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1 Introduction

Fig. 1. The �gure shows the camera and an object with its local coordinate system. Vectors if and jf de�ne the image
plane and kf is its normal axis. The image is taken from Costeira and Kanade [5].

Suppose there are two objects which are moving independently and rigidly in 3D space. Assume we have an
orthographic camera1. The image plane is perpendicular to Z axis and passes from the origin. What we are given
as input is the projection of 3D object points to the image plane at each time step, as a sequence of images. So
basically we are given a video of two objects moving, and our goal is to recover the following information: group
points as seperate objects, estimate the object shapes, and recover their motion in R3 space. We describe each in
more detail below:

Grouping Points: Every pixel location in each image corresponds to projection of a 3D point of one of the
two objects to the image plane. We want to group the set of points in all images that correspond to each object.

Object Shapes: Since objects are rigid, we de�ne a local coordinate frame in R3 for each object. Our goal is
to project back the pixel locations corresponding to each object, to their corresponding 3D location in its local
coordinate frame.

Motion: We like to recover the rotation and translations applied to each object at each frame.

2 Previous Work

Here we survey some of the previous works. There is a tremendous number of papers that we will not be able to
cover all in here.
1 Orthographic camera model assumes there is an image plane in 3D space on which 3D points in the scene are projected
vertically onto it, without any perspective. Perspective camera model is a more realistic model. However, given the
projections of points in an orthographic model, and intrinsic parameters of the camera (calibration), it is possible to
recover the actual pixel locations in image coordinates. In this report, we have assumed that the camera is orthographic
for simplicity, however we will mention works that have extended the model for perspective camera in Section 2.



Shape and Grouping: There is a huge literature on recovering shape from point tracks in images. The
one which is the most related to this paper is Tomasi and Kanade [16] which provide a method for recovering
the 3D shape of a single moving object, given its point tracks in an image sequence. Tomas and Kanade use a
factorization method by applying rank constraints on the point track matrix to recover the shape and motion.
Their assumption is that there is only one rigid object moving with respect to the camera. Costeira and Kanade
extend their work by handling the case of multiple independently moving objects [5]. Kanatani [10] proves their
method works in theory. The method presented in Costeira and Kanade is sensitive to noise. There are works
that extend their method to make it more robust to noise [20].

In these methods the assumption is that the camera is orthographic. There are works which extend the camera
model to paraperspective and perspective models [18,19,14]. The other assumption in these works is that all the
trajectories are given. However, this is not a right assumption ans is often violated in case of occlusions. Brand
[1] introduces a method for incremental SVD which can handle missing data.

Deformable Objects: In the mentioned works the assumption is that the individual objects are rigid.
However, Bregler and others extend those methods to deformable objects [2,17]. They represent the shape of each
object as a linear combination of multiple shapes.

Degeneracies: The motion and shape matrices for a single independently moving object might have rank less
than 4, in which case rank(W )=min(rank(M), rank(S)). For example if object points lie on a plane, the rank
of S will be 3. If they like on a line, the rank of S will be 2. However, here we assume both M and S have rank
4. Gear and others have studies the degenrate cases [7,21].

Local Motion Estimation: The approaches to shape and motion recovery require a set of point tracks
in sequence of images as their input. Here we mention a basic method developed by Lucas and Kanade [13] for
computing these tracks for a sequence of images. They assume that the displacement of the image content between
two adjacent frames is small and constant within a neighborhood of an image point p = (u, v). Namely they use
Taylor expansion to show that local image �ow (V = (Vx, Vy)) must satisfy

Ix(q1)Vx(p) + Iy(q1)Vy(p) = −It(q1)

Ix(q2)Vx(p) + Iy(q2)Vy(p) = −It(q2)

.

.

Ix(qw)Vx(p) + Iy(qw)Vy(p) = −It(qw)

where q1, ..., qw are points in a small window around (u, v). This set of equations is usually over-determined
and Vx(u) and Vy(u) can be computed using leas square principle. However, if matrix A consisting of Ix(qi) and
Iy(qi) is singular (has rank 1 or 0), there will be multiple answers for motion vector V . This happens when the
small window around point (u, v) is a uniform patch (rank 0) or when it is on an edge (rank 1).

As a result, there is a whole set of papers on what windows are good for tracking and which ones are not
[15,8]. There are more recent �ow computation and tracking algorithms which we do not explore here [3,4,11,12].
Irani uses rank constraints to enhance the tracking results over multiple frames [9]. More complicated methods
are developed to extend Irani's work to non-rigid objects [6].

Our contribution in this paper, is the proofs for theorems 2 and 3. Theorem 3 is specially important and is
not addressed in previous work, while it is critical to be able to build a spanning tree of points belonging to each
object.

3 Problem

Assume there is a 2D plane C in R3 whose normal is parallel to Z axis. Suppose we have two set of points
P1 = {P1, ..., Pn1

} and P2 = {Q1, ..., Qn2
} in R3. Assume both P1 and P2 have at least 5 points. Assume there is

not a plane spanning any 4 points, i.e. any 4 points span the 3D space. For each set we de�ne a local coordinate
system with its origin at the mean of the points in that set. Each set of points is rigid meaning that the local
coordinate of its points P̂i are always constant. However, each set of points can move in R3 space. We transform
P1 and P2 independently F times in R3 resulting in F instances of the points with di�erent locations in space.
Each transformation Tf,i of point set Pi, consists of a ratation Rf,i and a translation tf,i. We assume the set of



F 4 × 4 transformations of each point set have rank 4 and are linearly independent. Assume we are given the
projection of all N = n1 +n2 points to C (x, y coordinates) at every instance f ∈ 1, .., F as input. The projections
are sorted, i.e. the i'th projection coordinate always correspond to a particular point. We show that it is possible
to recover the corresponding location of each point in R3, it is possible to recover the transformation matrices
T1, ..., TF in the x and y axis (the �rst two rows) and it is possible to group the recovered points into two sets P1

and P2.

4 Approach

Consider an unknown point Pf,i at instance f , with a local coordinate P̂i. Its projection on the image plane C at
instant (frame) f is given by the following transformation,

PCf,i = Rf P̂i + tf

where Rf and tf are the rotation and translation matrices that transform the coordinate system of the object
into camera's coordinate system at instant f . Rf and tf are also unknowns. After simplifying the formulation
using homogeneous coordinates and using the orthographic camera model we weill have

PCf,i =

[
uf,i
vf,i

]
=
[
Rf (2× 3) tf (2× 1)

] [ P̂i
1

]
=

[
Ix,f tx,f
Jx,f ty,f

] [
P̂i
1

]

=

[
ix,f iy,f iz,f tx,f
jx,f jy,f jz,f ty,f

]
ˆpx,i
ˆpy,i
ˆpz,i
1


We were able to ommit the third dimension since all the points are being projected parallel to the Z axis and

the plane C passes from origin.

We are given N = n1 + n2 projection tracks, each containing F instances as input. A projection track is a
sequence of F corresponding projection points PC1,i, P

C
2,i,..., P

C
F,i at instances 1 to F .

We collect the N tracks into a 2F ×N matrix W . We do not know the track groupings. However for know, we
assume we know the groupings, and n1 tracks are grouped together to build a 2f × n1 matrix W1 and n2 tracks
are grouped together to build a 2f × n2 matrix W2.

For W1 we can write

W1 =



u1,1 u1,2 . . . u1,n1

. .

. .

. .
uF,1 uF,2 . . . uF,n1

v1,1 v1,2 . . . v1,n1

. .

. .

. .
vF,1 vF,2 . . . vF,n1


=



ix,1 iy,1 iz,1 tx,1
.
.
.

ix,F iy,F iz,F tx,F
jx,1 jy,1 jz,1 ty,1

.

.

.
jx,F jy,F jz,F tz,F




p̂x,1 p̂x,n1

p̂y,1 . . . p̂y,n1

p̂z,1 p̂z,n1

1 1

 (1)

and we can brie�y write W1 = M1S1. M1 is a 2F × 4 matrix and S1 is a 4 × n1 matrix. The observation is
that the matrices M1 and S1 have rank 4 and as a result, W1 should have rank 4 as well. Similarly W2 = M2S2

will have rank 4 as well.



4.1 Recovering M and S for one set of points

If we are given W1 we can recover M1 and S1 as follows (These results can be applied to W1, M1 and S1 as well).
We �rst decompose W1 using SVD:

W1 = U1Σ1V
T
1

where U1 ∈ R2F×4, Σ1 ∈ R4×4 and V1 ∈ Rn1×4, such that UTU = I and V TV = I. We can write

M̂1 = UΣ
1
2

Ŝ1 = Σ
1
2V T

We can then write W1 = M̂1Ŝ1, however this factorization is not unique. Since Given any invertible 4 × 4
matrix A1, W1 = (M̂1A1)(A−11 Ŝ1) is also a solution. However, there are rotation and translation constraints that
will make matrix A over determined. The �rst 3 columns of M1 are related to rotational motion and its last
column is related to translational motion. As M1 is de�ned in Equation 1, we have

[
ix,f iy,f iz,f

] [
ix,f iy,f iz,f

]T
= 1

[
jx,f jy,f jz,f

] [
jx,f jy,f jz,f

]T
= 1

[
ix,f iy,f iz,f

] [
jx,f jy,f jz,f

]T
= 0

which means if we write M1 = M̂1A = M̂1 [AR|At], we will have

m̂fARA
T
Rm̂

T
f = 1, s.t.∀f ∈ {1, .., 2F}

m̂fARA
T
Rm̂

T
f+F = 0, s.t.∀f ∈ {1, .., F}

Since the center of points' local coordinate frame is at their mean, we have

W̄ =


1
n1
Σu1,i
.
.
.

1
n1
ΣvF,i


= M1.S̄1 =

[
M̂1AR|M̂1At

] [
P̄
1

]
= M̂1At

since P̄ = 0. We can solve for AR and At using least square techniques.
Here we showed that it is possible to recover matricesM1 and S1 if we knew which projection tracks correspond

to their point set. However, we do not know these groupings. In next part we show how we can group points into
two sets.



4.2 Grouping Points

If we knew the groupings, we could permute matrix W to get W ∗ as below

W ∗ = [W1|W2] = [M1|M2]

[
S1 0
0 S2

]
= [U1|U2]

[
Σ

1
2
1 0

0 Σ
1
2
2

] [
A1 0
0 A2

] [
A−11 0

0 A−12

][
Σ

1
2
1 0

0 Σ
1
2
2

] [
V T1 0
0 V T2

]

We decompose matrix W using SVD as W = UΣV T , where U , Σ and V are 2F ×8, 8×8 and N ×8 matrices
respectively. We claim that the N ×N matrix Q = V V T can be used to group the points into the two point sets.
We claim that if Q(α, β) is not equal to 0, it means that points pα and pβ belong to the same point set. Also we
claim that for every α, there is at least one β for which Q(α, β) 6= 0. As a result, we can recover the point sets
given Q by building two spanning trees of the points given their connections in Q.

We prove this in the following theorems.

4.3 Theorem 1

Let T be N points (p1, ..., pN ) that belong to an r dimensional subspace L ⊂ Rn. De�ne an n × N matrix
W = [p1...pN ] that contains these points. Let Vr = {v1, ..., vr} be W 's r right singular vectors with non-zero
singular values. De�ne the N ×N matrix Q by

Q = VrV
T
r =

r∑
1

viv
T
i

Divide the N points into two disjoint subsets Ti, i ∈ {1, 2}, and let ri be the dimension of subspace Li de�ned
by the ith subset Ti. If the two subspaces are linearly independent and the αth and the βth points belong to
di�erent subspaces, the element Qα,β is zero.

Proof : Assume the number of points in the �rst subset is N1 and the number of points in the second subset
is N2. Suppose p1, ..., pN1

∈ L1 and pN1+1, ..., pN2
∈ L2.

Since the subspace L1 has dimension r1, the n×N1 matrix W1 = [p1...pN1
] has rank r1. The null space (N1)

of W1 will have dimension v1 = N1 − r1. Similarly, the n × N2 matrix W2 = [pN1+1...pN2
] has rank r2, and its

null space (N2) has dimension v2 = N2 − r2. Let {n1, ..., nv1} be an arbitarary orthonormal basis of N1 and
{n′1, ..., n′v2} be an arbitarary orthonormal basis of N2.

Let ñi, i ∈ 1, .., v1 and ñ′i, i ∈ 1, ..., v2 be N dimensional vectors de�ned by padding ni and n′i with zero
elements as follows:

ñi =

(
ni
0

)

ñ′i =

(
0
n′i

)
The v = v1 + v2 = N1 +N2 − r1 − r2 = N − r vectors {ñ1, ..., ñN1−r1 , ñ

′
1, ..., ñ

′
N2−r2} produce an orthonormal

system of RN belonging to the null spaceN of the observation matrixW . As a result {ñ1, ..., ñN1−r1 , ñ
′
1, ..., ñ

′
N2−r2}

are an orthonormal basis of right singular vectors of W . If we let the {vr+1, ..., vN} be orthonormal right singular
vectors of W , there exist a v × v orthonormal matrix C such that

[vr+1, ..., vN ] = [ñ1, ..., ñN1−r1 , ñ
′
1, ..., ñ

′
N2−r2 ]C

We observe that



[vr+1, ..., vN ] [vr+1, ..., vN ]
T

=
[
ñ1, ..., ñv1 , ñ

′
1, ..., ñ

′
v2

]
CCT

[
ñ1, ..., ñv1 , ñ

′
1, ..., ñ

′
v2

]T
=
[
ñ1, ..., ñv1 , ñ

′
1, ..., ñ

′
v2

] [
ñ1, ..., ñv1 , ñ

′
1, ..., ñ

′
v2

]T
=

[
ñ1 . . . ñv1 0 . . . 0
0 . . . 0 ñ′1 . . . ñ

′
v2

] [
ñ1 . . . ñv1 0 . . . 0
0 . . . 0 ñ′1 . . . ñ

′
v2

]T
=

[
Γ 0
0 Υ

]
where Γ and Υ are N1 × N1 and N2 × N2 submatrices. This implies that αth and βth rows of [vr+1, ..., vN ]

are orthogonal if pα and pβ rows belong to di�erent subspaces. Let {v1, .., vr} be right singular vectors of W for
non-zero singular values. Since that right singular matrix V = [v1, .., vr, vr+1, .., vN ] is orthonormal, its rows are
pairwise orthogonal. If α and β are two rows indices of V , and α 6= β we have

vα1vβ1 + ...+ vαrvβr

+vα(r+1)vβ(r+1)...+ vαNvβN = 0

and since we have already shown that the summation in second row is 0, we will have

vα1vβ1 + ...+ vαrvβr = 0

As a result the (α, β) rows of matrix Q = VrV
T
r is zero.

4.4 Theorem 2

Permuting columns ofW does not change the set of values that appear in Q, however it changes their arrangement.
Proof : Assume we are given an initial W for which we compute its right singular matrix V T and Q = V V T .

Let us create W ′ by swaping columns l and m for W . Right singular value of W ′, V ′ will be a result of swapping
rows l and m in V . As a result, Q′(α, β) will be equal to Q(α, β) if non of α or β equal l or m. For the α or β
related locations in Q′, we have

Q′(α, i) = V ′(α, :)V ′(i, :)T

= V (β, :)V (i, :)T

= Q(β, i)

Similarly we will have Q′(β, i) = Q(α, i).

4.5 Theorem 3

In Theorem 1, let every r1 points belonging to T1 span L1 and every r2 points belonging to T2 span L2. We show
that for every α, there is at least one β were Qα,β 6= 0.

Proof : Assume W = [W1|W2]. We will have

W = UrΣrV
T
r

[W1|W2] = [Ur1 |Ur2 ]

[
Σr1 0
0 Σr2

] [
V Tr1 0
0 V Tr2

]
and we will have



Q = VrV
T
r =

[
Vr1 0
0 Vr2

] [
Vr1 0
0 Vr2

]T
VrV

T
r =

[
Vr1V

T
r1 0

0 Vr2V
T
r2

]
Now we want to show if there is a α ∈ {1, ..., N1}, there is at least one β ∈ {1, ..., N1} for which

vα1vβ1 + ...+ vαrvβr 6= 0

Since Vr1 is rank r1, Qr1 = Vr1V
T
r1 is also rank r1. If αth row of Qr1 is all zero, but at (α, α), it means row

α is independent from all other rows in Vr1 . This means that all the other rows span a subspace with dimension
r1 − 1. Which additionally means that all points p1, .., pα−1, pα+1, .., pr1 span a subspace with dimension r1. This
is in contrast with the assumption in Theorem 1 that every r1 points in T1 span the r1 dimensional subspace L1.
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