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Abstract

We considerthe problemof reliably choosinga nearbeststratgy from a
restrictedclassof stratgiesII in a partially obsenable Markov decision
process(POMDP).We assumewe are given the ability to simulatethe
POMDR andstudywhatmight be calledthe samplecompleity — thatis,

the amountof dataonemustgeneraten the POMDPIn orderto choosea
goodstratgy. We prove upperboundson the samplecompleity shaving

that,evenfor infinitely largeandarbitrarily complec POMDPstheamount
of dataneededanbefinite,anddepend®nly linearly onthecompleity of

therestrictedstratgy classll, andexponentiallyonthehorizontime. This

latterdependenceanbe easedn avariety of ways,includingtheapplica-
tion of gradientandlocal searchalgorithms. Our measureof compleity

generalizesheclassicabupervisedearningnotionof VC dimensiorto the
settingsof reinforcementearningandplanning.

1 Introduction

Much recentattentionhasbeenfocusedon partially obsenable Markov decisionprocesses
(POMDPs)which have exponentiallyor eveninfinitely large statespacesFor suchdomains,
a numberof interestingbasicissuesarise. As the statespacebecomedarge, the classical
way of specifyinga POMDPby tablesof transitionprobabilitiesclearlybecomesnfeasible.
To intelligently discusghe problemof planning— thatis, computinga goodstratgy ! in a
givenPOMDP— compactor implicit representationsf bothPOMDPs andof stratgiesin
POMDPs,mustbe developed. Examplesinclude factorednext-statedistributions[2, 3, 6],
and strat@ies derived from function approximationschemeg7]. The trendtowardssuch
compactepresentationgswell asalgorithmsfor planningandlearningusingthem,is rem-
iniscentof supervisedearning,whereresearcherbave long emphasizegarametrianodels
(suchasdecisiontreesandneuralnetworksthatcancaptureonly limited structure put which
enjoya numberof computationahndinformation-theoretibenefits.

*Contactauthor Address:AT&T Labs,RoomA235, 180Park Avenue FlorhamPark NJ07932.
'Throughoutwe usethe word strategy to meanary mappingfrom obsenablehistoriesto actions,
which generalizeshe notionof policy in afully obsenableMDP.



Motivatedby theseissueswe considera settingwerewe aregiven a geneative mode| or
simulator for a POMDR andwish to find a goodstratgy = from somerestrictedclassof
stratgiesIl. A generatre modelis a“black box” thatallows usto generatexperience(tra-
jectories)from differentstatesof our choosing.Generatre modelsarean abstracnotion of
compacPOMDPrepresentations) thesense¢hatthecompactepresentatiortypically con-
sideredsuchasfactoredhext-statedistributions)alreadyprovide efficientgeneratie models.
Herewe areimaginingthatthestratgy classlI is givenby somecompactrepresentatioor
by somenaturallimitation on stratgies (suchasboundednemory). Thus,theview we are
adoptingis that even thoughthe world (POMDP) may be extremely complex, we assume
thatwe canat leastsimulateor sampleexperiencein theworld (via the generatre model),
andwe try to usethis experienceo choosea stratgy from some*simple” classII.

We studythefollowing question:How mary callsto a generatre modelareneededo have
enoughdatato choosea nearbeststratgy in thegivenclass?Thisis analogougo theques-
tion of samplecompleity in supervisedearning— but harder The addeddifficulty lies in
the reuseof data. In supervisedearning,every sample(z, f(z)) providesfeedbackabout
every hypothesidunctionf(z) (namely how closeh(z) is to f(z)). If A is restrictedto lie
in somehypothesilass, thisreusepermitssamplecompleity boundshatarefar smaller
thanthesizeof #. Forinstancepnly O(log(|#|)) samplesareneededo choosea nearbest
modelfrom afinite class#. If A isinfinite, thensamplesizesareobtainedthatdependnly
on somemeasureof the compleity of # (suchasVC dimension[8]), but which have no
dependencenthecompleity of thetargetfunctionor the sizeof theinputdomain.

In the POMDP setting, we would like analogoussamplecompleity boundsin termsof
the “complexity” of the strat@y classIT — boundsthathave no dependencen the sizeor
complity of the POMDR But unlike the supervisedearningsetting,experience‘reuse”is
not immediatein POMDPs. To seethis, considerthe “straw man” algorithmthat, starting
with somer € TI, usesthegeneratie modelto generatenary trajectoriesunders, andthus
formsaMonte Carloestimateof V™ (sq). It is notclearthatthesetrajectoriesunderr areof
muchusein evaluatinga differents’ ¢ TI, sincer and«’ may quickly disagreeon which
actionsto take. The naive Monte Carlo methodthus gives O(|II|) boundson the “sample
compleity,” ratherthanO (log(|II|)), for thefinite case.

In this paperwe shalldescribethetrajectorytreemethodof generatingreusable’trajecto-
ries,which requiresgeneratingonly a (relatively) smallnumberof trajectories— a number
thatis independenof the state-spacsizeof the POMDR depend®nly linearly onageneral
measuref thecompleity of the stratgy classll, anddependsgxponentiallyon thehorizon
time. This latterdependenceanbe easedsia gradientalgorithmssuchasWilliams’ REIN-
FORCE [9] and Baird and Moore’s morerecentVAPS [1], andby local searchtechniques.
Our measuref stratgy classcompleity generalizeshe notion of VC dimensionin super
visedlearningto the settingsof reinforcementearningand planning,andwe give bounds
thatrecorver for thesesettingsthe mostpowerful analogousesultsin supervisedearning—
boundsfor arbitrary infinite strat@y classeshatdependonly on the dimensionof the class
ratherthanthesizeof the statespace.

2 Preliminaries

We begin with somestandarddefinitions. A Markov decision process (MDP) is a tuple
(S,s0, A, {P(:|s,a)}, R), where:S is a(possiblyinfinite) state set; sq € S is astart state;
A ={ay,...,ar} areactions; P(-|s, a) givesthe next-statedistribution upontakingaction
a from states; andtherewardfunction R(s, ) givesthe correspondingewards.We assume
without lossof generalitythat rewardsaredeterministic,andfurtherthatthey arebounded
in absolutevalueby R,,.. A partially observable Markov decision process (POM DP)



consistof anunderlyingMDP andobser vation distributions Q(o|s) for eachstates, where
o is therandomobser vation madeat s.

We have adoptedthe commonassumptiorof a fixed start state? becauseoncewe limit
the classof stratgieswe entertaintheremay not be a single“best” stratgy in the class—
differentstartstatesmayhave differentbeststratgiesin I1. We alsoassuméhatwe aregiven
aPOMDP M in theform of a generativemodel for M that,whengivenasinputary state-
actionpair (s, a), will outputa states’ dravn accordingto P(-|s, a), anobsenationo dravn
accordingo Q(-|s), andthereward R(s, a). This givesustheability to samplethe POMDP
M in arandom-accesway. This definitionmay initially seemunreasonablgenerousthe
generatie modelis giving usa fully obsenablesimulationof a partially obsenableprocess.
However, thekey pointis thatwe muststill find a strateyy thatperformswell in the partially
observablesetting. As a concreteexample, in designingan elevator control system,we
may have accesgo a simulatorthatgeneratesandomrider arrival times,andkeepstrack of
the waiting time of eachrider, the numberof riderswaiting at every floor at every time of
day andsoon. However helpful this informationmight be in designingthe controller, this
controllermustonly useinformationaboutwhich floors currentlyhave hadtheir call button
pushed(the obsenables). In ary case,readersuncomfortablewith the power provided by
our generatre modelsarereferredto Section5, wherewe briefly describeresultsrequiring
only anextremelyweakform of partially obsenablesimulation.

At ary time ¢, the agentwill have seensomesequencef obsenations,oy, . . ., o, andwill

have choseractionsandrecevedrewardsfor eachof thet time stepprior to thecurrentone.
Wewrite its observablehistory ash = {(00, a0, 7o), - - -, (0t—1, @t—1,7t—1), (0t, -, -)). Such
obsenablehistories,alsocalledtrajectories, aretheinputsto stratgies. More formally, a
strategy = is ary (stochasticymappingfrom obsenablehistoriesto actions. (For example,
this includesapproachesvhich usethe obserable history to track the belief state [4].) A
strategy classTI is ary setof stratgies.

We will restrictour attentionto the caseof discountedeturn? andwe lety € [0, 1) bethe
discountfactor We definethec-horizon timetobe H, = logv(e(l —%)/2Rmas). Notethat
returnsbeyond the first H.-stepscan contribute at moste/2 to the total discountedreturn.
Also, let Viar = Rmar/(1 — ) boundthe valuefunction. Finally, for a POMDP M and
a stratgy classlI, we defineopt(M,II) = sup,y V" (s0) to bethe bestexpectedreturn
achieablefrom s usingll.

Ourproblemis thusthefollowing: Givenageneratie modelfor aPOMDP M andastratgy
clasdll, how mary callsto thegeneratre modelmustwe make,in orderto have enoughdata
to choosean € II whoseperformancé/™ (sy) approachespt (M, II)? Also, which calls
shouldwe maketo the generatre modelto achieve this?

3 TheTrajectory Tree Method

We now describehow we canusea generatre modelto create‘reusable’trajectories.For
easeof exposition,we assumehereareonly two actionsa; andas, but ourresultsgeneralize
easilyto ary finite numberof actions.(Seethefull papei5].)

A trajectorytreeis abinarytreein whicheachnodeis labeledby a stateandobsenationpair,
andhasa child for eachof the two actions.Additionally, eachlink to achild is labeledby a

2An equivalentdefinitionis to assumea fixed distribution 1) over startstates sinces, canbea
“dummy” statewhosenext-statedistribution underary actionis D.

®The resultsin this papercan be extendedwithout difficulty to the undiscountedinite-horizon
setting[5].



reward,andthetreesdepthwill be H., soit will have about2”< nodes.(In Sectiord, wewill

discusssettingswvherethis exponentialdependencen H, canbeeased.Eachtrajectorytree
is built asfollows: Therootis labeledby s, andthe obsenationthere,o,. Its two children
arethencreatedby calling thegeneratie modelon (sg, a1) and(sg, as), which givesusthe
two next-stategeachedsays) ands’, respectiely), thetwo obserationsmade(sayo) and
oh), andthetwo rewardsreceved (r; = R(so, a1) andry, = R(sg, as)). Then(s}, o)) and
(s4,04) labeltheroot's a; -child andas-child, andthe links to thesechildrenarelabeledr;

andr}. Recursiely, we generatéwo childrenandrewardsthis way for eachnodedown to
depthH..

Now for ary deterministicstratgy = andary trajectorytreeT’, = definesa paththrough7™:
w startsattheroot, andinductively, if 7 is at someinternalnodein 7', thenwe feedto = the
obsenablehistory alongthe pathfrom the root to that node,and = selectsandmovesto a
child of thecurrentnode. This continueauntil aleaf nodeis reachedandwe defineR(w, T)
to be the discountedsum of returnsalongthe pathtaken. In the casethat = is stochastic,
= definesa distribution on pathsin 7', and R(, T') is the expectedreturnaccordingto this
distribution. Hence,givenm trajectorytreesTy, ..., T,,, a naturalestimatefor V7 (sg) is
V™ (s0) = = 3", R(m,Ti). Notethateachtreecanbe usedto evaluateanystrateyy, much
theway a singlelabeledexample(z, f(z)) canbe usedto evaluateary hypothesisi(z) in
supervisedearning.Thusin this sensetrajectorytreesarereusable

Ourgoalnow is to establishuniformcorvelgenceresultsthatboundthe errorof theestimates

f/”(so) asa function of the “samplesize” (numberof trees)m. Section3.1 first treatsthe
easiercaseof deterministicclassedI; Section3.2 extendstheresultto stochasticlasses.

3.1 TheCaseof DeterministicII

Letusbggin by statinga resultfor the specialcaseof finite classe®f deterministicstratgies,
whichwill seneto demonstratéhekind of boundwe seek.

Theorem 3.1 LetIT beanyfinite classof deterministicstrategiesfor anarbitrary two-action
POMDP M. Letm trajectorytreesbecreatedusinga geneativemodelfor M, and V'™ (so0)
betheresultingestimateslf m = O ((Viax/¢€)*(Helog(|II]) + log(1/4))), thenwith prob-
ability 1 — 8, |V™(so) — V™ (s0)| < € holdssimultaneouslyor all 7 € TI.

Due to spacelimitations, detailedproofs of the resultsof this sectionare left to the full

paper[5], but we will try to corvey the intuition behindthe ideas. Obsenre that for ary
fixeddeterministicr, theestimatesR(r, 7;) thataregeneratedby them differenttrajectory
treesT; areindependentMoreover, eachR(r,T;) is anunbiasedestimateof the expected
discountedH -stepreturnof «r, whichis in turn ¢/2-closeto V™ (sq). Theseobsenations,
combinedwith a simpleChernof andunionboundamgument aresuficientto establishT he-
orem3.1. Ratherthandevelopingthis amumenthere,we insteadmave straighton to the
hardercaseof infinite T1.

Whenaddressingamplecompleity in supervisedearning,perhapghe mostimportantin-
sightis thateventhoughaclassi maybeinfinite, thenumberof possiblebehaviorsof H on
a finite setof pointsis often not exhaustve. More precisely for booleanfunctions,we say
thatthesetz, . .., z, is shatteed by % if every of the 2¢ possibleabelingsof thesepoints
is realizedby someh € H. TheVC dimensionof # is thendefinedasthesizeof thelargest
shatteredset[8]. It is known thatif the VC dimensionof A is d, thenthe number®;(m)
of possiblelabelingsinducedby H on a setof m pointsis at most(em/d)<, whichis much
lessthan2™ for d « m. This fact providesthe key leverageexploited by the classicalVC



dimensiorresults,andwe will concentrat®n replicatingthis leveragein our setting.

If IT is a (possiblyinfinite) setof deterministicstratgies,theneachstratgy = € II is simply
adeterministidunctionmappingfrom the setof obsenablehistoriesto theset{a;, as}, and
is thusa booleanfunctionon obserablehistories.We canthereforewrite VC(II) to denote
the familiar VC dimensionof the setof binary functionsTl. For example,if 11 is the set
of all thresholdedinearfunctionsof the currentvectorof obserations(a particulartype of

memorylesstrat@y), thenVC(II) simply equalsthe numberof parameters\We now shav

intuitively why a classIl of bounded/C dimensiond cannotinduceexhaustve behaior on
asetTy, ..., T,, of trajectorytreesfor m > d. Notethatif =, 72 € II aresuchthattheir
“rewardlabelings™(R(m1,T4), ..., R(m1, Tm)) and(R(m2, T1), . . ., R(ms, T,)) differ, then
R(m,T;) # R(ma,T;) for somel < ¢ < m. Butif m; andr, give differentreturnson 7;,

thenthey mustchoosedifferentactionsat somenodein 7;. In otherwords,every different
rewardlabelingof the setof m treesyields a different(binary)labelingof the setof m - 27«

obsenablehistoriesin the trees. So, the numberof differenttree reward labelingscanbe
atmost®;(m - 2f<) < (m - 2H</d)?. By developingthis agumentcarefullyandapplying
classicaluniform corvergencetechniqueswe obtain the following theorem. (Full proof
in [5].)

Theorem 3.2 Let IT be any class of deterministicstrategies for an arbitrary two-action
POMDP M, andlet VC(II) denoteits VC dimension. Let m trajectorytreesbe created

usinga geneative modelfor M, and V'™ (so) betheresultingestimatesif
m = O ((Vinax/€)? (H:VC(IL) + log(1/4))) 1)
thenwith probability 1 — 4, |V™ (so) — V™ (s0)| < € holdssimultaneouslyor all 7 € TI.

3.2 TheCaseof Stochastic IT

We now addresghe caseof stochasticstratgy classesWe describean approachwherewe

transformstochasticstratgjiesinto “equivalent” deterministiconesand operateon the de-
terministicversions reducingthe problemto the onehandledin the previous section. The
transformations asfollows: Givena classof stochasticstratgiesIl, eachwith domainX

(whereX is the setof all obsenablehistories),we first extendthedomainto be X x [0, 1].

Now for eachstochasticstratgy = € II, definea correspondingleterministictransformed
stratgy ' with domainX x [0, 1], givenby: «'(h,r) = a1 if r < Pr[n(h) = a4], and
7' (h,r) = a, otherwise(for ary h € X, r € [0, 1]). LetII' bethecollectionof thesetrans-
formeddeterministicstratgies=’. Sincell’ is just a setof deterministicbooleanfunctions,
its VC dimensionis well-defined. We thendefinethe pseudo-dimensioaf the original set
of stochastistratgiesIl to bepVC(IT) = VO(IT').*

Having transformedhestratgy classwealsoneedo transformthe POMDR by augmenting
the statespacesS to be S x [0, 1]. Informally, the transitionsandrewardsremainthe same,
exceptthatafter eachstatetransition,we drav a nev randomvariabler uniformly in [0, 1],
andindependentlypf all previousevents.Statesarenow of theform (s, r), andwelet» bean
obsenedvariable.Wheneerin theoriginal POMDPa stochastistratgy = wouldhave been
givena history h, in thetransformed®OMDP the correspondingleterministictransformed
stratgy =’ is given (h, r), wherer is the [0, 1]-randomvariableat the currentstate. By the
definitionof 7/, it is easyto seethatn’ and=r have exactly the samechanceof choosingeach
actionatarny node(randomizatiorover r).

We arenow backin thedeterministicase so Theoren3.2 appliesmmediatelywith VC(IT)
replacedby pVC(II) = VC(II'), andwe againhave thedesireduniform convergenceresult.

“This is equivalentto the corventionaldefinition of the pseudo-dimensioaf II, whenit is viewed
asa setof mapsinto real-\aluedaction-probabilities.



4 Algorithmsfor Approximate Planning

Given a generatie modelfor a POMDP M, the resultsof the precedingsectionimmedi-
ately suggest classof algorithmsfor approximateplanning: generaten trajectorytrees
Ty, ..., T, andsearchfor an e TI that maximizesV ™ (so) = (1/m) Y. R(w,T;). The
following corollaryto the uniform cornvergenceresultsestablisheshe soundnessf this ap-
proach.

Corollary 4.1 LetTI be a classof strategiesin a POMDP M, and let the numberm of
trajectorytreesbe as givenin Theoem3.2. Let # = arg max.cr{V ™ (s0)} bethe policy
in TT with the highestempirical return on the m trees. Thenwith probability 1 — 4, 7 is
nearoptimalwithin IT:

V7 (s0) > opt(M,TI) — 2e. 2

If the suggestednaximizationis computationallynfeasible onecansearctor alocal max-

imum 7 instead anduniform corvergenceagainassuresisthat V' ™ (s ) is a trustedestimate
of our true performance Of course gven finding a local maximumcanbe expensve, since
eachtrajectorytreeis of sizeexponentialin H..

However, in practicat maybepossibleto significantlyreducehecostof thesearch Suppose
we are using a classof (possiblytransformed)deterministicstratgies, and we performa

greedylocal searchover IT to optimize V™ (sg). Thenatary time in the searchjo evaluate
thepolicy we arecurrentlyconsideringwe really needto look atonly asinglepathof length
H. in eachtree,correspondingo the pathtakenby the stratgy beingconsideredThus,we
shouldbuild the trajectorytreeslazily — thatis, incrementallybuild eachnodeof eachtree
only asit is neededo evaluateR(w, T;) for thecurrentstrateyy . If therearepartsof atree
thatarereachednly by poor policies,thena good searchalgorithmmay never even build

thesepartsof thetree. In ary casegachstepof the local searchhow takestime only linear

in H,.

Thereis a differentapproachthat works directly on stochasticstratgies (that is, without
requiringthetransformatiorio deterministicstratgies). In this caseeachstochastistratey
= definesa distribution over all the pathsin atrajectorytree,andthuscalculatingR(, T')

may in generalrequireexamining completetrees. However, we canview eachtrajectory
treeasa small, deterministicPOMDP by itself, with the childrenof eachnodein the tree
beingits successonodes. Soif 11 = {m, : § € R?} is a smoothlyparameterizedamily
of stochasticstratgies, thenalgorithmssuchas William’s REINFORCE [9] and Baird and
Moore’s more recentVAPS [1] can be usedto find an unbiasedestimateof the gradient

(d/d6)V™ (s0), whichin turn canbeusedto performstochastigradienascento maximize

V'™ (sg). Moreover, eachof thesealgorithmsneedsonly O( H.) time pergradientestimate;
socombinedwith lazytreeconstructionye againhave a practicalalgorithmwhoseperstep
compleity is only linear in thehorizontime. Thisline of thoughtis furtherdevelopedin the
long versionof the paper

5In thefull paper we alsocharacteriz&onditionsunderwhich thesealgorithmswill give gradient
estimateswith boundedvariance—clearlythis is neededor stochastigradientascent—andlsode-
scribea variationthatneedsnly very weakconditions(a boundon thedervative (d/df)Pr[rg(h) =
a1]) to guarantedoundedvariance. We also shav how thesealgorithmscan be extendedto find in
O(H.) time anunbiaseckestimateof the gradientof thetrue valueV ™ (s,) for arbitraryinfinite hori-
zon problems(whereaamost currentalgorithmseitheronly converge asymptoticallyto an unbiased
estimateof this gradient,or needan absorbingstateand“proper” stratgies).



5 TheRandom Trajectory Method

Usingafully obsenablegeneratie modelof a POMDR we have shavn thatthe trajectory
tree methodgivesuniformly goodvalue estimateswith an amountof experiencelinearin
VC(IT), and exponentialin H,. It turnsout we can significantly weakenthe generatre
model,yet still obtainessentiallthesametheoreticaresults.In this hardercasewe assume
a generatire modelthat provides only partially observablehistoriesgenerateddy a truly
randomstratey (which takeseachactionwith equalprobability at every step,regardlesof
the historysofar). Furthermorethesetrajectoriesalwaysbegin atthe designatedtartstate,
sothereis no ability providedto “reset” the POMDPto ary stateotherthans,. (Indeed,
underlyingstatesmaynever beobsered.)

Ourmethodfor thishardercasds calledtheRandonilrajectorymethod.lt seemdo leadless
readilyto practicalalgorithmsthanthetrajectorytreemethod andits formal descriptiorand
analysiswhichis moredifficult thanfor trajectorytrees aregivenin thelong versionof this
paper[5]. Asin Theorem3.2,we prove thatthe amountof dataneededs linearin VC(IT),

andexponentialin the horizontime — thatis, by averagingappropriatelyover the resulting
ensemblef trajectorieggeneratedthis amountof datais suficientto yield uniformly good
estimate®f thevaluesfor all stratejiesin II.
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