincipled framework for multivariate
extensionsof theinformationbottleneckmethod.
This allows us to considermultiple systemsof
data partitions that are inter-related. Our ap-
proachutilizes Bayesiannetworks for specify-
ing the systemsof clustersand what informa-
tion eachcaptures.We show that this construc-
tion providesinsightaboutbottleneckvariations
andenablesus to characterizesolutionsof these
variations. We also presenta general frame-
work for iterativealgorithmsfor constructingso-
lutions,andapplyit to severalexamples.

1 Introduction

Clustering,or datapartitioning, is a commondataanal-
ysis paradigm. A centralquestionis understandinggen-
eral underlying principles for clustering. One informa-
tion theoreticapproachto clusteringis to requirethatclus-
tersshouldcaptureonly the “relevant” informationin the
data,wherethe relevanceis explicitly determinedby var-
ious componentsof the dataitself. A commondatatype
whichcallsfor suchaprincipleis co-occurrencedata,such
asverbsanddirectobjectsin sentences[7], wordsanddoc-
uments[1, 4, 11], tissuesandgeneexpressionpatterns[14],
galaxiesandspectralcomponents[10], etc. In mostsuch
casesthe objectsarediscreteor categoric andno obvious
“correct” measureof similarity existsbetweenthem.Thus,
we would like to rely purely on the joint statisticsof the
co-occurrencesandorganizethe datasuchthat the “rele-
vant information” amongthe variablesis capturedin the
bestpossibleway.

Formally, we canquantify the relevanceof onevariable,� , with respectto anotherone, 	 , in termsof the mutual
information, �������
	�� . This well known quantity, defined

as,

�������
	������ ��� ��������� �!�#"%$'& �������(�!������)�*�����!�
is symmetric,non-negative,andequalsto zeroif andonly
if thevariablesareindependent.It measureshow many bits
areneededon theaverageto convey theinformation � has
about 	 (or vice versa).Theaim of informationtheoretic
clusteringis to find (soft) partitionsof � ’s valuesthat are
informative about 	 . This requiresbalancingtwo goals:
we want to loseirrelevant distinctionsmadeby � , andat
thesametime maintainrelevantones.A possibleprinciple
for extractingsuchpartitionsis the informationbottleneck
(IB) method[13]. Clusteringis posedas a construction
of a new variable  that representspartitionsof � . The
principleis describedby a variationaltradeoff betweenthe
informationwe try to minimize, �������*+� , andthe onewe
try to maximize ������
	�� . We briefly review this principle
andits consequencesin thenext section.

Themaincontributionof this paperis a generalformula-
tion of a multivariateextensionof the informationbottle-
neckprinciple. This extensionallows us to considercases
wheretheclusteringis relevantwith respectto severalvari-
ables,or wherewe constructseveralsystemsof clustersat
thesametime.

To give concretemotivation,we briefly mentiontwo ex-
amplesthatwetreatin detailin latersections.In symmetric
clustering(alsocalledtwo-sidedor doubleclustering) we
want to find two systemsof clusters:oneof � andoneof	 thatareinformative abouteachother. A possibleappli-
cationis relatingdocumentsto words,whereweseekclus-
teringof documentsaccordingto word usage,anda corre-
spondingclusteringof words. This procedureaimsto find
documentclustersthat correspondto different topicsand
at thesametime identify clusterof wordsthatcharacterize
thesetopics[11]. Clearly, the two systemsof clustersare
in interaction,andwe wanta unifying principlethatshows
how to constructthemsimultaneously.

In parallel clusteringweattemptto build severalsystems
of clustersof the valuesof � . Our aim hereis to capture
independentaspectsof the information � conveys about	 . A biologicalexampleis theanalysisof geneexpression
data,wheremultiple independentdistinctionsabouttissues
(healthyvs. tumor, epithelialvs. muscle,etc.) arerelevant
for theexpressionof genes.

We presentsuchtasks,andothers,in our framework by



specifyingapairof Bayesiannetworks.Onenetwork, ,�-/. ,
representswhich variablesarecompressedversionsof the
observedvariables(eachnew variablecompressesits par-
entsin thenetwork). Thesecondnetwork, ,�0*1�2 , represents
which relationsshouldbe maintainedor predicted(each
variable is predictedby its parentsin the network). We
formulatethe generalprinciple as a tradeoff betweenthe
information eachnetwork carries. We want to minimize
the information maintainedby , -/. and to maximizethe
informationmaintainedby ,�0*132 .

We further give anotherinterpretationto this principle,
asa tradeoff betweencompressionof thesource(givenby,�-/. ) andfitnessto a target model, wherethemodelis de-
scribedby ,�0*1�2 . Using this interpretationwe can think
of our new principle asa generalizedcompressiondistor-
tion tradeoff (as in rate-distortiontheory [3]). This in-
terpretationmay allow us to investigatethe principle in a
generalparametricsetup. In addition, we show that, as
with the original IB, the new principle provides us with
self-consistentequationsin theunknown probabilisticpar-
tition(s) which canbeiteratively solvedandshown to con-
verge. We show how to combinethis in a deterministic
annealingprocedurewhich enablesusto exploretheinfor-
mationtradeoff in anhierarchicalmanner. Therearemany
possibleapplicationsfor our new principleandalgorithm.
To mentionjust a few, we considersemanticclusteringof
words basedon multiple partsof speech,complex gene-
expressiondataanalysis,andneuralcodeanalysis.

2 The Information Bottleneck

We startwith somenotation. We usecapital letters,such
as ���
	4�
5�*6 , for variable namesand lowercaseletters���(�3�
78�*9 to denotespecificvaluestakenby thosevariables.
Setsof variablesare denotedby boldfacecapital letters: �(; , andassignmentsof valuesto the variablesin these
setsare denotedby boldfacelowercaseletters <'�
= . The
statement�����?>@�!� is usedasa shorthandfor �����A�B�C>	D���!� .

Tishbyetal. [13] consideredtwo variables,� and	 , with
their (assumedgiven) joint distribution �������
	�� . Here �
is thevariablewe try to compress,with respectto the“rel-
evant” variable 	 . Namely, we seeka (soft) partition of� through an auxiliary variable  and the probabilistic
mapping ���EF>G�+� , suchthat the the mutual information�������
+� is minimized(maximumcompression)while the
relevant information ���E��(	�� is maximized. The depen-
dency relationsbetweenthe 3 variablescanbe described
by the relations:  independentof 	 given � ; andon the
otherhandwewantto predict 	 from  .

By introducinga positive Lagrangemultiplier H , Tishby
et al. formulatethis tradeoff by minimizing the following
Lagrangian,IKJ

����L>'�+�NMO�P�������*+�RQSHT���E��(	��
wherewe take �������
	4�
+�U�V�������(	��*���EW>X�+� .

By taking the variation(i.e derivative in the finite case)
of

I
w.r.t. ���EB>#�+� , underthepropernormalizationcon-

straints,Tishbyet al. show that theoptimalpartitionsatis-
fies,

���E7�>X�)�U� ���E7*�Y �����
HG�[Z]\#^ �*Q�HT_`������	a>b�)�c> > ����	a>X7*�*�*�
where _d���4> > e��C�gf5h

J
"i$j& hk M is the familiar KL diver-

gence[3]. Thisequationmustbesatisfiedselfconsistently.
Thepracticalsolutionof theseequationscanbedoneby

repeatediterationsof theself-consistentequations,for ev-
ery given valueof H , similar to clusteringby determinis-
tic annealing[8]. Theconvergenceof theseiterationsto a
(generallylocal) optimumwasprovenin [13] aswell.

3 Bayesian Networks and
Multi-Information

A Bayesiannetwork structureover a setof randomvari-
ables6ml3�]ncn]n!�
6�o is a DAG , in which verticesareanno-
tatedby namesof randomvariables.For eachvariable6qp ,
we denoteby rts�uvRw the (potentiallyempty)setof parents
of 6 p in , . We saythata distribution � is consistentwith, , if � canbefactoredin theform:

���E6ml3�cn]n]nc�*6�ox�U�zy p ���E6 p >br+s uv w �
andusethenotation�{> �P, to denotethat.

One of the main issuesthat we will deal with is the
amountof information that variables6 l �]ncn]n]�
6 o contain
abouteachother. A quantitythatcapturesthis is themulti-
informationgivenby| ��6 l �]ncn]n!�
6 o �}� _`�����E6 l �cn]ncn]�*6 o �c> > ���E6 l �O~]~c~*���E6 o �
�

� f5h
J
"%$'& ����64lb�]ncn]n!�
6�ox�����6 l �O~c~]~
����6 o � M�n

The multi-information captureshow close is the distri-
bution ����6 l �]ncn]n!�
6 o � to the factoreddistribution of the
marginals.Thisis thenaturalgeneralizationof thepairwise
conceptof mutualinformation.If thisquantityis small,we
do not losemuchby approximating� by theproductdis-
tribution. Likemutualinformation,it measurestheaverage
numberof bits thatcanbegainedby ajoint compressionof
thevariablesvs. independentcompression.

When � hasadditionalknown independencerelations,
we can rewrite the multi-information in termsof the de-
pendenciesamongthevariables:

Proposition 3.1 : Let , bea Bayesiannetworkstructure
over ;�� � 6ml��cn]n]nc�*6�o�� , andlet � bea distribution over; such that ��> �V, . Then,| �E6mlb�]n]ncn!�*6�ox����� p ����6 p �
r+s uv[w ��n
That is, the multi-information is the sumof local mutual
information termsbetweeneachvariableand its parents.
We denotethesumof theseinformationswith respectto a
network structureas:| u � � p ���E6 p �
rts uv[w*�Un



When � is notconsistentwith theDAG , , weoftenwant
to know how closeis � to a distribution that is consistent
with , . That is, what is the distance(or distortion) of �
from its projectionontothesub-spaceof distributionscon-
sistentwith , . We naturallydefinethis distortionas

_`���4> > ,������q�%�k�� � u _d���4> > e��Un
Thismeasurehastwo immediateinterpretationsin termsof
thegraph, .

Proposition 3.2 : Let , be a Bayesiannetworkstructure
over ;�� � 6ml��cn]n]nc�*6�o�� , andlet � bea distribution over; . Assumethat the order 6 l �]n]ncn]�
6 o is consistentwith
theDAG, then

_`���4> > ,���� � p ���E6�p
� � 6 l �]ncn]n!�
6qp�� l �5QSr+s uv w >br+s uv w �
� | �E6mlX�]n]ncn]�
6qox�RQ | u

Thus, we seethat _`���4> > ,�� can be expressedas a sum
of conditionalinformation terms,whereeachterm corre-
spondsto a Markov independenceassumptionwith respect
to theorder 6 l �cn]n]nc�*6 o . Recallthat theMarkov indepen-
denceassumptions(with respectto a givenorder)arenec-
essaryandsufficient to requirethefactoredform of distri-
butionsconsistentwith , [6]. Weseethat _`���4> > ,�� is mea-
suredin termsof the extent theseindependenciesarevio-
lated,since ���E6 p � � 6ml3�cn]ncn!�*6 p�� lX�5QSr+s uv w >@rts uv w ���a�
if andonly if 6�p is independentof

� 6 l �cn]ncn]�*6�p�� l ��Q�rts uv[w
given its parents.Thus, _`���4> > ,������ if andonly if � is
consistentwith , .

An alternative representationof this distancemeasureis
givenin termsof multi-informations,sincewecanthink of_`���4> > ,�� as the amountof informationbetweenthe vari-
ablesthat cannotbe capturedby the dependenciesof the
structure, .

4 Multi-Information Bottleneck Principle

Themulti-informationallowsusto introduceasimple“lift-
up” of the original IB variationalprinciple to the multi-
variatecase,usingthe semanticsof Bayesiannetworksof
the previous section. Given a set of observed variables,;�� � 6 l �cn]n]nc�*6 o � , insteadof onepartition variable  ,
we now considera set

: � � TlX�]n]ncn!�*@��� , which corre-
spondto differentpartitionsof varioussubsetsof the ob-
servedvariables.Morespecifically, wewantto “construct”
new variables,wherethe relationsbetweenthe observed
variablesand thesenew compressionvariablesarespeci-
fied usinga DAG ,�-/. over ;{� :

. Sincewe assumethat
the new variablesin

:
are functionsof the original vari-

ables,werestrictattentionsto DAGswherethevariablesin:
are leafs.l Thus,each �� is a stochasticfunction of a�
It will be convenientto think of caseswhere �5� � restricted

to � formsa completegraph.However, this is not crucial in the
following development.To simplify the technicaldetails,we do
assumethat ���E��� is consistentwith � � � .

setof variablesrts uG� ��c�A  ; . Oncetheseareset,we havea
joint distributionover thecombinedsetof variables:

����;`� : ���¡����;¢� y � �������>br+s u � �� � (1)

Analogouslyto the original IB formulation, the informa-
tion thatwe would like to minimize is now givenby

| u � � .
Minimizing this quantityattemptsto make variablesasin-
dependentof eachotheraspossible. (Note that sincewe
only modify conditionaldistributionsof variablesin

:
, we

cannotmodify the dependenciesamongthe original vari-
ables.)

The “relevant” information that we want to preserve is
specifiedby anotherDAG, ,�0*1�2 . This graphspecifies,for
each  � which variablesit predicts. Thesearesimply its
childrenin ,�0*1�2 . Conversely, we want to predicteach6�p
(or �� ) by its parentsin ,�0*1�2 . Thus, we think of

| u¤£i¥E¦
asa measureof how muchinformationthevariablesin

:
maintainabouttheir targetvariables.This suggestthatwe
wish to maximizeis

| u¤£i¥E¦ .
ThegeneralizedLagrangiancanbewrittenasI5§ l©¨ J ���ETl�>br+s�u � ��bª �!�]n%nin%�
����@��>brts�u � ��X« �¬M�� | uG� � QtH | u £i¥E¦ �

(2)
andthevariationis donesubjectto thenormalizationcon-
straintson the partition distributions. It leadsto tractable
self-consistentequations,aswe henceforthshow.

It is easyto seethattheform of thisLagrangianis adirect
generalizationof theoriginal IB principle.Again,wetry to
balancebetweenthe information

:
losesabout ; in , -/.

andtheinformationit preserveswith respectto ,�0*1�2 .
Example 4.1 : As a simpleexample,considerapplication
of thevariationalprinciplewith ,�-. and ,

§ � ¨0*1�2 of Figure1.,�-/. specifiesthat  compresses� and ,
§ � ¨0*1�2 specifiesthat

we want  to predict 	 . For this choiceof DAGs,
| uG� � ����E��(�+��®��������
	�� and

| u £i¥�¦ �¯���E��(�+� . The resulting
LagrangianisI § l*¨ �¡���E��(�+�@®°�������
	��¤QSHT���E��(	��
Since, �������
	�� is constant,we can ignore it, andwe end
up with a Lagrangianequivalentto that of the original IB
method.

5 Analogous Variational Principle

We now describea closely relatedvariational principle.
Thisoneis basedonapproximatingdistributionsby aclass
defined by the Bayesiannetwork ,�0*132 , rather than on
preservationof multi-information.

Wefacetheproblemof choosingtheconditionaldistribu-
tions ���E���>Xrts uG� ���� � . Thus,wealsoneedto specifywhatis
exactly our target in constructingthesevariables.As with
theoriginal IB method,we aregoing to assumethat there
aretwo goals.

On the one hand, we want to compress,or partition,
the original variables. As beforethe naturalmultivariate
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Figure1: The sourceandtarget networks for the original
IB.

form of this is to minimize the multi-information of � .
Since � is consistentwith , -/. , we candenotethis multi-
informationas

| u � � .
While in theprevioussectionthesecondgoalwasto pre-

serve themulti-informationto other(target,relevant)vari-
ables,herewethink of a targetclassof modeldistributions,
specifiedby a targetBayesiannetwork. In that interpreta-
tion thecompressedvariablesshouldhelpus in describing
the joint distribution in a differentdesiredstructure. We
specifythis structureby anotherDAG ,�0*1�2 thatrepresents
which independencieswe would like to impose.

To make this more concreteconsiderthe simple two-
variablecaseshown in Figure1. In this example,we are
giventhedistribution of two variables� and 	 . TheDAG,�-/. specifiesthat  is a compressedversionof � . On the
otherhand,we would like this  to make � and 	 asin-
dependentaspossible.A way of formally specifyingthis
desire,is to specify the DAG ,

§ � ¨0*1�2 of Figure1 suchthat
here separatesbetween� and 	 .

The questionnow is how to force the constructionof���EA>��K� suchthat it will leadto the independenciesthat
arespecifiedin thetargetDAG.Noticethatthesetwo DAGs
are,in general,incompatible:Exceptfor trivial cases,we
cannotachievebothsetsof independenciessimultaneously.
Instead,we aim to comeascloseaspossibleto achieving
this by a tradeoff betweenthe two. We formalizethis by
requiringthat � canbecloselyapproximatedby adistribu-
tion consistentwith , 0*1�2 . As previouslydiscussed,anatu-
ral informationtheoreticmeasurefor this approximationis_`���4> > ,�� , the minimal KL divergencefrom � to distribu-
tionsconsistentwith , 0*1�2 .

As before,we introducea Lagrangemultiplier that con-
trols the tradeoff betweentheseobjectives. To distinguish
it from theparameterwe useabove,we denotethis param-
eter by º . The Lagrangianwe want to minimize in this
formulationis thus:It§i» ¨ � | uG� � ®¼ºO_`���4> > ,�0*132N� (3)

wheretheparametersthatwe canchangeduringthemini-
mizationareagainovertheconditionaldistributions ���E � >rts u � ���� � . The rangeof º is between� , in which casewe
havea trivial solutionin which the  � ’s areindependentof
theirparents,and ½ , in whichwestriveto make � asclose
aspossibleto ,�0*1�2 .
Example 5.1 : Consideragainthe exampleof Figure 1
with ,�-/. and ,

§ � ¨0*132 . In this case,we have that
| uG� � �

�������(	��)®¾���E��
�+� and
| uU£i¥E¦ �V���E��(�+�)®¾���E��(	�� . Using

Proposition3.2,wehavethat _`���4> > ,�0*132©�U� | uR� � Q | u £i¥E¦ .
Putting,thesetogether, we gettheLagrangianI §i» ¨ �V���E��(�+�RQ¿ºO���E��(	��@®V�©À�®¼º��*�������(	��
Since, �������
	�� is constant,we can ignore it, andwe end
up with a Lagrangianequivalentto that of the original IB
method(setting ºÁ�aH ). Thus,we canthink of the IB as
finding a compression of � that resultsin a joint distri-
bution thatis ascloseaspossibleto theDAG where � and	 areindependentgiven  .

Going back to the generalcase,we can apply Propo-
sition 3.2 to rewrite the Lagrangianin terms of multi-
informations:I §%» ¨ � | uG� � ®Âº¤� | uR� � Q | u £i¥E¦ �� �*À�®Âº@� | uG� � Qdº | u £i¥�¦
which is equivalent to the Lagrangian

I § l*¨ presentedin
the previous section,underthe transformationHD� Ãl*Ä Ã .
Where the range ºÆÅ

J
�x�8½°� correspondsto the rangeHÇÅ

J
�x�cÀ�� . (Note that when H�� À , we have that

I § l©¨ �F_`���4> > ,�0*1�2©� , which is the extremecaseof

I §%» ¨ .)
Thus, from a mathematicalperspective,

I §i» ¨ is a special
caseof

I § l*¨ with therestrictionHÂÈ�À .
This transformationraisesthequestionof therelationbe-

tweenthe two variationalprinciples. As we have seenin
Examples4.1 and5.1,we needdifferentversionsof , 0*1�2
in the two Lagrangiansto reconstructthe original IB. To
betterunderstandthedifferencesbetweenthetwo, wecon-
sidertherangeof solutionsfor extremevaluesof H and º .

When H¿ÉÊ� and ºËÉÌ� , bothLagrangiansminimizethe
term

| uG� � . That is, theemphasisis on loosinginformation
in thetransformationfrom ; to

:
.

In the other extreme case,the two Lagrangiansdiffer.
When HÂÉÍ½ , minimizing

I § l©¨ is equivalentto maximiz-
ing

| u £i¥E¦ . That is, theemphasisis on preservinginforma-
tion aboutvariablesthathave parentsin ,�0*1�2 . For exam-
ple, in the applicationof

I § l©¨ in Example4.1 with ,
§ � ¨0*1�2 ,

this extremecaseresultsin maximizationof ���E��(	�� . On

theotherhand,if we apply

I § l©¨ with ,
§ � ¨0*1�2 , thenwe maxi-

mize ������
�K�G®C���E��(	�� . In this case,when H approaches½ informationabout � will bepreservedevenif it is irrel-
evantto 	 .

When ºBÉ ½ , minimizing

I §i» ¨ is equivalent to min-
imizing _`���4> > , 0*1�2 � . By Proposition3.2 this is equiva-
lent to minimizing the violations of conditional indepen-
denciesimplied by , 0*1�2 . Thus, for ,

§ � ¨0*1�2 , this mini-
mizes �������(	Î>�+� . Using the structureof � , we can
write �������(	g>R+�����������
	���Q¡������
	�� (as implied by
Proposition3.2), andso this is equivalent to maximizing���E��(	�� . If insteadwe use ,

§ � ¨0*1�2 , we minimize the infor-
mation �������(	4�*K�U�P�������
	��#®Ï���E��(�+��Qm���E��(	�� . Thus,
we minimize ������
�K� while maximizing ���E��
	�� . Unlike,
theapplicationof

I § l*¨ to ,
§ � ¨0*1�2 , we cannotignoretheterm�������
+� .
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Figure2: The sourceandtarget networks for the parallel
andsymmetricBottleneckexamples.

To summarize,we might loosely say that

I § l*¨ focuses
on the edgesthat arepresentin ,�0*132 , while

I §i» ¨ focuses
on the edgesthat are not presentin , 0*1�2 (or more pre-
cisely, the conditional independenciesthey imply). This
explainsthesomewhatdifferentintuitionsthatapplyto un-
derstandingthe solutionsfound by the variationalprinci-
ples. Thus,althoughboth variantscanbe appliedto any
choiceof ,�0*132 , somechoicesmight make moresensefor
I § l©¨ thanfor

I §i» ¨ , andviceversa.

6 Bottleneck Variations

We now considertwo examplesof theseprinciplesapplied
to differentsituations.

Example 6.1 : We first considera simpleextensionof the
original IB. Suppose,we introducetwo variables  l and » . As specifiedin ,�-/. of Figure2(a),bothof thesevari-
ablesarestochasticfunctionsof � . In addition,similarly
to the original IB, we want  l and  » to extract informa-
tion about 	 from � . We call this examplethe parallel
bottleneck,as Tl and  » compress� in “parallel”.

TheDAG ,
§ � ¨0*132 specifiesthat  l and  » shouldpredict 	 .

Basedon thesetwo choices,
| uG� � �¡�������(	��x®d�������
 » �x®�������
 l � and

| u £i¥E¦� �ð����	4�
 l �
 » � . After droppingthe
constantterm �������
	�� , theLagrangian

I § l©¨ canbewritten
as I § l*¨ �¡�������* l �@®°�������
 » �[QSH�������	m�* l �* » �
�Un (4)

Thus,we attemptto minimize the informationbetween� and  l and  » while maximizing the information they
preserve about 	 . Since @l and  » areindependentgiven� , wecanalsorewrite

»
�������*Tl3�
+ñb�U�V�������
@l]�@®C�������* » �RQS���ETlb�* » ��n (5)

Thus, minimizing ���� l �
�K�+®D���� » �
�K� is equivalent for
minimizing ���ETl3�
+ñ#�(�+�G®?���ETlX�* » � . In otherwords,an-ò

Proof: ó)�Eô5õ÷ö �8ø ö ò �Tù¼ú�û ü/ýcþ ÿ ����� � ª � ���
	ÿ ����	 ÿ ��� ª � ���
	�ù¼ú�û ü/ýcþ ÿ ����	 ÿ ��� ª�� ��	 ÿ ����� � ��	ÿ ����	 ÿ ��� ª � ����	 � ÿ ��� ª 	 ÿ ������	ÿ ��� ª 	 ÿ ������	�ùÂó)�Eôtõ�ö � ���¾ó)�Eôtõ�ö ò ���Ëó)�Óö � õ÷ö ò � .

other interpretationfor the above optimizationis that we
aim to find  l and  » that togethertry to compress� , pre-
serve the informationabout 	 andremainindependentof
eachotheraspossible. In this sense,we cansaythat we
aretrying to decomposethe information � containsabout	 into two “orthogonal”components.

Recall, that using

I §i» ¨ we aim at minimizing violation
of independenciesin ,�0*132 . This suggeststhat the DAG,

§ � ¨0*1�2 of Figure2(a) capturesour intuitions above. In this
DAG, � and 	 are independentgiven  l and  » . More-
over, hereagain,

§ � ¨0*132 specifiesanadditionalindependence
requirementover  l and  » . To seethat we examinethe
Lagrangiandefinedby theprinciple. In this case,

| u¤£i¥�¦� ��������
Tl3�* » �]®�����	4�*TlX�* » � . UsingEq.(5)anddroppingthe
constantterm �������
	�� , theLagrangian

I §%» ¨ canbewritten
asI §%» ¨ �P�������* l �c®��������* » �]®�º[������ l �* » �XQ�����	m�* l �* » �*�Rn
Thus,again,we attemptto minimize the informationbe-
tween  l and  » while maximizing the information they
togethercontainabout 	 .

Example 6.2: We now considerthesymmetricbottleneck.
In thiscase,wewantto compress� into �� and 	 into ��
sothat �� extractstheinformation� containsabout	 , and
at the sametime  � extractsthe information 	 contains
about� . TheDAG ,�-/. of Figure2(b)capturestheform of
thecompression.Thechoiceof , 0*132 is lessobvious.

Onealternative, shown as ,
§ � ¨0*132 in Figure2(b), attempts

to make eachof �� and �� sufficient to separate� from	 . As we can see,in this network � is independentof	 and  � given  � . Similarly,  � separates	 from the
other variables. The structureof the network statesthat � and  � aredependentof eachother. Developing the
Lagrangiandefinedby this network, we get:It§i» ¨� �V���� � �(�+�T®°���� � �
	��[Q¿ºO���E � �* � �
Thus,ononehandweattempttocompress,andontheother
handwe attemptto make  � and  � asinformative about
eachotheraspossible.(Notethatif �� is informativeabout�� , thenit is alsoinformativeabout 	 .)

Alternatively, wemightarguethat  � and � shouldeach
compressdifferent“aspects”of theconnectionbetween�
and 	 . This intuition is specifiedby the target network,

§ � ¨0*1�2 of Figure2(b). In this network  � and  � areinde-
pendentof eachother, andbothareneededto make � and	 conditionally independent.In this sense,our aim is to
find  � and  � that captureindependentattributesof the
connectionbetween� and 	 . Indeed,following arithmetic
similarto thatof Example6.1,wecanwrite theLagrangian
as: I §i» ¨� � ���E � �
�+�G® ���E � �(	��T®º¤��ñ'���� � �* � �¤QS���E � �(�+�[QÂ���E � �
	��
�
Thatis, we attemptto maximizetheinformation  � main-
tainsabout 	 and �� about � , andat thesametime try to
minimizetheinformationbetween � and  � .



7 Characterization of the Solution

In the previous sectionswe stateda variationalprinciple.
In this sectionwe considertheform of thesolutionsof the
principle.Moreprecisely, weassumethat ,�-/. , ,�0*1�2 , andH
(or º ) aregiven.Wenow wantto describethepropertiesof
thedistributions ���� � >Xr+s�uR� ���� � . Wepresentthischaracter-

ization for theLagrangiansof the form of

I § l©¨ . However,
we can easily recover the correspondingcharacterization
for Lagrangiansof theform

I §i» ¨ (usingthetransformationHd� Ãl*Ä Ã ).
In thepresentationof thischaracterization,weneedsome

additional notationalshorthands. We denoteby ��� �rts�uG� ���� , � � � � rts�u £i¥E¦��� , and � v w �{r+s�u £i¥E¦v[w . We alsode-

note � � ������ � � � � Q �  � � andsimilarly for � � �c�v[w . To sim-
plify thepresentation,we alsoassumethat � �"! � � � �$# .

In addition,we usethenotation

f h § % � & � ¨
J
_`�����('a>*)���+����c> > ���('A>*)5�*7÷���*�NM

� ��,a���-)P>.+����*_`�����('A>*)5��+@���]> > ���('a>*)5�*7÷�3�
�
� f h § % � & � ¨

J
"i$j& ���/'B>*)5��+@�3����('B>*)��
7 � � M

where ' and ) are variables(or setsof variables)and���©~�>0+���� is the joint distribution over all variablesgiven
thespecificvalueof � � . Notethatthis termsimpliesaver-
agingoverall valuesof ' and ) usingtheconditionaldis-
tribution. In particular, if ' or ) intersectswith �4� , then
only thevaluesconsistentwith + � havepositiveweightsin
thisaveraging.Alsonotethatif ) isempty, thenthisis term
reducesto thestandardKL divergencebetween���/'�>.+@���
and ���('{>b7 � � .

Themainresultof this sectionis asfollows.

Theorem 7.1 : Assumethat ����;¢� , ,�-. , ,�0*1�2 , and H are
given. Theconditionaldistributions

� ���� � >1� � � � are a
stationarypoint of

I § l*¨ � | uR� � QÂH | u £i¥E¦ if anonly if

���E7÷��>2+����U� ���E7 � �Y � � �(+ � �
HG� 3 ��465
§87 � � & � ¨

(6)

where
Y ��� �(+��'�
HG� is a normalizationterm,and 9��E7÷�j��+���� is

givenby

�p;: � ��<.="> w f h § % � & � ¨
J
_`������6�p�>2� � � �v w ��+@���]> > ���E6�p�>.� � � �v w �
7÷���*�NM

® �? : � �
<.=A@ � f h § % � & � ¨
J
_`�����E ? >2� � � ��B� ��+����c> > ���E ? >.� � � ��B� �
7÷���*�NM

®Kf h § % � & � ¨
J
_`�����/� � � >2+ � �]> > ���/� � � >37 � �*�NM@n

where all probabilities in this term are derivedfrom the
definitionof themodelin Eq. (1). CD

This can be done by standard variable elimination
procedures.

SeeAppendixA for a proofoutline.
Theessenceof thistheoremis thatit defines����7÷��>*+���� in

termsof thedistortion 9���7 � ��+ � � . This distortionmeasures
how closeare the conditionaldistribution in which 7÷� is
involved into thesewherewe replace7÷� with +@� . In other
words,we canunderstandthis asmeasuringhow well 7 �
performsasa“representative” of theparticularassignment+@� . Theconditionaldistribution ���E���>2+@��� dependsonthe
differencesin thedistortionfor differentvaluesof  � .

The theoremalsoallows us to understandthe role of H .
When H is small, the conditionaldistribution is diffused,
since H reducesthedifferencesbetweenthedistortionsfor
differentvaluesof �� . On theotherhand,when H is large,
the exponentialterm actsas a “softmax” gate,and most
of theconditionalprobabilitymasswill beassignedto the
value7÷� with thesmallestdistortion.Thisbehavior matches
the intuition thatwhen H is small,mostof theemphasisis
on compressingtheinputvariables� � into  � andwhen H
is large,mostof theemphasisis onpredictingthe“outputs”
variablesof �� , asspecifiedby ,�0*1�2 .
Example 7.2 : To seea concreteexample,we reconsider
the parallelbottleneckof Example6.1. Applying the the-
oremto

I § l©¨ of Eq. (4), we get that thedistortiontermfor l is

9���7 l �(�)�}� f h § % � � ¨
J
_d������	�>X���* » �c> > ����	�>37 l �
 » �*�NM

This termcorrespondsto theinformationof 	 and  l �
 » .
We seethat ����7 l >j�)� increaseswhenthepredictionsof 	
given 7
l aresimilar to thosegiven � (whenaveragingover » ). Thedistortionfor  » is definedanalogously.

Example 7.3 : Considernow the symmetric bottleneck
caseof ,

§ � ¨0*132 in Example6.2. Applying the theorem,we
getthatthedistortiontermfor  � is

9��E7 � �
�)�}� f h § % � � ¨
J
_`�����E � >X�)�]> > ���E � >37 � �*�NMx®f h § % � � ¨
J
_`�������W>'�#�c> > �����D>37 � �*�NM

Thefirst termis a simpleKL divergence,andlasttermcan
besimplifiedto QFE/GBH)�����m>37 � ��� QÏ"i$j&JIG��7 � �]Q5"%$'&U�����#� ®"%$'&�����7���>)�)� . By simplearithmeticoperations,andusingºÏ� 4l ��4 , we getthesetof self-consistentequations

����7 � >X�)�}� ����7��¤�Y �2K �����*º�� 3 � Ã2L
§ h § �NM � � ¨ � � h § �NM � 7 K ¨�¨

����7��P>b�!�}� ����7�� �Y � M ���3�*º�� 3 � ÃNL
§ h § � K � � ¨ � � h § � K � 7 M ¨�¨

Thus,�� attemptsto makepredictionsassimilarto theseof� about � , andsimilarly  � attemptsto makepredictions
assimilar to theseof 	 about�� .

8 Iterative Optimization Algorithm

We now consideralgorithmsfor constructingsolutionsof
thevariationalprinciple.
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Figure 3: Application of the symmetricbottleneckon a simplesyntheticexample. (a) input joint distribution, (b) the
samejoint distribution whererows andcolumnswerepermutedto matchthe clusteringfound; dottedlinesshow cluster
boundaries.(c) informationcurvesshowing the progressionalongthe informationtradeoff graphfor increasingH . The9 -axis is the fraction of the informationaboutthe original variablethat is maintainedby the compressedvariable,and
the O -axis is the fraction of the informationbetween� and 	 that is capturedby ���E � �
	�� or ���E � �(�+� . Circlesdenote
bifurcationevents.

We startwith thecasewhere H is fixed. In this case,fol-
lowing standardstrategy in variationalmethods,we sim-
ply applytheself-consistentequations.Moreprecisely, we
usean iterative algorithm,thatat the P ’ th iterationmain-
tainsthe conditionaldistributions

� �
§RQ ¨ �E � >J� � �TS�UÂ�À'�cn]ncn!��V�� . At the PB®VÀ ’ th iteration,thealgorithmapplies

anupdatestep

�
§RQ ÄGl*¨ �E7 � >.+ � �XW �

§YQ ¨ ��7 � �Y §RQ ÄGl©¨� � �(+��'�
HG� 3 ��465�Z�[]\
§87 � � & � ¨ (7)

where ����7÷���
§RQ ¨ and 9

§YQ ¨ ��7÷�'��+@��� are computedwith re-
spectto the conditionalprobabilities

� �
§YQ ¨ ����z>^�4���_SU��WÀ'�cn]ncn�V�� .

Therearetwo mainvariantsof thisalgorithm.In thesyn-
chronousvariant,we apply theupdatestepfor all thecon-
ditional distributionsin eachiteration. That is, eachcon-
ditional probability ������d>1�4��� is updatedby computing
thedistortionbasedon theconditionalprobabilitiesof the
previousiterations.In theasynchronousvariant,wechoose
onevariable �� , andperformtheupdateonly for this vari-
able.For all `ba� U , we set �

§RQ ÄGl*¨ �E ? >6� ? � � �
§RQ ¨ �E ? >� ? � . Themaindifferencebetweenthetwo variantsis that

the updateof  � in the asynchronousupdateincorporates
theimplicationsof theupdatesof theothervariables.

Theorem 8.1 : Asynchronous iterations of the self-
consistentequationsconverge to a stationarypoint of the
optimizationproblem.

SeeAppendixA for a proof for thecaseH c À . Thecon-
vergenceproof for the generalcaseis more involved and
will appearin thefull versionof this paper.

At the currentstagewe do not have a proof of conver-
gencefor thesynchronouscase,althoughin all our experi-
ments,synchronousupdatesconvergeaswell.

A key questionis how to initialize this procedure,asdif-
ferent initialization pointscan lead to differentsolutions.
We now describea deterministicannealinglike procedure
[8, 13]. This procedureworksby iteratively increasingthe
parameterH andthenadaptingthesolutionfor theprevious
valueof H to the new one. This allows the algorithm to
“track” thechangesin the solutionasthesystemshifts its
preferencesfrom compressionto prediction.d

Recallthatwhen H ÉÆ� , theoptimizationproblemtends
to make �� independentof its parents.At this point theso-
lution consistsof essentiallyonly oneclusterfor each  �
which is not predictiveaboutany othervariable.As we in-
creaseH , wesuddenlyreachapointwherethevaluesof ��
divergeandshow two differentbehaviors. Thisphenomena
is a phase-transitionof the system. Successive increases
of H will reachadditionalphasetransitionsin which addi-
tional splits of valuesof  � emerge. The generalideaof
thisannealingprocedureis to identify thesebifurcationsof
clusters.At eachstepof theprocedure,wemaintainasetof
valuesfor each � . Initially, whenHd�V� , each � hasasin-
gle value. We thenprogressively increaseH andtry to de-
tectbifurcations.At theendof theprocedurewerecordfor
each � a bifurcatingtreethat tracesthesequenceof solu-
tionsatdifferentvaluesof H (seefor exampleFigure4(a)).

The main technicalproblem is how to detectsuch bi-
furcations. We adopt the methodsof Tishby et al. [13]
to multiple variables. At eachstep,we take the solution
from thepreviousstep(i.e., for thepreviousvalueof H we
considered)andconstructan initial problemin which we
duplicateeachvalue of each  � . To definesuchan ini-
tial solutionwe needto specify the conditionalprobabili-
ties of these“doubled” valuesgiveneachvalue ��� . Sup-

e
In deterministicannealingterminology,

�f is the “tempera-
ture” of thesystem,andthusincreasingg correspondsto “cool-
ing” thesystem.
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Figure4: Application of the symmetricbottleneckto the 20 newsgroupdatasetwith 300 informative words. (a) The
learnedclusterhierarchyof categories. (b) informationcurvesshowing the progressionalong the information tradeoff
graph.Notethatwith 16 word clusterswe preservemostof theinformationpresentin thedata.

posethat 7÷� � � and 7÷� � � are the two copiesof the value 7÷� .
Then we set �ih'�E7÷� � � >j+@���Ï�Ê���E7÷�Á>j+@���lk l» ®_m0n3�/+@�3��o
and �ih'�E7÷� � � >T+����¡� ����7÷�B>T+@��� k l» Qpm1n3�/+@�3� o wheren3�/+@���Xq$r

J
Q l» � l» M is anoisetermand �sctm È�À is ascale

parameter. Thus,eachcopy 7 � � � and 7 � � � is aperturbedver-
sion of 7÷� . If H is high enough,this randomperturbation
sufficesto allow thetwo copiesof 7÷� to diverge. If H is too
small to supportsuchbifurcation,bothperturbedversions
will collapseto thesamesolution.

After constructingthis initial point, we iteratively per-
form the updateequationsof (7) until convergence. If at
theconvergencepoint thebehavior of 7÷� � � and 7÷� � � is iden-
tical, thenwe declarethatthevalue 7÷� hasnot split. On the
otherhand,if the distribution ����7 � � � >l+ � � is sufficiently
differentfrom ����7÷� � � >*+���� for somevaluesof ��� , thenwe
declarethat thevalue 7÷� hassplit, andincorporate7÷� � � and7 � � � into the bifurcationwe constructfor  � . Finally, we
increaseH andrepeatthewholeprocess.

We stressthatthis annealingprocedureis heuristicin na-
ture. We do not have formalguaranteesthatit will find the
globaloptima.Nonetheless,it hasthedistinctadvantagein
thatchartsthebehavior of thesystemat differentvaluesofH .

An alternative and simpler approachthat proved useful
for the original IB formulation employed agglomerative
clusteringtechniquesto find abifurcatingtreein abottom-
up fashion[9]. Suchan approachcanalsoappliedto the
multivariatecaseandwill bepresentedelsewhere.

9 Examples

To illustrate the ideasdescribedabove, we now examine
few applicationsof symmetricandparallelversionsof the
bottleneck.

As a simplesyntheticexamplewe produceda joint prob-
ability matrix �������(	�� (seeFigure3(a)) where > ��>R�vuj�
and > 	Ë>���ñb� . Usingthesymmetriccompression(

I §i» ¨�
of

Example6.2) we find w naturalclustersfor � and x nat-
ural clustersfor 	 . Sorting the joint probability matrix

by this solution illustratesthis structure(Figure 3(b)). It
is also interestingto seethe fraction of information pre-
servedby ourclusters.Onewayof presentingtheseresults
is by consideringthe fractionof informationpreservedby � about 	 , andanalogously, the fraction of information
preservedin �� about � . This amountof preservedinfor-
mationshouldbe plottedwith respectto the compression
factor, i.e.,how compactis thenew clustersrepresentation.
This is givenof courseby ��������(�+� and ���E��5�(	�� respec-
tively. In Figure 3(c) we presentthesetwo information
curves.In bothcurvesweseethatsplittingthecurrentclus-
terssetincreasetheamountof informationpreservedabout
therelevantvariable,andsimultaneouslyreducesthecom-
pression(sincemoreclustersinduceslesscompression).In
thefirst split wefind ñ clustersin �� and ñ in �� . Thesec-
ondsplit resultswith y clustersin  � and x in  � . Thenext
split finds w clustersin  � andleaves  � with x clusters.
Thisis indeedthe”real” structureof thisdata.Interestingly,
dueto this lastsplit, the information  � preserve about �
is increased,thoughtherewas no split in  � . The rea-
son,of course,is that �� predicts� through �� , thusthe
split in  � increases���E � �
�+� . On the otherhand,since
therewasno split (at this step)in  � , ���� � �(	�� remains
unchanged.The next splits arepractically overfitting ef-
fectsandaccordinglythereis no real informationgaindue
to thesesplits.

As a more realistic example we usedthe standard20
newsgroupscorpus. This natural languagecorpuscon-
tains about ñ'�x�
�j�'� articles evenly distributed among ñ'�
USENETdiscussiongroups[5] andhasbeenemployedfor
evaluatingtext classificationtechniques(e.g.,[12]). Many
of thesegroupshave similar topics. Five groupsdiscuss
differentissuesconcerningcomputers,threegroupsdiscuss
religion issues,etc. Thus, thereis an inherenthierarchy
amongthesegroups.

To model this domainin our setting,we introducetwo
randomvariables.We let z denotewords,and { denotea
category (i.e.,a newsgroup).Thejoint probability ���/|���}]�
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the 20 newsgroupdatasetshowing the progressionalong
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is the probability thata randomword-position(e.g.,word
218in document1255)in this collectionis equalto | and
at the sametime the category of the documentis } . To
obtainsucha joint distribution we performedseveral pre-
processingsteps:We removedfile headers,transformedall
words to lower case,andremoved stopwordsandwords
containingdigitsor non-alphanumericcharacters.We then
sortedall wordsby thecontribution to themutualinforma-
tion aboutthecategory variable.More formally, we sorted
all wordsby ���~|+���¡���/|+����� <*� ���/}�>N|+�#"%$'& h § � � � ¨h § � ¨ , and
usedthe subsetof the top xj�'� most“informative” words.
After re-normalization,we hada joint probability matrix
with > zB>'��x'�j� and > {�>j�Vñb� .

Wefirst usedthesymmetricbottleneckalgorithmto clus-
ter both dimensionsof this matrix into two setsof clus-
ters: clustersof words,  � , andclustersof categories,  � .
Thehierarchyfoundin  � , shown in Figure4(a) is in high
agreementwith thenaturalhierarchyonewould construct.
Additionally, eachof the word clustersis in high correla-
tion with oneof thesecategory clusters.For example,for
thesecondwordcluster, the � mostprobablewords(i.e. the� wordsthatmaximize ���E7 � � >�z � ), were’islamic’, ’ reli-
gious’, ’homosexual’, ’peace’and’ religion’. Accordingly���E � >37 � � � wasmaximizedfor the“religion” clusterin  �
(left clusterin Figure4(a)).

As alreadyexplained, the generalmappingschemewe
useis a “soft” one. That is, eachobjectcouldbeassigned
to eachclusterwith somenormalizedprobability. Theclus-
teringof { into  � wastypically “hard” (for every }�Å�{ ,���E � >X}]� wasapproximatelyÀ for oneclusterand � for
theothers).However, theclusteringof z into  � utilized
the “soft” aspectof the clusteringto dealwith wordsthat
arerelevantto severalcategoryclusters.Thus,someof the
wordswereassignedto morethanonecluster. For exam-
ple, theword ’Clinton’ wasassignedto two differentword
clustersdealingwith politics. The word ’sexual’ wasas-
signedto thesametwo clusters,andalso(with lowerprob-
ability) to a clusterof wordsdealingwith religiousissues.

For thesamedatawe usedalsotheparallelcompression
(

I § l*¨ of Example6.1). In this casewe have two compres-

sionvariables, l � � �* » � � , that try simultaneously(andin-
dependently),to clusterthe setof words z in a way that
will preserve the informationaboutthe category variable{ , ashigh aspossible. In Figure5, we presentthe infor-
mationcurvesfor thesetwo clustersets.Clearly, usingthe
combinationof thecompressionvariablesis muchmorein-
formative thanusingeachoneof themindependently. For
example,after the secondsplit, >  l � � >T� >  » � � >@��y , and���ETl � � ��{�� and ���E » � � �
{�� preserve x�u6� and ñ'�6� of the
original information ���(z �
{�� , respectively. On the other
hand,at thesamestage,���E l � � �
 » � � ��{�� preservesalmostu'��� of ���-z ��{�� . Thus,only u word-clustersareenoughto
preserve mostof the informationaboutthe category vari-
able.

10 Discussion

We presenteda novel generalframework for dataanalysis.
This new framework providesa naturalgeneralizationof
the informationbottleneckmethod.Moreover, aswe have
shown, it immediatelysuggestsnew bottlenecklike con-
structions,andprovidesgenerictoolsto implementthem.

Many connectionswith other data analysis methods
should be explored. The generalstructureof the itera-
tive procedureis reminiscentof EM and k-meansproce-
dures. Otherconnectionsare,for example,to dimension-
ality reductiontechniques,suchas ICA [2]. The parallel
bottleneckconstructionprovidesan ICA-lik e decomposi-
tion with animportantdistinction. In contrastto ICA, it is
aimedat preservinginformationaboutspecificaspectsof
thedata,definedby theuser.

The suggestedframework allows us to extract structure
from datain numerousways.In ourexamples,weexplored
only few relativelysimplecases,but clearlythisis thetip of
theiceberg. Wearecurrentlyworkingonseveraladditional
applicationsunderthis framework. Theseincludeanalysis
of geneexpressiondata,neuralcodingandDNA sequence
analysis,documentclustering,andcomputationallinguistic
applications.
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A Proofs
We now sketch the proofsof the two main theorems.We start
with Theorem7.1.

Proof: Thebasicideais to find stationarypointsof � � � 	 subject
to the normalizationconstraints.Thus,we addLagrangemulti-
pliersandgettheLagrangian� ù��0� � � �bg6�0� £i¥E¦ � ���J��� ��� � � ��� � ����� ������� � .

To differentiate
�

we usethefollowing lemma.

Lemma A.1 : ��� �� ]¡ ¢*	� ÿ � � � � � ��	 ù ��� � � �(�Eú ÿ �Y£ � � � � � � 	 û üýcþ ÿ ��  � ¢*	ÿ �� �	� �¥¤8� .
We now candifferentiateeachmutual informationterm that ap-
pearsin

�
. Note thatwe canignoretermsthatdo not dependon

the valueof ö � , sincethesewill be absorbedby the normaliza-
tion constant.Thus,atermof theform ú ÿ ��£ � � �
� � ��	 û üýcþ¤���;¦ �2§ � 
where ö �©¨ª §¥«¬ ¦¯® canbe ignored. Collectingtermsthat do
refer to � � , equatingto ° , anddividing by ��� ��� � we get the fol-
lowing equation.

ü/ý�þR����� ������� � ù ü/ýcþ[����� � �
�Ag �±;² �8��³µ´0> w ú ÿ ��£ � � �
� � ��	 û ü/ý�þR���;¶ ± ��·i¸ w � 
�Ag �¹ ² � � ³µ´ @ � ú ÿ ��£ � � � � � � 	 û ü/ý�þR���Óö ¹ ��· ��� � 
�Ag�ú ÿ ��£ � � �
� � ��	 û üýcþ ����� � �µ· �8� ������ � � 
��º � � � � � (8)

whereº � � � � � is a termthatdoesnot dependon � � .
To get the desired form of the self-consistentequations,

we apply several manipulations. First, we can writeú ÿ ��£ � � �
� � ��	 û üýcþ¤���;¶ ± �»· ¸ w �  ù ú ÿ ��£ � � ��	 û üýcþ[���;¶ ± �·½¼ �8�¸ w ø � � �  sinceall the variablesin ·½¼ �8�¸ w are independentof

ö � given ¾ � . Second,we can transformthe latter term into
a KL divergenceby extracting the term ��ú ÿ �Y£ � � ��	 û ü/ýcþ[���;¶ ± �·½¼ �8�¸ w ø � � �  from º � � � � � . Similar transformationappliesto the
terms that deal with ö ¹ . Third, we use Bayesrule to rewriteú ÿ ��£ � � � � � � 	 û üýcþ ÿ � � � � ´0@ � 	ÿ � � ��	¿ ùWú ÿ ��£ � � � � � � 	 û üýcþ ÿ � ´0@ � � � ��	ÿ � ´À@ � 	s . Since��� · �!� � doesnot involve � � we can ignore it. To get a KL di-
vergenceterm, we subtractthe term ú ÿ ��£ � � �
� � ��	 û üýcþ · � � �����  .Finally, we apply thenormalizationconstraintsfor eachdistribu-
tion ���Óö ������� � to getthedesiredequations.

Wenow turn to theproof of Theorem8.1.
Proof: To prove convergenceit suffices to prove that unless

we areat a stationarypoint, eachapplicationof the assignment
Eq. (7) reducestheLagrangian� � � 	 û �  ù�� � � � �¥g�� � £i¥�¦ . Re-
call, thatwerequirethat � � ù �5� � . Also, recallthatwhen gÁÂ¤ ,
minimizing this Lagrangianis equivalent to minimizing the La-
grangian� � ò 	 û �  ù�� � � � � f� ¼ f�Ã �E� � � ��Ä-Å�Æ¬� .

To show convergence, we will introduce an auxiliary La-
grangian:Ç�û � ø�È+ø�É  ù Ã �E� � � È ��� f� ¼ f Ã �E� � � É � subjectto the
constraintsthat � � ù��5� � , É � ù ��Ä-Å�Æ , and È � ù �ËÊ , where� Ê is theDAG without edges.It is easyto seethat � � ò 	 and Ç
coincidewhen É ù»Ì ± ���;¶ ± �À·Í¸ w �6Ì � ���Óö � �l· �8� � andÈ ùÎÌ ± ���;¶ ± ��Ì � ���Óö � � . That is, when É and È aretheKL-
projectionsof � onto the spaceof distributionsconsistentwith��Ä-Å�Æ and �5� � .

Usingpropertiesof KL-projections,we get.
Lemma A.2 : For anychoiceof � , È and É that are consistent
with �5� � , ��Ä-Å�Æ and �ËÊ , respectively, � � ò 	 û � �Ï Ç�û � ø�É�øÐÈ  , with
equalityif andonly if É and È aretheprojectionsof � onto � Ä-Å�Æ
and � Ê , respectively.

Assumethat É and È arefixed,andsupposewewantto modify���Óö � �2� � � to minimize Ç . Takingderivativesof Ç with respect
to ����� � ��� � � andequatingto ° , we getthefollowing self consis-
tentequations:

����� � ��� � �@ù È ��� � �Ñ ��g ø � � �NÒ f k(Ó�Ô ZYÕ�Ö × ��Ø Ù(� \ÛÚ Ü ÝÐÞ�ßáàR¼�Ü ÝÐÞ�â � � ��	 o
It is easyto verify that the right handsideof this equationdoes
notdependon ����� ������� � . Thus,theassignment

�jã÷��� � �B� � �Jä È ��� � �Ñ ��g ø � � �NÒ f k(Ó�Ô ZYÕ�Ö × �µØ Ù(� \ÛÚ Ü ÝÐÞ�ßáàR¼�Ü ÝÐÞ*â � � ��	 o
and � ã ��� ¹ �l� ¹ �Tä ����� ¹ �X� ¹ � for å ¨ùçæ resultsin a distri-
bution � ã such that Ç�û � ã ø�É�øÐÈ  is a stationarypoint with re-
spectto changesin ���Óö � � ¾ � � . Moreover, it is easyto ver-
ify that the secondderivative of Ç with respectto ����� ���À��� �
is positive, and thus this point is a local minima. We conclude
that Ç�û � ã ø�É�ø�È �Ï Ç�û � ø�É�øÐÈ  , with equality if and only if���Óö ��� ¾ � � minimizes Ç (with respectto fixed choiceof É ,È , and ���Óö ¹ � ¾ ¹ � for å ¨ùèæ ).

We now put all thesetogether. Supposethat É and È arethe
projectionsof � on � Ä-Å�Æ and � Ê , respectively. Then,

� � ò 	 û �jã �Ï Ç�û �jã ø�É�ø�È �Ï Ç�û � ø�É�ø�È  ù�� � ò 	 û � ~é
Moreover, we have equalityonly if � ã ù¡� . This shows thatan
updatestepreducesthevalueof theLagrangian.Theonly situa-
tion wherethevalueremainsthesameis whentheself consistent
equationfor ���Óö � � ¾ � � is satisfied.

Theonly remainingissueis to show thatthis iterationis equiv-
alentto theasynchronousiterationof Eq. (7) when É and È are
theprojectionsof � on ��Ä-Å�Æ and �ËÊ , respectively. This is canbe
easilyverifiedby comparingto Eq. (8).


