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Abstract

In this paperwe addresshe problemof learning
the structureof a Bayesiannetwork in domains
with continuousvariables. This task requires
a procedurefor comparingdifferent candidate
structures. In the Bayesianframework, this is

doneby evaluatingthemarginal likelihood of the

datagivenacandidatestructure . Thistermcanbe

computedin closed-formfor standardparamet-
ric families(e.g.,Gaussiansandcanbeapprox-
imated, at some computationalcost, for some
semi-parametri€amilies(e.g.,mixturesof Gaus-
sians).

We presenta new family of continuousvariable
probabilistic networks that are basedon Gaus-

sian Process priors. These priors are semi-
parametricin nature and can learn almost ar

bitrary noisy functional relations. Using these
priors, we can directly computemaminal like-

lihoods for structurelearning. The resulting
methodcandiscover a wide rangeof functional
dependenciet multivariatedata. We develop
the Bayesianscore of GaussianProcessNet-

worksanddescribehow to learnthemfrom data.
We presentempiricalresultson artificial dataas
well ason real-life domainswith non-linearde-
pendencies.

1 Intr oduction

Bayesiannetworks are a languagefor representingoint
probability distributions of mary randomvariables. They
areparticularlyeffective in domainswheretheinteractions
betweenvariablesare fairly local: eachvariabledirectly
dependson a small setof othervariables. Bayesiannet-
works have beenapplied extensively for modelingcom-
plex domains. This successs due both to the flexibility
of the modelsandto the naturalnes®f incorporatingex-
pertknowledgeinto the domain. An importantingredient
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for mary applicationds the ability to inducemodelsfrom
data. This ability allowsto complemenexpertknowledge
with datato improve performancef a system.

In thelastdecadeherehasbeenanactive researcheffort to
developthetheoryandalgorithmsfor learningof Bayesian
networks from data. This includesmethodsfor parameter
learning[1, 19, 27] andstructurelearning[3, 6, 16, 26].
Usingstructurelearningproceduresve canlearnaboutthe
structureof interactionsbetweervariablesin anunknown
domain.

Part of our motivationcomesfrom anongoingprojectthat
appliessuch structurelearning methodsto molecularbi-
ology problems[10]. This projectattemptsto understand
transcriptionof genes:A geneis expressed via a process
that transcribes it into an RNA sequenceand this RNA
sequences in turn trandated into a proteinmolecule.Re-
centtechnicalbreakthrough$n molecularbiology enable
biologiststo measuref the expressiorievelsof thousands
of genesin one experiment[7, 20, 32]. The datagener
atedfrom thesesxperimentsconsistf instanceseachone
of which hasthousandof attributes. Thesedatasetscan
helpusunderstanthow agenestranscriptioris effectedby
variousaspectof the cell’'s metabolismjncluding the ex-
pressiorievels of othergenes.The challengeis to recover
thisbiologicalknowledgefrom suchexperimentgseeg.g.,
[18]).

Therearesereral problemsin learningfrom suchdata. In
particular in this paperwe examinethe problemsraised
by the quantitatve natureof thesemeasurementsin the-
ory we mightthink of ageneasbeingeitherin “activated”
and“suppressedimodes.Experiencewith this data,how-
ever, shovs that discretizationof the datalosesmuch of
theinformation[10]. Thus,we seekmethodsthat candi-
rectly representand learn interactionsamongcontinuous
variables.

Anotherproblematicaspecbf this type of datais the large
numberof attributes(genes)}hataremeasuredi.e., thou-
sandskandtherelatively few samplegi.e.,dozens).Thus,

we seekmethodghatarestatisticallyrobustandcandetect



dependencieamongmary possiblealternatves.

Thebestunderstoodpproactior modelingcontinuouslis-
tributionsin Bayesiametwork learningis basedon Gaus-
siandistributions[11]. This form of continuousBayesian
network can be learnedusing exact Bayesianderivations
quite efficiently. Unfortunately the expressve power of
Gaussiametworksis limited. Formally, “pure” Gaussian
networks can only learn linear dependencieamongthe
measuredariables.

Thisis aseriousrestrictionwhenlearningin domainswith
non-linearinteractionspr domainswherethe natureof the
interactionss unknovn. A commonway of avoiding this
problemis to introducehiddenvariableghatrepresenmix-
turesof Gaussiange.g.,[28, 34]). An alternatve approach
thathasbeensuggesteds to learnwith non-parametriden-
sities[17].

In this papemwe addressheproblemof learningcontinuous
networks by using Gaussian Process priors. This classof
priorsis a flexible semi-parametricegressionmodel. We
call the networkslearnedusingthis methodGaussian Pro-
cess Networks. Theresultinglearningalgorithmis capable
of learninga largerangeof dependencieom data.

This approachhasseveralimportantproperties.First, the

GaussiarProcesds a Bayesianmethod. Thus, the inte-

grationof this form of regressiorinto the Bayesiarframe-
work of model selectionis naturaland fairly straightfor

ward. This allows usto interpretthe resultsof thelearning
asposteriomprobabilities andto assesgheposteriorproba-
bility of variousnetworks structurege.g., usingmethods
suchas[9]). Second,the semi-parametrimatureof the

prior allows to learn mary continuousfunctional depen-
denciesThisis crucialfor exploratorydataanalysiswhere
thereis little prior knowledgeon the form of interactions
we may encounteiin data. In addition,the GaussiarPro-

cessis biasedto find functional dependencieamongthe

variablesin thedomain. This is a usefulprior for domains
wherewe believe thereis a direct causaldependeng be-

tweenattributes.

In the remainderof this paperwe review the Bayesianap-
proachfor learning Bayesiannetworks. We then review
the definition of the Gaussiarprocessprior in this setting
anddiscusshow to combinethetwo to learnnetworks. Fi-
nally, we validateour approacton seriesof artificial exam-
plesthattestits generalizatiortapabilitiesandapplyto few
real-life dataproblems.

2 Learning Continuous Networks

2.1 BayesianStructur e Learning

Our goal is to learn Bayesiannetworks from fully ob-
senable data; i.e., we are given a data set D =
{x[1],...,x[M]}, whereeachx][j] is a completeassign-

mentto the variables Xy, ..., X,,. The Bayesianlearn-
ing paradigmrequiresusto specifya prior probability dis-
tribution P(G) over the spaceof possibleBayesiannet-
work structures,and for eachstructure,a prior over the
conditional probabilities. This prior is then updatedus-
ing Bayesianconditioningto give a posteriordistribution
P(G | D) overthis space.

We start with the prior over structures,P(G). Several
priors have beenproposedall of which are quite simple.
Withoutgoinginto detail,a key propertyof all thesepriors
is thatthey satisfy:

e Structuremodularity Theprior P(G) canbewritten
in theform

P(G) x H p(Xi, Pag(X;));

Thatis, the prior decomposesto a product,with aterm
for eachfamily in G. In otherwords the choicesof the
familiesfor the differentnodesareindependenda priori.

The next questionwe needto addresss the prior over the

conditionalprobability distributions (or densityfunctions)
P(X; | Pag(X;)) neededor eachnetwork. Usually, these
conditional distributions are representedn a parametric
form. Thus, oncewe fix the parametricfamily, we can
specify the conditionaldistribution by a vectorof param-
etersfx; pag (x;)- The prior distribution over conditional
distributionscannow be phrasedasa prior over valuesof

thedifferentfx, |pa (x;)’S- FOr our purposewe needonly

require that the prior satisfiestwo basicassumptionsas
presentedn [16]:

e Parameter independence: Let fx, pa,(x;) bethe
parameterspecifyingthe behaior of thevariableX;
giventhe variousinstantiationgo its parentsU. We
requirethat

P#c | G) = H P(Oxijpag(x) |G) (1)

Thatis, we assumethat the parameterdor different
conditionaldistributionsarea priori independent.

e Parameter modularity: Let G andG' betwo graphs
in whichPag(X;) = Pag/(X;) = U then

P(0x,1u | G) = P(x,ju | G') )

Thatis, theprior for aconditionaldistributiondepends
only on the choiceof parentsfor X; andis indepen-
dentof otheraspectof thegraphG.

Oncewe definethe prior, we canexaminethe form of the
posteriomprobability. UsingBayesrule, we have that

P(G | D) x P(D | G)P(G).



Theterm P(D | G) is themarginal probability of the data
givenG andis definedasthe integrationover all possible
parameteraluesfor G

P(D|G) = [ P(D|G.00)P(ba | G)db
Alternatively, we candefineP(D | G) usingthechainrule:

P(D|G) = HPx[z|x[1] L x[i—1],G)

where P(x[i] | x[1],...,x[i — 1],G) is the probability
givento thesi’th instanceafterobservinghe previousi — 1
instances.

Usingtheabove assumptionspnecanshav (see[16]) that
if D is completeandtheprior probability satisfiegparame-
ter independence, andparameter modularity, then

P(D | G) = || score(Xs, Pag(X;) | D).

wherethe conditionalscorescore(X;, U | D) is
P[], ..., &:[M] | ufl],.. ., u[M], A[Pag(X;)

Thatis, the probability assignedo the sequencef values
X; giventheobsenedvaluesof U andtheassumptiorthat
X;'sparentsaareexactly U.

= U)).

If theprior P(QG) satisfiestructuremodularity we canalso
concludethatthe posteriorprobabilitydecomposes:

P(G | D) x HP(Xz',PaG(Xi))Score(XiaPaG(Xi) | D).

This decompositionof the scoreis crucial for learning
structure. A local searchprocedurethat changesonearc
at eachmove can efficiently evaluatethe gainsmadeby
addingor remaoving anarc. An exampleof sucha proce-
dureis a greedyhill-climbing procedurethat at eachstep
performsthelocal changethatresultsin the maximalgain,
until it reachesa local maximum. Although this proce-
dure doesnot necessarilyffind a global maximum,it does
performwell in practice. Examplesof otherlocal search
procedureshatadwancein one-arcchangesncludebeam-
searchstochastidill-climbing, andsimulatedannealing.

2.2 Continuous Variable Networks

To learnBayesiametworks we needto chooseparametric
familiesfor representingndlearningconditionaldensities.

There are several possiblechoices. We briefly mention
thesehere.

The simplestand bestunderstoodamilies of conditional
densitiesarethelinear Gaussian models.In this model,if
Pag(X) = {Ui,...,Ur}, weassumehat

P(X|u1,...,uk) N(a0+zai'ui7a2)
i

Thatis, X is normally distributed arounda meanthat de-
penddinearly onthevaluesof its parents.The varianceof
this normaldistribution is independenbf the parents'val-
ues.In thisrepresentatiofix (v, ... v,} = (a0, - - -, Gk, 0).

Bayesiarearningof suchfamiliesis developedby Geiger
andHeckerman[11, 15, 12]. While we do notgo into de-
tails, we notethatfor this parametridamily, the Bayesian
scorefor eachfamily canbe computedexactly and quite
efficiently.

The drawbackof Gaussiametworksis thattheir represen-
tationis limited to modelinglinear dependenciebetween
variables.Thus,if the dependenciem the dataaresignif-
icantly non-linear the scoreof the parentschoicescanbe
misleadingandthusresultin a network thatpoorly reflects
the dependenciem the data(andalso performspoorly in
predictions).

A possibleapproacho overcomethe limitations of Gaus-
sian modelsis to considermixtures of Gaussians [8, 34].

In this approachwe modelthe conditionaldistribution asa
weightedmixture

P(X|U) = Zw]f]X|U)

whereeachf; is alinear Gaussiardistribution. In theory
suchmixturescanapproximatea wide rangeof conditional
distributions. In particular they canrepresenmulti-modal
distributions,andthus canrepresentelationshipghat are
not purelyfunctional.

Learning such mixture models, however, presentsprob-
lems.Exactcomputatiorof themaminallik elihoodof such
afamily cannotbedonein closedform. Insteadwe have to

resortto approximationssuchasthe Laplaceapproxima-
tion [23, 4, 22]. This, in turn, requiresusto find the MAP

parametergiiventhe data,which is a non-linearoptimiza-
tion problemin a spacewith mary local maxima. Thus,
in practice we usuallyneednontrivial amountof dataand
runningtime to learna mixture with moderatenumberof

components.

An alternatve approachwhich is non-Bayesiann nature
wasproposedy HofmannandTresp[17]. They usenon-
parametrickernelmethoddor predictions.Roughlyspeak-
ing, giventrainingexamplesx[1], ..., x[M], thekerneles-
timatefor P(X) is

Pkernel M Z ( "X —-X m] ”2>

where g() is a kernel function and ¢ is a “smoothing”
parameter A commonchoiceis to take g to be the pdf
of a normal distribution with zero meanand unit vari-
ance. Hofmann and Tresp use such estimatesto find
the conditional distribution by setting P(z | u) =
Pkernel (37) u)/Pkernel (U)



Kernelmethodsare extremelyflexible densityestimators.
Their performancedependscrucially on the smoothness
parameter Thus, we needto tune this parametetto en-
surethatthe datais not over-fit or over-smoothed.This is
usuallydoneby cross-alidationtesting.In particular Hof-
mannandTrespusealeave-one-outross-alidationproce-
dure. In addition,we needto find a way of comparingthe
scoreof differentnetwork structuresn this non-parametric
setting.HofmannandTrespsuggesto do soby comparing
a cross-alidatedestimateof the logarithmicloss of each
family. Thisis essentiallyan estimateof the out-of-sample
lossthe family will incur on new data. To summarizefor
eachfamily, Hofmannand Tresps proceduresearchegor
the parametershat minimize the log-lossin crossvalida-
tion estimateandthenreturnthis log-lossestimateasthe
scoreof thefamily.

3 GaussianProcesspriors

In recentyears,there hasbeenmuch interestin the use
of GaussiarProcessriors for regression[33] aswell as
for classification[13]. It canbe shown thatpredictordike
feed-forwardneuralnetworksandradial-basisunctionnet-
workscorvergeto Gaussiamprocesgpredictorsasthenum-
ber of internalnodesgoesto infinity [21]. We now review
the basicsof the GaussiarProcesgrior andits usein re-
gression.

Considera setof variablesU. We wantto modela prior

over avariable X which we believe to be a functionof U.

We cantreatthe valueof X for eachvalueu asarandom
variable. More formally, a stochastic process over U is a
functionthatassigngo eachu € val(U) arandomvariable
X (u). The processs saidto be a Gaussian process (GP)
if for eachfinite setof values,uy.pr = {u[l],...,u[M]},

the distribution over the correspondingandomvariables
xi.m = {X[1],..., X[M]} (whereX[m] = X (u[m])) is

amultivariatenormaldistribution.

To specify sucha processwe needa way of describing
the meanvalueof eachvariable X (u) andthe co-variance

matrix for eachfinite subsetof valueswe chose. This is
done by specifyingtwo functions:

e A meanfunctionu(u), sothat E[X (u)] = p(u).

e A covariance function C(u,u’), so that
Cov[X (u), X (w)] = C(u,v).
Thejoint distribution of x;.,/ is therefore:
P(X1:M|u1:M) ®)
= %GXP (—%(XLM — pm) Oy (x1m — Ml:M))
whereu;. s isthevectorof meangu(u[l)), . .., u(u[M]))

and C4.ps is the covariancematrix with the (i, j) entry
C(uld], u[j]).

3.1 Prediction

Beforewe discusghecovariancdunctionC' andits param-
eters,let us seehow we usethe GP to predictthe value of
theprocessatanew point. We shallassumei(u) = 0 from
now on.

Assumewe alreadyobsened M pointsxy.as givenuy. s,
andwe aregivena parametrizedovariancefunction. By
the definition of the GaussiarprocessP(X1.ar, Xar41 |
Ui.0,Upy1) isaM + 1-dimensionalGaussiamistribu-
tion. We sincewe obsered the valuesXj.s, we com-
pute the conditional distribution over X1 given these
obsenation. A basic property of multivariate Gaussian
distributionsis that the conditional distribution given the
value of some of the variablesis also a Gaussiandis-
tribution. Thus, the conditional distribution P(X 41 |
Xi1.:m, U, Upry1) isaunivariateGaussiamlistribution.
Usingpropertiesof Gaussiardistributionswe computede-
fine the meanandvarianceof this distribution using:

M+l = kTC;/IIXLM (4)
= k—-kTCy'k (5)

Wherek = (C(u[M +1],u[l]),...,C(u[M +1],u[M]))
andx = C(u[M + 1],u[M + 1]). In otherwords, hav-
ing obsened M valuesof the processve canrepresenthe
conditionaldensityat ary new coordinater usingC),, the
covariancematrix calculatedor thefirst M points.

OM+1

3.2 Covariance Functions

We now dealwith theissueof covariancefunctions.As we
cansee,this function determineghe prior over functions.
Theonly constrainton the covarianceis thatit shouldpro-
ducepositive semidefinitematrices.

In general,if the covarianceof two closepointsis large,
then the prior preferssmoothfunctions. The covariance
betweerpointsfurtheraway determinegpropertiedik e pe-
riodicity, smoothnessand amplitudeof the learnedfunc-
tions. Theseaspectof the covariancefunctionsare con-
trolled by its hyperparameters §. For example, Williams
andRasmussefB3] suggesthefollowing function:

1N (up —ul)?
goexp{_§ Z %}
UreU
d
+ 01 +92 Z uku;g+035u,u’ (6)
UpeU

C(u,u':0) =

In this function eachhyperparametecontrolsa different
characteristiof thelearnedunctions.Thehyperparameter
0o controlsthe amplitudeof variationof the function. The
hyperparametet; controlshow far canthewholefunction
be shifted from the zeroline. The hyperparametef, ac-
countsfor lineartendencie# thefunction. And thehyper
parameteés is thevarianceof anuncorrelatedvhite noise,



which is addedon top of the function. The hyperparame-
ters)\;, arethelengthscalesof thedifferentdirectionsin u,
overwhichthefunctionchangesonsiderably

Whatvalueof hyperparametershouldwe usein C' when
constructinghe GaussiarProcessiensity? The Bayesian
approachs to assigrthe hyperparametersprior, andthen
integrate over them. Let D = {uj.pr, x1.0}, thenwe
shouldmake predictionsas

P([M + 1]Ju[M + 1], D)
_ /P(:c[M + 1[u[M + 1], D,8)P(6|D)db

As thisintegralis usuallyintractablewe cantry to approx-
imateit. Oneway is to usef, the maximum a posteriori

estimatorfor 8, assuggestedn [13]. Anotheroption is
performinga numericalintegration using a Monte Carlo
method(asin [33]).

4 Learning Networks with GaussianProcess
priors

We now examineNetworks with GaussiarProcessriors.
As statedabove, we make the parametemdependencand
modularityassumptionsThus,to definethe prior we need
to evaluatethescoreof avariableX givenasetU of parent
variables.

Recallthatthescore(X, U | D) is defined
P(z[1],...,2[M] | u[1],...,u[M], A[Pag(X;) = U]).

To definethesgerms,we needto defineaGaussiatProcess
prior for X asafunctionof U. As before,we will assume
thatthemeanfunctionis 0, andthuswe only needto choose
acovariancefunctionCx y-

Oncewe choosesucha covariancefunction, the scoreis
easyto compute. The GaussiarProcesgprior implies that
z[1],...,z[M] are normally distributed with the covari-
ancefunction specifiedby UJ1],..., U[M]. Thus, the
scorewith respectto the covariancefunction C(-,- : 6)
is

score(X;, U | D, )
1
= (2m) "% |Cy| 7% exp (—gxiMcalxl:M) ,

where(Cl is the covariancematrix definedby the covari-
ancefunctionC() andthevaluesus, . .., uu.

We seethat given a GaussiarProcesgrior, the computa-
tion of maminal probability canbe doneis closedform. In

this sensethe GaussiarProcesgrior is very appealing.It

canlearnawide rangeof functionaldependenciegndwe
cancomputethe Bayesiarnscoreexactly. In this sensethe
GaussiarProcesgriors fit well with the Bayesianmodel
selectionapproachof learningBayesiametwork structure.

In practice,we usuallydo not fix the parametrizeatovari-
ancefunctionin advance.Insteadwe selectafamily of pri-
ors, suchasthe onesof (6). Thus,the properscorewould
requireusto integrateoverthe hyperparameters:

score(X,U | D) = /score(X,U | D,8)P(8)do.

Unfortunatelywe do notknow how to performthisintegra-
tion in closedform, sincescore(X, U | D, 8) is acomple
functionof 6.

The approachwe take, which is quite commonin mary
otherapplicationsof Bayesianrmethodsjs to approximate
thisintegral with the MAP hyperparametersChus,we ap-
proximate

score(X,U | D) = max score(X,U | D,6)P(8).

This approximatioris reasonablé the posteriorprobabil-
ity over hyperparameters sharply pealed over a single
maximum. In suchsituations,mostof the integral is de-
terminedby the areanearthe MAP parametersA slightly
betterapproximationis the Laplaceapproximationwhere
the posteriorprobabilityin theintegral is approximateds
aGaussiamlistributionovertheparameterg (seee.g.[5]).

This however requiresthe calculationof the Hessiarof the
log posteriorprobability, which can be time consuming.
Wethereforeuseanestimatdor thisterm,whichscaledik e
Xlog(N), whereK in our caseis the numberof hyperpa-
rameterf the covariancefunction. Theresultingestimate
is in the spirit of the Bayesian information criterion (BIC)

of Schwarz[25], andtheMDL scoreof Rissanelfi24], hav-

ing atermwhich penalizeghe modelfor over-compleity.

To scoreafamily X givenU, we performconjugategradi-
ent ascentto searchfor the MAP parameters.The eval-
uation of eachpoint during the searchrequiresto invert
andto computethe determinantof an M by M matrix.
Thus,the computationatostsof this closedform equation
is O(M?) in naive implementationsThis operationis re-
peatedn eachiterationof thehhyperparametesptimization
step. In practicethis optimizationconvergesquite rapidly
(10-20iterations).

5 Experimental Evaluation

We first wantto testthe GP scoreon the simplestcase We
thereforeaskthe following question:giventwo variables,
X andY’, with somenoisyfunctionaldependencbetween
them,will the GPN learnerpreferthe network whereX is
independendf Y, or the onein which they aredependent.
Furthermore we expectthat, up to a certainnoiselevel,
the GP learnerwill preferthedirectionfor which it canfit
a“nice” function,sincesuchafunctionis morelikely in a
GPprior. Forexample,in Figurel we seeanoisyquadratic
dependencelheGPprior will assigraverylow likelihood



X—-Y Y- X

Figure 1: An exampleof a non-invertible dependencée-
tweenX andY. The explanationX — Y doesnot have a
functionalform, whereasy’ — X canbe explainedasa
noisyfunction.

tothe X — Y dependencssinceit is hardto fit afunction
in this direction, while the dependenc& — X will get
a higherprobability, asit canbe explainedby a quadratic
functional dependencevith a certainnoisewidth at each
point.

Totestthis, we produceddatasetsof two variableswith de-
pendencie®f linear, quadratic(asin Figure 1), cubicand
sinusoidalnature. On top of the functionaldependencea
non-correlatedsaussiamoisewas added. For eachcase
we comparedbetweenthe different network models, in

termsof the GP network scoresfor the training set, and
thelog likelihoodof thetestsetwhenthatparticularmodel
wasusedfor prediction. This wasdonefor differentnoise
levels,anddifferenttraining setsizes.

Figures3 and 2 shav the dependencef thosemeasures
on the function noiselevel. We obsene that for the true
dependeng model,the predictionquality andthe GP fam-
ily scorerise asthelevel of noisedrops. We seethateven
for noiselevels as high as 1.5 times the dependentari-
ableamplitude,the true dependenceés still preferredover
the no-dependenceodel. We also seethat the direction
of dependences clearin the non-invertible caseslik e the
sinusoidalandthe quadraticdependenciedn thosecases,
thescoreof the“wrong” directiondependengis aslow as
the no-dependencmodel. The cubic datasetin our case
is borderline-ivertible,andso the distinctionis lessclear
cut. Forthelinearcasejf theslopeis nottoo steepbothdi-
rectionshave a functionalform, andso no onedirectionis
preferredover the other The GaussiarProcesgpreference
for functionaldirectioncanbe usefulwhenlearningcausal
networks if we assumethe interactionsin our domainare
functional.

We next comparehe GP network learningmethodagainst
the two continuousvariable models describedin Sec-
tion 2.2: the Gaussiametwork model(with the BGe scor
ing metric[11]), andthekernelnetwork. We startwith two
variablenetworks, with the samefour typesof functional
relationsas describedbefore. Figure 4 shows the predic-
tion quality of the threemethodson thosedatasets,com-
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Figure2: GP family scoresasa function of samplenoise,
for differentfunctionaldependenciesPlotsare shavn for

3 network models:the no-dependencnetwork, the X —

Y “true” network andthe Y — X “oppositedirection”
network. The shavn functionaldependenciesf Y on X

arelinear, quadratic,cubic, andsinusoidal. The Y axisis

the GP scorefor eachfamily, andthe X axisis the sample
noiseunitsin standardieviationsof thedependentariable
(Y).

paringthe log lossof the predictionsmadeby the depen-
dentmodelto thosemadeby the independeniodel. One
canseethatfor the quadraticandsinusoidakelations both
far from linear, the Gaussiamethodpredictionquality is

the samefor both models,while the GP learnercontinu-
ally performsbetterwith the dependenmodel. Thekernel
method,which is insensite to directionality or linearity,

alsoperformsbetterwith the dependenmodel.

We now turn to comparingthe reconstructioncapability
of the three methods. We start with small artificial net-
workswith differentfunctionalrelations,andcheckwhich
methodreconstructghe true network with higher accu-
rag. We sampled50 and 100 instancedatasetsfrom 3
variablenetworks of all possiblearchitectureswith linear,
guadratic sinusoidalor mixedfunctionalrelations.A non-
correlatednoise of width 0.4 of the variables amplitude
was added. We appliedthe threenetwork learningmeth-
odson thesedatasets. Both GP and kernelmethodsper
formedwell in reconstructinghetrue PDAG of the gener
atingnetwork, with the GP performingonly slightly better
However, theGPdoessignificantlybetterin identifyingthe
original DAG for datasetswith non-invertibleconnections
(quadraticandsinusoidal).In thosecasesasexpectedthe
GP learnerorientsthe arcsin the “true” functionaldirec-
tion, while the kernelmethoddoesnot necessarilydo so.
The Gaussiametwork modeldoesnot performaswell in
this task,wherein mostof the caseswith non-linearcon-
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Figure3: Predictionaccuray asafunctionof samplenoise,
for thesamesetsof Figure2. TheY axisis theaveragdog

lossof atestdatasetfollowing parameteoptimizationon

adifferentset. The X axisis the samplenoisein standard
deviationsof thedependentariable.

nectionsthelearnedchetworksaremissingsomeof thearcs.
This is no surprise,sincethe bestlinearGaussiarmodel
onecanfit to a non-linearfunction often hasa large vari-
ance makingthis connectiordow scoring.

5.1 Reallife data

We next wantedto testGaussiarProcesNetworkson real
world datasetsof continuousattributes,comparingt to the
othertwo methods. We usethreedatasetsfrom the UCI
machineéearningrepository[2]. Thesedatasetsare:

e Bostonhousingdata set- adatasetdescribingdiffer-
entaspectof neighborhoodin the Bostonarea,and

the medianprice of housesin thoseneighborhoods.

The datasetcontains506 sampleswith 14 attributes.
300samplesvereusedasatestset.

e Abalone data set - a datasetof physicalmeasure-
mentsof abalones.The datasetcontains4177 sam-
pleswith 9 attributes.300samplesvereusedasatest
set.

e Glassidentification data set- a datadescribingthe
material concentrationdn glasses,with a classat-
tribute denotingthe type of the glass. The dataset
contains214 sampleswith 10 attributes. 64 samples
wereusedasatestset.

For eachdataset, we performedstructurelearningwith
eachmethod,usingsubsetof the original dataset,which
waspermutedn arandomorder We thenusedthelearned
structureandthe optimizedparameterso predictthe like-
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Figure4: Samplecompleity comparisorfor the Gaussian,
GaussiarProcesandKernelmethods.The plotsshow log
likelihoodratio of thetestset,betweerthe no-dependenc
modelandthe X — Y model. Four differentfunctional
relationsbetweenX andY weretested.Both trainingand
testsethave a noiselevel of 0.4 standarddeviation of the
dependentariable.

lihood of the correspondingest sets,which were not in-
cludedin thetraining sets. Someof the attributesin those
datasetsare either discrete(such as classattributes), or
have only few valuesin the data. To accommodat¢hese
variables,we usedthe hybrid approachas described for
example,in [14]. In this approachall discretevariables
are forced to precedeall continuousvariables. For each
continuousvariable X having somemixture of continuous
parentdUJ, anddiscreteparentdU 4, we modelthedistribu-
tion P(X | U.) separatelfor eachstateof U,. The score
for suchafamily is givenby

score(X,U., Uy | D) = Z score(X, U, | Dy,)
ug €Uy

wherel{; is the setof valuestakenby U,4, and Dy, is the
subsebf datawhereU,; have valuesu,.

Table 1 lists the averagelog likelihood of the test set,
for eachmethodand eachtraining setsize. We notethat
bothin the glassand abalonedomainsthe Gaussiamro-
cessmethodperformswell in comparisorto the Gaussian
model,while thekernelmethoddoesnotdoaswell. Onthe
Bostondomain,however, the kernelmethodseemdo rate
quite high. Thisis dueto onevariable(index of accessibil-
ity to radialhighways)which only hasninevaluesappear
ing in thedataset. Thekernelmethodassignsio parentgo
this variable,andlearnsa distribution composedf sharp
“delta” peaksaroundthosevalues. In casedike this, the
kernelmethodhasto be boundedotto learndistributions
which aretoo sharp. Anotheroptionis to treatthosevari-



Tablel: Averagel og Losson anindependentestsetachievedby thethreemethoddor differenttraining setsizes.

Boston Abalone Glass
Size || Gaussian GP | Kernel || Gaussian GP | Kernel || Gaussian GP | Kernel
10 -53.78| -28105.00| -56.24| -322.39| -319.84| -410.47 -43.81| -153.77| -72.76
20 -40.92 -447.85| -40.65 0.57 -0.12 -9.28 -10.40| -74.44| -52.82
50 -37.10 -44.68| -47.71 4,55 10.34 -8.06 -6.61| -51.34| -84.01
100 -34.44 -50.75| -132.27 7.56 11.46 -7.01 -3.27 | -52.93| -35.42
150 -32.27 -70.35 4.37 9.27 13.07 -6.48 -2.47 -2.02 | -42.80
200 -30.97 -43.52 8.32 10.48 13.10| -34.10
300 12.03 12.95 -5.34

ablesasdiscrete.ln generalhowever, theGaussiarandGP
methodsmodelingonly function-likerelations,cannotac-
countfor multi modaldistributions.

Figure5 shows two examplesfrom the abalonedomainof
connection$earnedby theGaussiafProcessetwork, plot-
ted with the training samples.The GP learnerclearly fits
a non-linearfunction to the data, whosewidth variesac-
cordingto the densityof pointsin eacharea. Beyond the
rangeof samplepoints,thewidth of the predictedfunction
rises,astheuncertaintyincreasesThefigureontherightis
an examplewherethe dependentariableis semi-discrete
(numberof rings), shaving that the methodis capableof
handlingthis type of dataaswell. Theseexamplesshowv
thatthe GaussiarProcessNetwork methodscanrevealin-
terestingrelationsevenundernoisy measurements.

6 Discussion

In this paperwe introducedthe notion of GaussianPro-
cessnetworksanddevelopedthe Bayesiarscorefor learn-
ing these.We reporton preliminaryresultsthat showv that
this methodgeneralizesvell from noisy data. The combi-
nationof this powerful regressiortechniquewith the flexi-
ble languageof Bayesiametworksseemdik e a promising
tool for exploratorydataanalysis,causalstructurediscov-
ery, prediction,andBayesiarclassification.

Therearesereralmethodscloselyrelatedto GaussiarPro-
cesseshatarerelevantto thiswork. Wahba[31, 29] makes
aconnectiorbetweenGaussiarprocesseandreproducing
kernel Hilbert spaceqRKHS), shaving that the solution
to the posteriorBayesiarestimateof the Gaussiarprocess
(asin Equation4) is alsothe solutionto a spline smooth-
ing problemposedas a variationalminimization problem
in an RKHS. The smoothingparameteis optimizedusing
crossvalidationmethodswhereasn the caseof Gaussian
processpriors, we usea MAP estimatefor the hyperpa-
rameters.In relatedworks (e.g.[30]), the relevanceof the
differentcomponent®f the functionis estimatedrom the
learnedsmoothingparametersin Gaussiarprocessmeth-
odsthereis a similar notion, judging the relevanceof dif-
ferentinput dimensiongby their estimatedengthscalesn

the covariancefunction [21]. Inputswith estimatedarge
lengthscalesare deemedlessrelevant, becausehe func-
tion hardlychangesn thosedirections.A promisingdirec-
tion for futureresearclis guidingthe searctin the network
spaceby thoselearnedengthscalesiesultingin amoreef-
ficient and accuratesearchprocedure. This is important
whenusingtheGaussiamprocesscoremethod asits com-
putationis costly.

We are currently applying the Gaussiarprocessnetwork

methodto analyzebiologicaltime seriesdata. Our hopeis

thatby learningDBNSs andthe influenceswithin them,we

would be ableto understandhe structureof the dynamics
that controlsthe generatingprocesses.For example, we

mightlearnthatdX depend®nY’, whichwould giveusa

clueasto the effectsof Y's presencen X.
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