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Abstract

We considertheproblemof reliably choosinga near-beststrategy from a
restrictedclassof strategies

�
in a partially observableMarkov decision

process(POMDP).We assumewe are given the ability to simulatethe
POMDP, andstudywhatmight becalledthesamplecomplexity — thatis,
theamountof dataonemustgeneratein thePOMDPin orderto choosea
goodstrategy. We prove upperboundson thesamplecomplexity showing
that,evenfor infinitelylargeandarbitrarily complex POMDPs,theamount
of dataneededcanbefinite,anddependsonly linearlyonthecomplexity of
therestrictedstrategy class

�
, andexponentiallyonthehorizontime. This

latterdependencecanbeeasedin a varietyof ways,includingtheapplica-
tion of gradientandlocal searchalgorithms.Our measureof complexity
generalizestheclassicalsupervisedlearningnotionof VC dimensionto the
settingsof reinforcementlearningandplanning.

1 Introduction

Much recentattentionhasbeenfocusedon partially observableMarkov decisionprocesses
(POMDPs)whichhave exponentiallyor eveninfinitely largestatespaces.For suchdomains,
a numberof interestingbasicissuesarise. As the statespacebecomeslarge, the classical
wayof specifyingaPOMDPby tablesof transitionprobabilitiesclearlybecomesinfeasible.
To intelligently discusstheproblemof planning— thatis, computinga goodstrategy � in a
givenPOMDP— compactor implicit representationsof bothPOMDPs,andof strategiesin
POMDPs,mustbedeveloped.Examplesincludefactorednext-statedistributions[2, 3, 6],
andstrategiesderived from function approximationschemes[7]. The trendtowardssuch
compactrepresentations,aswell asalgorithmsfor planningandlearningusingthem,is rem-
iniscentof supervisedlearning,whereresearchershave long emphasizedparametricmodels
(suchasdecisiontreesandneuralnetworks)thatcancaptureonly limitedstructure,but which
enjoya numberof computationalandinformation-theoreticbenefits.�
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Throughout,weusethewordstrategy to meanany mappingfrom observablehistoriesto actions,

whichgeneralizesthenotionof policy in a fully observableMDP.



Motivatedby theseissues,we considera settingwerewe aregivena generative model, or
simulator, for a POMDP, andwish to find a goodstrategy � from somerestrictedclassof
strategies

�
. A generative modelis a “black box” thatallowsusto generateexperience(tra-

jectories)from differentstatesof our choosing.Generative modelsareanabstractnotionof
compactPOMDPrepresentations,in thesensethatthecompactrepresentationstypicallycon-
sidered(suchasfactorednext-statedistributions)alreadyprovideefficientgenerativemodels.
Herewe areimaginingthat thestrategy class

�
is givenby somecompactrepresentationor

by somenaturallimitation on strategies(suchasboundedmemory).Thus,theview we are
adoptingis that even thoughthe world (POMDP)may be extremelycomplex, we assume
thatwe canat leastsimulateor sampleexperiencein theworld (via thegenerative model),
andwe try to usethisexperienceto choosea strategy from some“simple” class

�
.

We studythefollowing question:How many callsto a generative modelareneededto have
enoughdatato choosea near-beststrategy in thegivenclass?This is analogousto theques-
tion of samplecomplexity in supervisedlearning— but harder. Theaddeddifficulty lies in
the reuseof data. In supervisedlearning,every sample���
	���
������ providesfeedbackabout
everyhypothesisfunction �

���� (namely, how close ��
���� is to ��
���� ). If � is restrictedto lie
in somehypothesisclass� , thisreusepermitssamplecomplexity boundsthatarefar smaller
thanthesizeof � . For instance,only ��
�������
! �" �#� samplesareneededto choosea near-best
modelfrom a finite class� . If � is infinite, thensamplesizesareobtainedthatdependonly
on somemeasureof the complexity of � (suchasVC dimension[8]), but which have no
dependenceon thecomplexity of thetargetfunctionor thesizeof theinputdomain.

In the POMDP setting,we would like analogoussamplecomplexity boundsin termsof
the“complexity” of thestrategy class

�
— boundsthathave no dependenceon thesizeor

complexity of thePOMDP. But unlike thesupervisedlearningsetting,experience“reuse”is
not immediatein POMDPs. To seethis, considerthe “straw man” algorithmthat,starting
with some�%$ � , usesthegenerative modelto generatemany trajectoriesunder � , andthus
formsa MonteCarloestimateof &(')
�*,+-� . It is notclearthatthesetrajectoriesunder � areof
muchusein evaluatinga different ��./$ � , since � and ��. mayquickly disagreeon which
actionsto take. The naive Monte Carlo methodthusgives ��
� �  � boundson the “sample
complexity,” ratherthan ��
������0
� �  �#� , for thefinite case.

In this paper, we shalldescribethetrajectorytreemethodof generating“reusable”trajecto-
ries,which requiresgeneratingonly a (relatively) smallnumberof trajectories— a number
thatis independentof thestate-spacesizeof thePOMDP, dependsonly linearlyona general
measureof thecomplexity of thestrategy class

�
, anddependsexponentiallyon thehorizon

time. This latterdependencecanbeeasedvia gradientalgorithmssuchasWilliams’ REIN-
FORCE [9] andBaird andMoore’s morerecentVAPS [1], andby local searchtechniques.
Our measureof strategy classcomplexity generalizesthenotionof VC dimensionin super-
visedlearningto the settingsof reinforcementlearningandplanning,andwe give bounds
thatrecover for thesesettingsthemostpowerful analogousresultsin supervisedlearning—
boundsfor arbitrary, infinite strategy classesthatdependonly on thedimensionof theclass
ratherthanthesizeof thestatespace.

2 Preliminaries

We begin with somestandarddefinitions. A Markov decision process (MDP) is a tuple
�12	�*-+�	�34	6587�
�9� *:	�;<�>=<	�?@� , where: 1 is a (possiblyinfinite) state set; *-+A$B1 is a start state;3DCE58; � 	-F-F,F�	�;�GH= areactions; 7�
#9� *:	!;H� givesthenext-statedistributionupontakingaction; from state* ; andtherewardfunction ?I
�*:	!;H� givesthecorrespondingrewards.Weassume
without lossof generalitythat rewardsaredeterministic,andfurther that they arebounded
in absolutevalueby ?KJMLON . A partially observable Markov decision process (POMDP)



consistsof anunderlyingMDP andobservation distributions P�
�Q0 *,� for eachstate* , whereQ is therandomobservation madeat * .
We have adoptedthe commonassumptionof a fixed start state,R becauseoncewe limit
theclassof strategieswe entertain,theremaynot bea single“best” strategy in theclass—
differentstartstatesmayhavedifferentbeststrategiesin

�
. Wealsoassumethatwearegiven

a POMDP S in theform of a generative model for S that,whengivenasinput any state-
actionpair 
�*�	�;H� , will outputa state*6. drawn accordingto 7T
#9� *�	�;H� , anobservation Q drawn
accordingto P�
#9� *-� , andthereward ?I
�*�	�;H� . Thisgivesustheability to samplethePOMDPS in a random-accessway. This definitionmay initially seemunreasonablygenerous:the
generativemodelis giving usa fully observablesimulationof apartiallyobservableprocess.
However, thekey point is thatwemuststill find a strategy thatperformswell in thepartially
observablesetting. As a concreteexample, in designingan elevator control system,we
mayhave accessto a simulatorthatgeneratesrandomriderarrival times,andkeepstrackof
the waiting time of eachrider, the numberof riderswaiting at every floor at every time of
day, andsoon. However helpful this informationmight be in designingthecontroller, this
controllermustonly useinformationaboutwhich floorscurrentlyhave hadtheir call button
pushed(the observables). In any case,readersuncomfortablewith the power providedby
our generative modelsarereferredto Section5, wherewe briefly describeresultsrequiring
only anextremelyweakform of partiallyobservablesimulation.

At any time U , theagentwill have seensomesequenceof observations,QV+:	,F-F,F�	�Q-W , andwill
havechosenactionsandreceivedrewardsfor eachof the U timestepsprior to thecurrentone.
Wewrite its observable history as �XCY�!
�Q + 	�; + 	�Z + �6	,F-F-F!	-
�Q W\[ � 	�; WO[ � 	�Z WO[ � �]	-
�Q W 	 	 �#� . Such
observablehistories,alsocalledtrajectories, arethe inputsto strategies. More formally, a
strategy � is any (stochastic)mappingfrom observablehistoriesto actions.(For example,
this includesapproacheswhich usethe observablehistory to track the belief state [4].) A
strategy class

�
is any setof strategies.

We will restrictour attentionto thecaseof discountedreturn,̂ andwe let _`$ba cd	,e-� bethe
discountfactor. Wedefinethe f -horizon time to be g�h2Cb���:�Vij
�f-
#e2kl_���m�n:? JoLON � . Notethat
returnsbeyond the first g h -stepscancontributeat most f�m�n to the total discountedreturn.
Also, let &�JoLONlCp?KJMLON�m0
�eqkr_�� boundthe valuefunction. Finally, for a POMDP S and
a strategy class

�
, we define s>tju]
�SY	 � �ACpv�w0x ':yVz &(')
�*,+-� to be the bestexpectedreturn

achievablefrom * + using
�

.

Ourproblemis thusthefollowing: Givenagenerativemodelfor aPOMDP S andastrategy
class

�
, how many callsto thegenerativemodelmustwemake,in orderto haveenoughdata

to choosea �{$ � whoseperformance& ' 
�* + � approachess>tju]
�SY	 � � ? Also, which calls
shouldwemaketo thegenerativemodelto achieve this?

3 The Trajectory Tree Method

We now describehow we canusea generative modelto create“reusable”trajectories.For
easeof exposition,weassumethereareonly two actions; � and ; R , but ourresultsgeneralize
easilyto any finite numberof actions.(Seethefull paper[5].)

A trajectorytreeis abinarytreein whicheachnodeis labeledby astateandobservationpair,
andhasa child for eachof thetwo actions.Additionally, eachlink to a child is labeledby a|

An equivalentdefinition is to assumea fixed distribution } over start states,since ~�� canbe a
“dummy” statewhosenext-statedistribution underany actionis } .�

The resultsin this papercan be extendedwithout difficulty to the undiscountedfinite-horizon
setting[5].



reward,andthetree’sdepthwill be g h , soit will haveaboutn���� nodes.(In Section4,wewill
discusssettingswherethisexponentialdependenceon g h canbeeased.)Eachtrajectorytree
is built asfollows: Theroot is labeledby * + andtheobservationthere, Q + . Its two children
arethencreatedby calling thegenerative modelon 
�* + 	�; � � and 
�* + 	�; R � , whichgivesusthe
two next-statesreached(say *6. � and *6. R respectively), thetwo observationsmade(say Q-. � andQ-. R ), andthe two rewardsreceived ( Z-. � CE?I
�*-+:	!; � � and Z-.R C�?I
�*,+:	!; R � ). Then 
�*]. � 	�Q-. � � and
�*6. R 	!Q-.R � label theroot’s ; � -child and ; R -child, andthe links to thesechildrenarelabeledZ-. �and Z-.R . Recursively, we generatetwo childrenandrewardsthis way for eachnodedown to
depth g h .
Now for any deterministicstrategy � andany trajectorytree � , � definesa paththrough� :� startsat theroot, andinductively, if � is at someinternalnodein � , thenwe feedto � the
observablehistoryalongthe pathfrom the root to that node,and � selectsandmovesto a
child of thecurrentnode.Thiscontinuesuntil a leaf nodeis reached,andwedefine ?I
��2	��@�
to be the discountedsumof returnsalongthe pathtaken. In the casethat � is stochastic,� definesa distributionon pathsin � , and ?I
��2	#�@� is theexpectedreturnaccordingto this
distribution. Hence,given � trajectorytrees� � 	-F,F-F�	#��� , a naturalestimatefor &�'�
�*,+V� is�&(')
�* + ��C ���� ���� � ?I
��2	��

� � . Notethateachtreecanbeusedto evaluateanystrategy, much
theway a singlelabeledexample ���
	!�

����#� canbeusedto evaluateany hypothesis�

���� in
supervisedlearning.Thusin this sense,trajectorytreesarereusable.

Ourgoalnow is to establishuniformconvergenceresultsthatboundtheerrorof theestimates�&(')
�*,+-� asa functionof the “samplesize” (numberof trees) � . Section3.1 first treatsthe
easiercaseof deterministicclasses

�
; Section3.2extendstheresultto stochasticclasses.

3.1 The Case of Deterministic
�

Let usbegin by statingaresultfor thespecialcaseof finite classesof deterministicstrategies,
whichwill serve to demonstratethekind of boundweseek.

Theorem 3.1 Let
�

beanyfiniteclassof deterministicstrategiesfor anarbitrary two-action
POMDP S . Let � trajectorytreesbecreatedusinga generativemodelfor S , and

�&(')
�*-+-�
betheresultingestimates.If ��C��Y��
O&H���#��m:f��#RV
�g h ���:��
! �  �)��������
�e,m����#�O� , thenwith prob-

ability eok`� ,  �&�'�
�*,+-�2k �&�'�
�*,+V�- :��f holdssimultaneouslyfor all ��$ � .

Due to spacelimitations, detailedproofs of the resultsof this sectionare left to the full
paper[5], but we will try to convey the intuition behindthe ideas. Observe that for any
fixeddeterministic� , theestimates?I
��2	�� � � thataregeneratedby the � differenttrajectory
trees� � areindependent.Moreover, each ?I
��2	#� � � is anunbiasedestimateof theexpected
discountedg h -stepreturnof � , which is in turn f�m:n -closeto &A'�
�*-+V� . Theseobservations,
combinedwith a simpleChernoff andunionboundargument,aresufficientto establishThe-
orem3.1. Ratherthandevelopingthis argumenthere,we insteadmove straighton to the
hardercaseof infinite

�
.

Whenaddressingsamplecomplexity in supervisedlearning,perhapsthemostimportantin-
sightis thateventhoughaclass� maybeinfinite, thenumberof possiblebehaviorsof � on
a finite setof pointsis oftennot exhaustive. More precisely, for booleanfunctions,we say
thattheset � � 	,F-F,F�	���� is shatteredby � if every of the n � possiblelabelingsof thesepoints
is realizedby some�X$X� . TheVC dimensionof � is thendefinedasthesizeof thelargest
shatteredset[8]. It is known that if the VC dimensionof � is � , thenthe number  /��
��¡�
of possiblelabelingsinducedby � on a setof � pointsis at most 
�¢-�¡m:�H� � , which is much
lessthan n � for �¤£¥� . This fact providesthekey leverageexploitedby theclassicalVC



dimensionresults,andwewill concentrateon replicatingthis leveragein oursetting.

If
�

is a(possiblyinfinite) setof deterministicstrategies,theneachstrategy �%$ � is simply
adeterministicfunctionmappingfrom thesetof observablehistoriesto theset 58; � 	�; R = , and
is thusa booleanfunctionon observablehistories.We canthereforewrite ¦@§�
 � � to denote
the familiar VC dimensionof the setof binary functions

�
. For example,if

�
is the set

of all thresholdedlinearfunctionsof thecurrentvectorof observations(a particulartypeof
memorylessstrategy), then ¦@§�
 � � simply equalsthenumberof parameters.We now show
intuitivelywhy a class

�
of boundedVC dimension� cannotinduceexhaustive behavior on

a set � � 	,F-F-F!	���� of trajectorytreesfor �©¨ª� . Note that if � � 	!� R $ � aresuchthat their
“rewardlabelings” �O?4
�� � 	#� � �6	,F-F-F!	�?I
�� � 	#���(��� and �O?4
�� R 	#� � �6	,F-F-F!	�?I
�� R 	#���A�#� differ, then?I
�� � 	�� � �I«C¬?I
�� R 	#� � � for some eK�¬­o�¬� . But if � � and � R give differentreturnson � � ,
thenthey mustchoosedifferentactionsat somenodein � � . In otherwords,every different
rewardlabelingof thesetof � treesyieldsa different(binary)labelingof thesetof �E9,n � �
observablehistoriesin the trees. So, the numberof differenttreereward labelingscanbe
at most  /��
��®9-nV�����q��
��p9VnV����m��H� � . By developingthis argumentcarefullyandapplying
classicaluniform convergencetechniques,we obtain the following theorem. (Full proof
in [5].)

Theorem 3.2 Let
�

be any class of deterministicstrategies for an arbitrary two-action
POMDP S , and let ¦@§�
 � � denoteits VC dimension. Let � trajectory treesbe created
usinga generativemodelfor S , and

�&(')
�*,+-� betheresultingestimates.If

�pCY�Y�!
\& ����� m�f�� R 
�g�h�¦@§�
 � ����������
�e,m����#�O� (1)

thenwith probability eokB� ,  �&�')
�*-+,�
k �&('¯
�*-+,�- :��f holdssimultaneouslyfor all �%$ � .

3.2 The Case of Stochastic
�

We now addressthecaseof stochasticstrategy classes.We describeanapproachwherewe
transformstochasticstrategies into “equivalent” deterministiconesandoperateon the de-
terministicversions,reducingthe problemto the onehandledin the previoussection.The
transformationis asfollows: Givena classof stochasticstrategies

�
, eachwith domain °

(where° is thesetof all observablehistories),wefirst extendthedomainto be °©±ra�c0	-e�² .
Now for eachstochasticstrategy ��$ � , definea correspondingdeterministictransformed
strategy ��. with domain °³±´a cd	,e>² , given by: ��.�
���	�ZV�ICµ; � if Z¶�®·�¸Ha��2
����4Cµ; � ² , and��.O
��
	!ZV�¹CD; R otherwise(for any �%$l° , ZI$ra�c0	-e�² ). Let

� . bethecollectionof thesetrans-
formeddeterministicstrategies ��. . Since

� . is just a setof deterministicbooleanfunctions,
its VC dimensionis well-defined.We thendefinethe pseudo-dimensionof the original set
of stochasticstrategies

�
to be x0¦@§�
 � ��Cb¦@§�
 � .�� .º

Having transformedthestrategy class,wealsoneedto transformthePOMDP, by augmenting
thestatespace1 to be 1{±`a�c0	-e�² . Informally, the transitionsandrewardsremainthesame,
exceptthataftereachstatetransition,we draw a new randomvariable Z uniformly in a�c0	-e�² ,
andindependentlyof all previousevents.Statesarenow of theform 
�*:	!ZV� , andwelet Z bean
observedvariable.Whenever in theoriginalPOMDPastochasticstrategy � wouldhavebeen
givena history � , in the transformedPOMDPthecorrespondingdeterministictransformed
strategy ��. is given 
��
	!ZV� , where Z is the a cd	,e>² -randomvariableat thecurrentstate.By the
definitionof ��. , it is easyto seethat ��. and � have exactly thesamechanceof choosingeach
actionatany node(randomizationover Z ).
Wearenow backin thedeterministiccase,soTheorem3.2appliesimmediately, with ¦@§�
 � �
replacedby x0¦@§�
 � ��C{¦@§�
 � .�� , andweagainhave thedesireduniformconvergenceresult.»

This is equivalentto theconventionaldefinitionof thepseudo-dimensionof ¼ , whenit is viewed
asasetof mapsinto real-valuedaction-probabilities.



4 Algorithms for Approximate Planning

Given a generative model for a POMDP S , the resultsof the precedingsectionimmedi-
ately suggesta classof algorithmsfor approximateplanning: generate� trajectorytrees� � 	-F,F-F�	#��� , andsearchfor a �D$ � that maximizes

�&('¯
�*-+,�XC½
�e,m:�¡� � ?I
��2	�� � � . The
following corollaryto theuniform convergenceresultsestablishesthesoundnessof this ap-
proach.

Corollary 4.1 Let
�

be a classof strategies in a POMDP S , and let the number � of
trajectorytreesbeas givenin Theorem3.2. Let

��rC¿¾VÀ#�oÁÂ¾�Ã ':yVz 5
�&(')
�* + ��= be the policy

in
�

with the highestempirical return on the � trees. Thenwith probability e�k�� , �� is
near-optimalwithin

�
:

&¡Ä' 
�* + �oÅDs�tju6
�SY	 � �
krn�f-F (2)

If thesuggestedmaximizationis computationallyinfeasible,onecansearchfor a localmax-
imum � instead,anduniformconvergenceagainassuresusthat

�&�'�
�*-+-� is a trustedestimate
of our trueperformance.Of course,evenfinding a local maximumcanbeexpensive, since
eachtrajectorytreeis of sizeexponentialin g�h .
However, in practiceit maybepossibleto significantlyreducethecostof thesearch.Suppose
we areusinga classof (possiblytransformed)deterministicstrategies,andwe performa
greedylocal searchover

�
to optimize

�&�'�
�*-+-� . Thenat any time in thesearch,to evaluate
thepolicy wearecurrentlyconsidering,wereallyneedto look atonly asinglepathof lengthg�h in eachtree,correspondingto thepathtakenby thestrategy beingconsidered.Thus,we
shouldbuild thetrajectorytreeslazily — that is, incrementallybuild eachnodeof eachtree
only asit is neededto evaluate?I
��2	�� � � for thecurrentstrategy � . If therearepartsof a tree
thatarereachedonly by poorpolicies,thena goodsearchalgorithmmay never evenbuild
thesepartsof the tree. In any case,eachstepof the local searchnow takestime only linear
in g h .
Thereis a differentapproachthat works directly on stochasticstrategies (that is, without
requiringthetransformationto deterministicstrategies).In this caseeachstochasticstrategy� definesa distribution over all thepathsin a trajectorytree,andthuscalculating?I
��2	��@�
may in generalrequireexamining completetrees. However, we canview eachtrajectory
treeasa small, deterministicPOMDPby itself, with the childrenof eachnodein the tree
beingits successornodes.So if

� CÆ5V��Ç¤È2É¶$´Ê � = is a smoothlyparameterizedfamily
of stochasticstrategies, thenalgorithmssuchasWilliam’ s REINFORCE [9] andBaird and
Moore’s more recentVAPS [1] can be usedto find an unbiasedestimateof the gradient
��Hm:�<ÉV� �&('6Ë0
�*-+,� , whichin turncanbeusedto performstochasticgradientascentto maximize�&(' Ë 
�*-+,� . Moreover, eachof thesealgorithmsneedsonly ��
�g h � time pergradientestimate;
socombinedwith lazy treeconstruction,weagainhave apracticalalgorithmwhoseper-step
complexity is only linear in thehorizontime. This line of thoughtis furtherdevelopedin the
longversionof thepaper. Ì
Í
In thefull paper, we alsocharacterizeconditionsunderwhich thesealgorithmswill give gradient

estimateswith boundedvariance—clearlythis is neededfor stochasticgradientascent—andalsode-
scribeavariationthatneedsonly very weakconditions(a boundon thederivative Î�Ï�Ð6ÏVÑVÒOÓ/Ô-Õ ÖH×6Î�Ø0Ò�ÙÚ �OÛ ) to guaranteeboundedvariance.We alsoshow how thesealgorithmscanbe extendedto find inÜ Î�Ý�ÞOÒ time anunbiasedestimateof thegradientof the true value ß@à Ë Î�~ � Ò for arbitraryinfinite hori-
zon problems(whereasmostcurrentalgorithmseitheronly converge asymptoticallyto an unbiased
estimateof this gradient,or needanabsorbingstateand“proper” strategies).



5 The Random Trajectory Method

Usinga fully observablegenerative modelof a POMDP, we have shown that the trajectory
treemethodgivesuniformly goodvalueestimates,with an amountof experiencelinear in¦@§�
 � � , and exponentialin g h . It turns out we can significantly weakenthe generative
model,yetstill obtainessentiallythesametheoreticalresults.In thishardercase,weassume
a generative model that providesonly partially observablehistoriesgeneratedby a truly
randomstrategy (which takeseachactionwith equalprobabilityat every step,regardlessof
thehistorysofar). Furthermore,thesetrajectoriesalwaysbegin at thedesignatedstartstate,
so thereis no ability provided to “reset” the POMDPto any stateother than * + . (Indeed,
underlyingstatesmaynever beobserved.)

Ourmethodfor thishardercaseis calledtheRandomTrajectorymethod.It seemsto leadless
readilyto practicalalgorithmsthanthetrajectorytreemethod,andits formaldescriptionand
analysis,which is moredifficult thanfor trajectorytrees,aregivenin thelongversionof this
paper[5]. As in Theorem3.2,we prove that theamountof dataneededis linearin ¦@§�
 � � ,
andexponentialin thehorizontime — that is, by averagingappropriatelyover theresulting
ensembleof trajectoriesgenerated,this amountof datais sufficient to yield uniformly good
estimatesof thevaluesfor all strategiesin

�
.
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