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Abstract

In this supplementary material, we derive the recurrences needed for the computation of the a*(i, j)

and (3*(7,7) matrices in the maximum labelwise accuracy algorithm.

1 Definitions

Recall the definitions of the following matrices from [1]:

Oé(l,j) = Z 1 {yj = Z} - €Xp (WTFl,j(Xay))
B(Zaj) = Z 1 {y] = Z} - €xXp (WTFj-‘rl,L(Xa Y)>

Yij:L

@ (i,0) =Y > Muk = vk Ayj =i} - Qk(w) - exp (WF15(x,y))

k=1y1:5

L
Br(ig) = D D Uy =y Ays =i} Qi(w) - exp (WIFjp L(x,y))

k=j+1Yy;:L

2 Computing o*(-,-)

We begin by splitting the inner summation so as to isolate the summations over y;_; and y;:

o* (i)=Y > Hye =y Ayy =i} - Q(w) - exp (WFy5(x,y))

k=1Yy1:j
J
=33 > Hum=wi Ay =i} Qilw)-
k=1¥1:j—2¥j—1:j
exp (W'Fy1;_1(x,y)) - exp (W £(y;-1,9;,%, 7))
= Z 1 {y] = ’L} - €Xp (WTf(yjflvyjaxvj)) :

Yi—1:j

SN 1y =ui} Qi(w) - exp (W'F1;_1(x,y)).

k=1y1:j-2



Next, we eliminate the variable y; by replacing it with ¢ everywhere:

(7) = Z exp (W' f(yj_1,4,%,7)) -

Yj—1

Hi=y}-Qiw)- Y exp(wIFja(xy)) +

Yi:j-2

SN e =ui} Quw) - exp (WFy;1(x,5)) |- (8)

k=1Y¥1:j—2

Next, we remove any references to y;_1 in the outer summation by replacing it with /. However, since y;_1
is needed in the inner summations, we must now include it there with the constraint y;_; = ¢

(8) = Zexp (wa(i’,i,x,j)) .

Hi=y}-Q5w) - 32 Wy =i} exp (wIFa(x,y) +

Yi:j—1

i S My =wi Ayjm =i} Qp(w) - exp (WFy 1 (x,y)) |- (9)

k=1y1:j-1

Finally, we can substitute the necessary definitions in order to derive a simple recurrence for a*(i, j):

9) = > exp (WIE(i", i, %, 7)) - [1{i = 57} - Q4(w) - ali’,j — 1) +a*(i',j — 1)]. (10)

i

3 Computing 5*(-, )

The derivation for 5*(i,j) is similar; we start by isolating the first two terms of the inner summation:

B (i, 5)

L
oY Uy =i Ay =i} Qu(w) - exp (WFj111(x,y)) (11)

k=j+1y;:L

L
SN Hue=viAy; =i} Qh(w) -

k=j+1Yj+2:L ¥Yj:j+1

exp (W Fji0(x,y)) - exp (W E(y;, yjp1,%,5 + 1)) (12)
= Y 1y =i} -exp (WE(y;y541,%,5 +1)) -

Yi:g+1

SN Hue=vi} Qi(w) - exp (W'Fj20(x,y)). (13)

k=j+1yj+2:L



Next, we eliminate the y; variable by replacing it with i:

13) = Z exp (WTf(iuyj+17X7j + 1)) :

Yji+1

1 {yj+1 = y;+1} : Q}+1(W) : Z exp (WTFj+2,L(XaY)) +

Yi+2:L

L
SN Hue =y} Qu(w) - exp (W42 0(x,y))

k=j+2¥j+2:L

and replace y;41 with ¢/, changing the scope of the inner summation as before:

Z exp

wif(i,i',x,j+1)) -

{i" =yip} Qi (w) - Z Hyj =i} exp (W F g0 0(x,y)) +

Yj+1:L

L
D> Huk=vi Ay =i Q(w) -exp (WFyua 0(x,y)) |-

k=j+2¥j41:L

Finally, substituting the necessary definitions, we get

5) =3 exp (Wt(i, i, x5+ 1)) - [L{i = yfy1} - Qyr(w) - B G+ 1) + 5,5+ 1)].

il

4 Computing the difficult term from the gradient

We wish to compute

L
Z Qr(w) - Z Uk =y} - Fro(xy) - exp (W Fp L(x,y)).
k=1

Using the fact that

we obtain

L
) => Quw)
k=1

=izzzzmm

j=1 4

y

Fi 1(x,y) = 2221{% 1=1 ANy; =14} £(7,4,%,7),

Jj=1

ZZZZl{yk—yk/\yj =1 Ny; =i} £(i,i,%,§) - exp (W' Fq 1(x,y))

Jj=1

i k=1 Yy

%

) Wye =yi Ayjor =4 ANy =i} - £(i,i,%, §) - exp (W Fy L(x,y)).

(15)

(16)

(17)

(18)

(19)

(20)



The summation over k we can split into three cases: (1) when k = j, (2) when k < j, and (3) when k > j.
This gives,

L
20) =YD Qhw) - 1{i=yi Ayj1 =i Ay; =i} £(i,i,x,5) - exp (W FyL(x,y)) +

j=1 i i y

j—1
SO QW) Wy =i Ayjor =i Ayy =i} £(74,%, ) -exp (WTFLL(X,y)) +
k=1 'y
L
DD Quw) - {ye = yp Ayjoa =1 Ay =i} £ 4,%,5) - exp (W F1L(x,¥)) |-
k=j+1 ¥
(21)
Substituting definitions and refactoring gives,
L
(21> = ZZZ Q;(W> : Oé(il,j - 1) ’ ﬁ(%]) -1 {7’ = y;k} : f<i/7ivx?j) : eXp(WTf(il7iaXaj) +
j=1 4 i
ar (i, —1) - B(i,5) - £, i, %, ) - exp(w (1,1, %, ) +
a(i',j—1)-8%(i,4) - £(i',i,%,5) - exp(w' £(i', 7, %, j) (22)
L
= Z Z Zf(i’,i,x,j) cexp(wlf(ii,%,j) -
j=1 4 i
Qj(w)-a(i',j —1)-B(i,7) - 1{i=y;} +
a*(Z/u?_l)5(27])—"_0[(7’/7]_1)5*(7’7])] (23)
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