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Abstract

This paper presents models and algorithms that can be
used to simulate contact between one or more fingertips and
a virtual object. First, the paper presents various models
for rotational friction obtained from in-vivo fingertip mod-
els previously proposed in the robotics and biomechanics
community. Then the paper describes two sets of exper-
iments that were performed on in-vivo fingertips in order
to understand which of the models presented fits best with
the real rotational friction properties of the human finger-
tips. Finally an extension of the god object/proxy algorithm
which allows the simulation of soft finger contact, i.e. a
point-contact with friction capable of supporting moments
(up to a torsional friction limit) about the contact normal,
is proposed. The resulting algorithm is computationally ef-
ficient, being point-based, while retaining a good level of
realism.

1. Introduction and motivation

One of the key features of the human fingertips is to
be able to resist moments, up to a torsional friction limit,
about contact normals. This simple, and yet essential fea-
ture, allows humans to fully restrain objects using two fin-
gertips, something that would be impossible to do using the
tip of two tools. As new haptic devices allowing interaction
through multiple points of contact are being created [1, 2],
it is essential to be able to simulate this type of contact in or-
der to support tasks such as virtual grasping. Haptic render-
ing algorithms simulating point-contact, such as the proxy
[16] and the god-object [22], have been popular for a decade
thanks to their computational efficiency, but fail to model
the rotational friction capabilities of the human fingertip.
The focus of this paper is to present a haptic rendering algo-

rithm that simulates human fingertip capabilities while pre-
serving computational efficiency of point-based algorithms.

Figure 1. By using two soft finger proxies sub-
jects can fully restrain a virtual object.

The paper first presents various models for rotational
friction obtained from in-vivo fingertip models previously
proposed in the robotics and biomechanics community (see
section4). Two sets of experiments that we performed on
in-vivo fingertips, in order to understand which of the mod-
els presented fits best with the real rotational friction proper-
ties of the human fingertips, are then presented (see section
5). Finally an algorithm which extends the proxy and god-
object capabilities to include rotational friction constraints
is presented (see section8). The algorithm is called soft-
finger proxy in reference to the soft-finger contact used in
the robotic grasping community [17].

As it turns out, while one of the four proposed models
matches the overall human fingertip properties better than
the other three, this can be ignored in the case of point-
based algorithms such as the one proposed in this paper, for
which the contact surface area is not considered.



2. State of the art for in-vivo fingertip models

The robotics community has proposed various models
of frictional properties for robotic fingertips in the past two
decades [3, 9, 10].

The Neuroscience community, mainly in the form of
Professor Johansson’s group, has studied frictional proper-
ties of human fingertips in order to evaluate what are the
minimal forces applied by humans in order to stably grasp
objects [21] and to resist tangential torques, i.e. to restrain
objects from rotating using rotational friction [12, 5]. The
main results of such researches is that in both cases the nor-
mal force that is applied by subject in order to resist tan-
gential force and torques is always the minimal amount that
ensures avoiding slippage. Moreover the ratio between nor-
mal force and tangential torque, and normal force and tan-
gential forces is always linear. In [12] the authors propose
three functions to model the slip force on the basis of tan-
gential torque and normal force applied to the object. All of
the proposed models fit experimental data obtained by the
authors well but none of them is based on any theoretical
model of the human fingerpad.

In recent years the bio-mechanical community has pro-
posed various mathematical models that closely simulate
the force-displacement and force-contact area behavior of
in-vivo fingertips [20, 18, 19, 15, 14]. Note that none of
these papers present results concerning frictional properties
of the human fingerpad.

3 Basic assumptions

Some basic assumptions, typically adopted by existing
literature on human fingerpad modelling, are maintained in
this paper. The fingerpad is modelled as a sphere, the con-
tact area is assumed to be a circle of radiusa, and the pres-
sure distribution is assumed to be axial-symmetric.

Under the effect of contact forceP , a distribution of
pressurep(r) is generated over the contact area, such that:

P =
∫ a

0

p(r)2πrdr (1)

Under static conditions, friction forces depend on the
friction coefficientµ. In such casep produces on a infinites-
imal area dA a tangential tractionq such that:

|q| ≤ µp dA = Ffr (2)

The local values ofFfr determine the conditions for which
slip between the two bodies in contact can occur, and gen-
erate a friction momentM given by:

M =
∫ a

0

µp(r)2πr2dr = Prm(a) (3)

with

rm(a) =

∫ a

0
µp(r)r2dr∫ a

0
p(r)rdr

(4)

Equations (1) and (3) are assumed to hold independently
of the mathematical model adopted for the fingerpad.

Following [11], the kinematic equation governing the de-
formation of the two surfaces in contact can be derived by
studying the displacement of two pointsS1(x, y, z1) and
S2(x, y, z2), belonging respectively to the surface of body
1 and 2. In the unloaded case the two pointsSi are assumed
to be separated by a distanceh.

Figure 2. Elastic contact of two bodies.

Referring to Figure2, let us consider two pointsT1 and
T2, located on thez−axis far apart from the contact region.
Any relative contact motion ofδ between the two bodies
can be expressed as a combination of motions of pointsT1

andT2 of amountsδ1 andδ2, such thatδ = δ1 + δ2. As the
two bodies deform the position of each pointSi belonging
to the contact area can be described by:

uz + h = δ (5)

with uz = uz1 + uz2. In order to fully describe the con-
tact problem between to generic elastic bodies we will solve
relationship5, which represents the geometric constraint
equation for the contact, as well as a constitutive equation
relating contact forces and displacements. The latter rela-
tionship depends on the particular mechanical structure of
the bodies in contact while the former does not.

4 Contact deformation models

This section presents four possible models for the human
fingerpad. The goal is to obtain an analytical relationship



describing the frictional properties of each of these mod-
els. The first two models (Classic Hertz - CH, Modified
Hertz - MH) are based on Hertzian theory (see [3] for CH
and [15, 14] for MH). The third model (Viscous Sphere -
VS), which was originally used to describe the behavior of
plantar soft tissue, is based on a viscous sphere representa-
tion (see [7]). The fourth model (Liquid Filled Membrane
- LFM) describes the fingerpad as a fluid filled membrane
(see [19]).

These four models feature different constitutive equation
and thus different rotational friction properties. Such prop-
erties will be derived in the following.

4.1 Classic Hertzian model

For the CH model of a fingerpad, which was determined
by Brock et al. in [3], contact with a given surface is ap-
proximated as one between two elastic solids, and thus can
be described using Hertzian theory [8]. The geometric con-
strain equation for the CH model is given by:

a2 = Rδ (6)

The resultant distribution of pressure over the contact area
has an elliptical shape described by

p = p0[1− (
r

a
)2]1/2 (7)

and the radius of the contact circle depends on the applied
forceP through equation

a =
πp0R

2E∗ (8)

By using (1) and (3) the expressions for the contact force
P and the friction momentM are found as:

P =
∫ a

0

p(r)2πrdr =
2
3
poπa2 (9)

M =
∫ a

0

µp(r)2πr2dr =
2πp0

a
µ

∫ a

0

√
a2 − r2r2dr =

(10)

= µ
2πp0

a

a4π

16
=

1
8
µp0a

3π2 (11)

and thus
M

P
=

3π

16
µa(P ) (12)

4.2 Modified Hertzian model

In [15], Howe et al. proposed a modification of the clas-
sic hertzian model to fit the indentation displacement vs.
force curve obtained using measures made through tactile

sensors. Two corrective terms, the experimental instanta-
neous responseTe and the relaxation response, were intro-
duced. For our purposes, if relaxations effects are neglected,
we can modify expression (7) of p to only includeTe, and
thus obtain1

p′(r) = p(r)T e(δ) (13)

It can be shown that under this hypothesis the expression of
the ratioM/P remains unchanged and equal to (12). More-
over by using (8) and (19), classic Hertzian theory predicts
that

a =
3π

16
P

(
3PR

4E∗

)1/3

(14)

4.3 Viscous sphere (VS) model

In the formulation of hertzian model given in equation
(6), it was implicitly assumed that the contact geometry can
be described by looking only at a close neighborhood of the
contact point, and this is valid only for infinitesimal defor-
mations. When finite deformations are taken into account,
i.e. when the entity of displacement due to the contact de-
formation is not negligible with respect to the nominal di-
mension of the fingerpad, this assumption is no longer valid.
In this section we present a model inspired by a previous
work [7] that includes the case of finite deformation.

Figure 3. Contact of a viscoelastic sphere
over a plane

Referring to Figure3, we will assume that, during con-
tact, points on the sphere surface will be displaced of a
quantity equal to their distance from the plane in the un-
deformed configuration. The geometric constrain equation
for this model is given by

(R − δ)2 + a2 = R2 (15)

where displacementz(r) is given by

z(r) =
√

R2 − r2 −
√

R2 − a2 =
√

R2 − r2 −R + δ
(16)

1Note that equation (8) is not completely compatible with the mathe-
matical formulation of theproblem of the plane(see Appendix 1), of which
it represents an approximate solution only.



We will suppose that the state of stress induced by the
contact can be modelled through the effect of multiple
springs, with finite displacements, acting only along the
normal to the plane. As a consequence, the pressure distri-
bution is described byp(r) = kz(r), and results in a contact
force

P =
∫ a

0

p(r)2πrdr =
1
3
πkδ2(3R − δ) (17)

where, in order to model each spring element in a non-linear
way, the elastic constant is given byk = k′δn. The friction
moment is given by

M =
∫ a

0

µp(r)2πr2dr = µπk[(R−δ)a(R2/4−2/3a2)

− a/2(R2 − a2)3/2 + R4/4φ)] (18)

Since generally the values ofM/µ are computed numer-
ically, the relationship betweenM/µm vs. P can be de-
scribed through an approximating function of (18) in the
range of values of interest.

4.4 Liquid filled (LF) membrane

Serina et al. [19] adopted a structural model for fingertip
pulp based on the theory of elastic membranes [6]. While
this model allows the representation of large strain deforma-
tions, it has the limitation of only admitting reaction forces
tangential to the surface aligned along circumferential and
tangential directions. This implies that the distribution of
pressure during contact is uniform and given by internal
pressurep.

In this caseP andM are given by

P =
∫ a

0

p2πrdr = πp0a
2 (19)

M =
∫ a

0

µp(r)2πr2dr =
2
3
µπp0a

3 (20)

and thus
M

P
=

2
3
µa(P ) (21)

Wherea(P ) has been obtained from experimental measures
reported in [19].

5. Experimental measure of human fingerpad
characteristics

In order to evaluate which of the models presented in sec-
tion 4 better matches the real behavior of in-vivo human fin-
gertip, experimental data was obtained and analyzed. More
specifically, three relationships were considered when com-
paring experimental data with analytical models of the hu-
man fingertip:

E1. RelationshipP vs.δ between normal force and normal
displacement.

E2. RelationshipP vs.a between normal force and radius
of the contact area.

E3. RelationshipM vs. P between friction moment and
normal force.

This section describes how these experimental measures of
human fingerpad characteristics have been derived. Such
experimental data is then used in section6 to fit models pro-
posed in section4.

5.1 E1: Measures of the indentation displacement

For relationship E1 we will consider the results pro-
posed by Howe et al. in [15], where the authors suggest
that instantaneous elastic indentation force can be modelled
through an exponential formulation:

P = T e(δ) =
b

m
(em(δ−δ0) − 1) (22)

whereδ0 = 0 mm,b = 0.19 N/mmm = 2.1 mm−1.

Figure 4. Experimental P vs. δ relationship.

5.2 E2: Measures of the contact area

Experimental measures of the contact area vs. normal
force have been reported by other authors, e.g. see [18, 19],
but never reported in analytical form. The results presented
here, which were conducted using the procedure proposed
in [18], confirm the results previously found.

Two healthy right-handed men served as subjects for this
study. All of the subjects gave their informed consent to
participate in the experiment. The experimental apparatus
was made of a sheet of white paper placed on a metal plate



which was fixed to a one degree of freedom load cell. Dur-
ing each trial subjects were asked to stain their index finger-
pad with black ink and then press on the paper sheet holding
the finger at approximately0◦. Forces normal to the paper
sheet were recorded. Paper sheets were substituted between
different trials.

At the end of all trials paper sheets were digitally
scanned. The magnitudeA of the contact area was esti-
mated for each digital image using the Matlab Image pro-

cessing toolbox, and the equivalent contact radiusa =
√

A
π

was derived. Each radius was then matched to the peak
force measured during the relative trial.

Figure 5. Experimental P vs. a/amax relation-
ship.

From the analysis of experimental data it is possible to
assume the following model describinga

a

amax
= (1− e(−P/P ′

0)) (23)

whereamax is the peak value for the radius of the user’s fin-
ger and whereP ′

0 = 0.1101 N provides the best quadratic
fit. Figure5 shows the variation ofa/amax with respect to
P .

5.3 E3: Measure of friction coefficient

Five healthy right-handed men with average age of 28
served as subjects for this study. All of the subjects gave
their informed consent to participate in the experiment.
Subjects sat on a height adjustable chair with their left arm
extended anteriorly. The subjects’ forearm rested on a wood
block in order to prevent fatigue from having to hold their
hand in a same position for a prolonged time. The block’s
height was chosen in order for all experiments to be car-
ried out with the finger forming a0◦ angle with the testing
apparatus.

Figure 6. Schematic 3D model of the appara-
tus and the coordinate system for measured
forces and torques.

The apparatus shown in Figure6 was used for measuring
the relationship between load force and friction moment and
thus evaluate coefficients of static friction. The experimen-
tal apparatus was made of a six degrees of freedom load cell
(labelledd) (JR3 Force-Moment sensor model 67M25A-
U560, JR3 Multi-Axis Load Cell Technologies, Woodland,
CA), a 35 mm DC motor (c) (Maxon DC motor 137562
35mm, Maxon Precision Motors, Switzerland) mounting an
optical encoder (Maxon HEDL-5540 A11, Maxon Preci-
sion Motors, Switzerland) and a metal casing (e) built in
order to support the motor vertically above the geometrical
center of the force sensor. Thus, referring to Figure6, the
Fz axis intersects the sensor’s geometrical center and is the
axis of rotation for the DC motor and its shaft. The metal
structure was rigidly fixed to the force sensor as well as to
the motor. Plates made of different materials (a) could be
fixed at the tip of the motor shaft (b), which was free to
rotate through an opening in the metal structure described
above. The geometrical center of each plate was intersected
by axisFz. A square-shaped borosilicate glass plate mount-
ing a sorbothane ultra-soft polyurethane sheet (3/8′′-thick
with a surface of2′′ × 2′′ was used for the experiments.

Force range were of126 Newton along thez axis, of63
Newton along thex andy axis and of 4 Newton-meter on
all the three torque components, with resolution of1/4000
over the full sensor range. The motor position resolution
was0.18 deg. Data was read from both force sensor and
motor with a 1KHz servo-rate. Force data was read us-
ing a JR3 ISA I/O board. Position of the motor’s shaft was
read using a Sensoray 626 PCI board. All the software used
to run the experiments was written using the Borland C++
builder and thechai3dlibraries. Each experiment was made
up of80 trials. Throughout each trial a constant torque was
commanded to the motor. The value of such torque was
changed between trials. Torques were varied between nom-



inal values ranging from0 Nm to1 Nm.
At the beginning of each trial the subject was asked to

place his/her left-hand index fingerpad in the geometric cen-
ter of the plate connected to the motor shaft while the mo-
tor was not moving. When the subject was ready a constant
torque was commanded to the motor. The subject was asked
to press on the plate in order to stop the plate through the fin-
gerpad rotational friction. Once an equilibrium was reached
and the plate’s velocity was zero the recording phase be-
gan. Load applied by the subject, reaction torque and motor
velocity were recorded. The subject was asked to slowly
decrease the load force. Once slippage was detected the
recording phase lasted for five additional seconds and then
the motor was brought to a stop. Between each trial, the
subject was instructed to wait 1.5 minutes before starting
the next trial. This precaution was necessary in order to al-
low the finger pulp to restore to its natural shape.

By inspecting the data obtained in experiments carried
out an average relationship betweenrm andP was found,
for the rubber plate, as shown in Figure7.

Figure 7. Experimental P vs. rm relationship

Such relationship can be analytically modelled as

rm = r0(1− e(−P/τ)) (24)

wherer0 = 8.7855 mm and τ = 0.3907 N provide the
best quadratic fit. The values ofrm are always bounded by
the values ofa, i.e. they can never exceed the maximum
dimension of the fingerpad, as can be seen by the following
inequality

rm(a) < µ

∫ a

0
p(r)r2dr∫ a

0
p(r)rdr

= µa

∫ a

0
p(r)rdr∫ a

0
p(r)rdr

= µa (25)

Relationship E3 betweenM andP has been computed us-
ing 3. The results are plotted in Figure8.

Figure 8. Experimental P vs. M relationship.

6 Fitting of the proposed models

In the following the human fingerpad models presented
in section4 will be compared with the experimental curves
obtained in section5.

Figure 9. The effect of saturation M vs. nor-
mal force P

From the analysis of the experimental data relative to
laws E2 and E3 it can be noticed how the dependency of
M vs. P is almost linear for great values of forceP . Non-
linear effects due to the geometry of contact are evident only
for small indentation displacements. The range of forcesP
which affect the dimension of the contact areaa and of the
friction equivalent radiusrm is equal to0−2N , as presented
in Figure9. Beyond this range of values, the contact area
reaches its maximum value and relationship E3 betweenM
andP can be considered linear.

In the following we will examine which of the models
presented better fits the non-linear relationship betweenM



andP in the0 − 2N range. In general we will assume that
such relationship has the following form

M =

{
µ′mPn if 0 < P < P ∗

µm(P − P ∗) + µ′mP ∗n if P > P ∗ (26)

Clearly in order to guarantee the continuity of first
derivative ofM at pointP ∗ it must hold forP = P ∗:

µ′mnP ∗n−1 = µm (27)

The value ofµ is equal tor0 in (24), since it represents
the slope of the linear part of the experimental relationship
of E3. The value ofn will depend on the specific mathe-
matical model adopted for the description of the contact in
the non-linear range. Oncen is known, from (27) it is then
possible to determine the value ofµ′m. In the following es-
timated values for coefficientn are presented for all four
mathematical models previously introduced.

6.1 CH model

For the classical Hertzian model CH, the relationship be-
tweenM andP only depends ona(P ), and thus by substi-
tuting expression (14) in (12), we find

M =
3π

16
µaP =

3π

16
µP

(
3PR

4E∗

)1/3

= (28)

=
3π

16
µ

(
3R

4E∗

)1/3

P 4/3 = µ′mP 4/3 (29)

TheP vs. M relationship for the Classic Hertz (CH) model
is thus obtained as

M = µ′mP 1.3333 (30)

6.2 MH model

In the non-linear range relationship (22) can be ex-
pressed as

P (δ) = p1δ
p2 (31)

where the values of coefficients

p1 = 0.5118
N

mmp2
, p2 = 3.4897 (32)

have been found as the ones that minimize theL2 norm of
functions (32) and (22) in the non-linear range of forces0−
2N . From (32) it is possible to determine

P (a) =
p1

R3.4897
a6.9795 (33)

and combining this equation with (12), the Modified Hertz
(MH) model law is obtained as

M = µ′mP 1.1433 (34)

Figure 10. Fitting of presented models for the
M vs. P relationship in the 0 − 2N range of
normal forces.

6.3 VS model

Values ofk′ andn in (17) can be determined as the ones
that best fit the experimental law E1 presented in (22) using
an L2 norm. The values obtainedk′ = 0.0242 andn =
1.5753, lead to an approximating function of the form (26)
given by

M = 2.3286µP 1.1289 = µmP 1.1289 (35)

where all the numeric constants have been included within
the friction coefficientµm.

6.4 LF model

We assume that the liquid filled membrane model
matches with both displacementδ and area deformationa
versus forceP experimental plots as reported by [19].

As for the law E1, an equivalent expression in the non-
linear range of relationship E2, presented in given by (23),
can be converted in power formulation

a(δ) = q1P
q2 q1 = 0.9809

mm
Nq2

, q2 = 0.0949 (36)

The unknown coefficientsq1 andq2 have been found as the
ones that minimize theL2 norm of the two functions over
the interval 0-2 N. By substituting the expression of (36)
into the (21), theM vs. P relationship becomes

M = µ′mP 1.0949 (37)

6.5 Discussion

The values ofµ′m determined are reported in table6.5,
where torques are expressed in Nmm while forces in N.



All models have been tuned to fit theM vs. P relation-
ship (E3) and theP vs. δ relationship (E1). However, not all
models fit theP vs. a relationship (E2) equally well. In the
past section we have assumed that, in accordance to what
has been reported in [19], the LF model perfectly matches
bothP vs. a andP vs. δ relationships. As a consequence
the LF model is the closest to fit all three sets of experimen-
tal data.

An important note is, however, that often the contact area
may not be of interest in a simplified haptic rendering algo-
rithm, as in the case of the algorithm proposed in this paper.
In such case any of the proposed models can be used since
the relationship betweenM andP is similar in each of the
four cases for the range of forces under study.

model µ′m
CH 8.1489
MH 8.8327
VS 8.8836

LFM 9.0028

Table 1. Values of global friction coefficient
µm found in different models

7. The extended soft-finger proxy algorithm

In what follows we will propose a soft-finger proxy algo-
rithm. It is important to note that friction models to be used
in haptic simulation have been proposed in the past by var-
ious research groups (see [22, 16, 4, 13] amongst others).
To the authors’ knowledge, however, none of such models
have been applied to simulate rotational friction.

In order to simulate a soft finger contact a 4 DOF proxy
can be used. Three of such degrees of freedom describe the
position that the point of contact would ideally have when
touching a virtual object (as for the standard proxy algo-
rithm). The fourth variable describes the relative angular
motion between the two soft finger avatars and a virtual ob-
ject. It is important to note that the two parts of the algo-
rithm are currently considered decoupled. This is not a fully
accurate model of what happens in reality since the relation-
ship that linksP andM depends on the tangential forces
being applied on the object [10, 12]. Given this assump-
tion, in the following we will solely consider the evolution
of angular variableα and its proxy valueαp.

When a soft finger avatar comes into contact with a vir-
tual objectαp is set to the current value of the angle describ-
ing the rotation of the soft finger avatarα0. The following
steps are then performed until contact is not broken At a
generick-th time sample:

• The new angular position of the users fingers is cal-
culated asαg(K) = αs(K) − αp(K − 1), whereαs

is measured by the haptic device.αg is the new goal
value forα.

• αp new value is computed as

αp(K) = αp(K − 1) + β(K) (38)

where
β(K) = 0 if |P (K)|γ µm > |M(K)| (39)

and

β(K) = αg(K)−αp(K − 1)−
|P (K)|γ µd

kτ
otherwise (40)

whereP is the force along the contact normal,µm and
µd are the coefficients of static and dynamic torsional
friction between virtual object and user,γ depends on
the model chosen for the rotational friction,M(K) =
kτ (αp(K−1)−αg(K)) represents the torque applied
to the object due to torsional friction, andkτ is the
haptic servo-loop gain. Note thatµd can be picked to
be smaller thanµm. Experimental values ofµd are
currently under investigation.

• A new torqueM(K) = kτ (αp(K) − αg(K)) is com-
puted using the new value ofαp. TorqueM(K)~vn

is applied to the virtual object (where~vn represents a
unit vector with direction along the contact normal). A
torqueM(K) is also applied to the user (if the device
used is capable of actuating such wrench).

• New velocity (~v, ~ω) and position(~x, ~θ) is computed
for the virtual object. Angleαc representing how much
the object has rotated about axis~vn is computed as

αc = |~ω · ~vn|∆T (41)

where∆T is the servo-loop sampling time.

• The current value ofαp is corrected to

αp = αp + αc (42)

8. Applications

The algorithm proposed in section has been used in con-
junction with a dual-handed haptic device allowing two-
point interaction with virtual object per hand (see Figure
11). The current design of the device does not allow to
recreate contact torques on the users’ fingertips. In this sce-
nario the soft-finger algorithm is used solely to compute the
effect of the user on the virtual environment. Work is cur-
rently being carried out in order to add rotational feedback
on the user’s fingertips.



Figure 11. Manipulating virtual objects using
two fingers per hand.

9. Conclusions

In this paper we consider four possible models for in-
vivo human fingerpad. For each of such models we obtain
a relationship between contact force and torque due to ro-
tational friction. Such models are compared. The model
based on liquid filled membrane turns out to be the most
complete and precise. However if some of the parameters
that characterize the models are not considered, such as the
contact surface in the case of point-based algorithms, then
all models turn out to give very similar rotational friction re-
lationships. A proxy-based algorithm that models soft fin-
ger contact is also proposed. It is important to note that
algorithm considers tangential forces and rotational forces
to be decoupled. This is an approximation of what happens
in reality. Work is being carried out in order to remove such
limitation.
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