
J. theor. Biol. (2002) 215, 151–167
doi:10.1006/jtbi.2001.2536, available online at http://www.idealibrary.com on
Analysis of Protein Homeostatic Regulatory Mechanisms in Perturbed
Environments at Steady State

Christopher Sewell
n
, Jeffrey J. Morganw and Paul A. Lindahl*zy

*Department of Chemistry, Texas A&M University, College Station, TX 77843, U.S.A.,
wDepartment of Mathematics, Texas A&M University, College Station, TX 77843, U.S.A.

and zDepartment of Biochemistry and Biophysics, Texas A&M University, College Station,
TX 77843, U.S.A.

(Received on 20 June 2001, Accepted in revised form on 5 November 2001)

Nine different protein homeostatic regulatory mechanisms were analysed for their ability to
maintain a generic protein P within a specified range of a set-point steady-state concentration
while perturbed by external processes that altered the rates at which P was produced and/or
consumed. Steady state regulatory effectiveness was defined by the area within a rectangular
region of ‘‘perturbation space’’, where axes correspond to rates of positive and negative
perturbations. The size of this region differed in accordance with the regulatory elements
composing the homeostatic mechanism. Such elements included basic negative feedback
control of transcription (in which P, at some high concentration relative to its set-point value,
binds to the gene G that encodes it, thereby inhibiting transcription), multiple sequential
binding of a feedback effector (two P’s bind sequentially to G), and dimerization of a
feedback effector (a P2 dimer binds to G). Two homeostatic mechanisms included a cascade
structure, one with and one without translational feedback control. Another mechanism
included feedback control of P degradation. Finally, two mechanisms illustrated the limits of
regulatory systems. One lacked all regulatory elements (and included only an invariant rate of
P synthesis and degradation) while the other assumed perfect (Boolean) regulation, in which
transcription is completely inhibited at ½P �4½P �sp and is fully active at ½P �o½P �sp: All of the
systems evaluated are known, but the analytical expressions developed here allow
quantitative comparisons between them. These expressions were evaluated at values typical
of the average protein in Escherichia coli. A method for building regulatory networks by
linking semi-independent regulatory modules is discussed.

r 2002 Elsevier Science Ltd. All rights reserved.
Introduction

Regulatory chemical systems consist of interacting
components functionally demarcated from other
species in surrounding environments. System and
environment are not completely isolated, as they
share one or more species. Reactions of the
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environment perturb the system by altering the
concentration of the shared species. The system
responds by altering the concentrations of its
components in a characteristic manner. The
response to such perturbations (or stimuli) defines
the system’s behavior. Systems that respond by
reestablishing the concentration of a shared
component to within a small deviation of a set-
point value are called homeostatic.
r 2002 Elsevier Science Ltd. All rights reserved.



8Abbreviations. RM1–RM9, regulatory mechanisms
1–9 as illustrated in Fig. 1 and defined in the text; P, a
generic protein with properties of the average protein in
Escherichia coli; PP, dimer of P; G, the gene encoding P,
presumed to catalyse the synthesis of P directly in RM1–
RM6 and RM9; GP, GPP, GPPP, GPPPP, complexes with
G and 1–4 P’s; M, the mRNA transcript encoding P in
RM7 and RM8; e; a unitless factor indicating regulatory
‘‘tightness’’, with values ranging from 0 to 1; ½X �;
concentration of the designated species (X=P, G, etc.)
under unspecified conditions; ½P �sp ; the set-point concentra-
tion of P; ½P �max; the maximum ½P � in which a system is
regulated; ½P �min; the minimum ½P � in which a system is
regulated; ½G�sp ; ½G� when ½P � ¼ ½P �sp; ½G�min; ½G� when ½P � ¼
½P �max; ½G�max; ½G� when ½P � ¼ ½P �min; ½G�tot; the total
concentration of G, presumed to be 1 nM.

C. SEWELL ET AL.152
Living cells use homeostatic regulatory sys-
tems to maintain concentrations of cellular
components at set-point levels that permit
balanced growth and replication despite
extracellular and/or intracelluar perturbations
(Barkai & Leibler, 1997; Becskei & Serrano,
2000). External perturbations include fluctuating
nutrient levels, while intracellular perturbations
arise from cellular processes other than core

regulatory processes. For proteins, core pro-
cesses include biosynthesis (transcription and
translation) and degradation or dilution (pro-
teolysis and cell volume changes) (Gottesman &
Maurizi, 1992; Axe & Bailey, 1994). Intracellular
perturbations include those arising from the
physiological function of the particular protein.
Proteins involved in cell-cycle processes tend to
change concentration when they are activated
(e.g. the concentration of their unbound state
would tend to decline upon assembly of a
structure for which the protein is a component)
and change again in the opposite direction when
deactivated (e.g. when the structure disassem-
bles). Proteins involved in metabolism or gene
expression tend to change concentration as they
bind or unbind substrates, products, effector
molecules or other proteins, or as they are
covalently modified or unmodified.
Cells contain large numbers of different types

of proteins, each presumably regulated by
homeostatic mechanisms that control gene ex-
pression. Since proteins interact with each other,
homeostatic systems perturb, and are perturbed
by, each other. Numerous strategies have been
developed to understand and model such reg-
ulatory networks, and tremendous progress has
been made over the past 30 years (Rosen, 1968;
Glass & Kauffman, 1973; Glass, 1975; Thomas,
1973, 1991; Tyson & Othmer, 1978; Meiske &
Reich, 1987; Hlavacek & Savageau, 1996; Mestl
et al., 1995; Omholt et al., 1998; McAdams &
Arkin, 1998; McAdams & Shapiro, 1995; Ni &
Savageau, 1996; Hofmeyr &Cornish-Bowdon,
1996; Savageau, 1998; Wolf & Eeckman, 1998;
Chen et al., 1999; Edwards & Glass, 2000;
Hofmeyr & Westerhoff, 2001). Excellent reviews
and books have recently appeared (Smolen et al.,
2000a, b; Bower & Bolouri, 2001). One approach
involves constructing networks of genes that
are either ‘‘on’’ or ‘‘off ’’ according to defined
logical/Boolean relationships, while another in-
volves constructing chemical mechanisms and
numerically analysing the corresponding differ-
ential equations. The Boolean approach is less
realistic but more computationally tractable and
thus applicable for modeling highly complex
networks. The mechanistic/differential equations
approach is more realistic and better for simpler
systems where reliable kinetic data (rate
constants and concentrations) are available.
Unfortunately, such data are generally not

available.
For proteins with low cellular copy numbers,

dynamics are simulated better using stochastic
rather than deterministic assumptions (McA-
dams & Arkin, 1997, 1999). However, stochastic
systems are more difficult to solve, and systems
solved deterministically can be viewed loosely
(and with caution) as reflecting the average of an
ensemble of cells (Axe & Bailey, 1994).
Despite the progress made in understanding

regulatory networks, further advances are re-
quired before global networks operating in even
the simplest living systems can be constructed
from genomic, proteomic, transcriptomic and
metabolomic data (Laub et al., 2000). We have
constructed numerous simple homeostatic me-
chanisms for regulating a generic protein P.8 In
this study, we analyse the magnitude of pertur-
bations that these core systems can tolerate
before steady-state concentrations of P shift
beyond a specified range centered about an
unperturbed set-point concentration ½P �sp: The
regulatory effectiveness of each system, thus
defined, was quantified and correlated to the
regulatory elements of which they were
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composed. Although the systems analysed are
well known, the analytical expressions presented
allow the effectiveness of these systems to be
quantitatively compared. This approach suggests
a strategy for building regulatory networks.

Analysis and Results

METHODOLOGY

Regulatory effectiveness in homeostatic me-
chanisms can be divided into steady-state and
dynamic contributions. Steady state effectiveness
refers to the ability to maintain steady-state ½P �
within a small deviation of ½P �sp while being
perturbed by synthesis and/or degradation pro-
cesses external to core processes. Dynamic
effectiveness refers to the rate of recovery from
a perturbation in ½P �: Along these lines, Axe &
Bailey (1994) have discussed a ‘‘step/response’’
approach to analyse steady state effectiveness
and an ‘‘impulse/response’’ approach to analyse
dynamic effectiveness.
We constructed a series of nine simple

homeostatic mechanisms (RM1–RM9) and ex-
amined their steady state regulatory effectiveness
using Maple 6 (Waterloo Maple). Each consisted
of a set of core reactions (Fig. 1) augmented
by two opposing perturbation reactions. Since
the mechanisms were examined at steady state,
the ordinary differential equations describing the
dynamics of these systems were equated to zero
and the resulting algebraic expressions, as well as
mass conservation relationships and chemical
equilibrium expressions (involving thermody-
namic equilibrium constants Keq) were analysed.
In all but two mechanisms (RM7 and RM8), the
gene encoding P (called G) catalyses the synth-
esis of P in a first-order process (with rate
constant k1). Numerous cellular components
affect the rate of protein biosynthesis; however,
in these analyses the concentrations of all such
components are presumed to be constant and are
incorporated into k1: In all cases except RM9,
the degradation of P was assumed to be a first-
order process dependent on P (with rate constant
k2). The perturbation reactions represent a
compilation of external processes which increase
and decrease ½P �; with overall rates k3 and k4½P �;
respectively. For RM1–RM6, at steady state and
in the presence of perturbation reactions,

½P � ¼
k1½G� þ k3
k2 þ k4

: ð1Þ

In the absence of perturbations,

½P �sp ¼
k1½G�sp

k2
: ð2Þ

The fraction of ½G�tot in the catalytically active
form ½G� varies for each mechanism, typically as
a function of ½P � and of one or more Keq’s. Plots
of these functions (½G�=½G�tot vs. log½P �) for each
mechanism are shown in Fig. 2. Maximum
sensitivity (percent change in ½G�=½G�tot caused
by a percent change in ½P �) occurs at ½G�=½G�tot ¼
1=2 (Goldbeter & Koshland, 1982). Thus,
Keq’s were chosen such that ½P � ¼ ½P �sp when
½G�=½G�tot ¼ 1=2; as this should allow the max-
imum regulatory ability in the presence of
perturbations. Comparable analyses for those
mechanisms (RM7 and RM8) in which M
catalysed the synthesis of P and the one
mechanism in which GP catalysed the degrada-
tion of P (RM9) differed slightly, as described
below. For ½G�tot ¼ 1 nM, eqn (2) becomes

½P �sp ¼
k1
2k2

: ð3Þ

LIMITS OF REGULATORY EFFECTIVENESS

Our approach evaluates the relative perturba-
tion magnitude that a system can tolerate, rather
than its sensitivity to an incremental change in
the stimulus (Koshland et al., 1982; Goldbeter &
Koshland, 1982; Kholodenko et al., 1997). We
define steady state regulatory effectiveness by (4)

Rss ¼
½P � � ½P �sp

½P �sp
; ð4Þ

where Rss indicates the relative difference be-
tween steady state perturbed ½P � and unper-
turbed set-point ½P �sp concentrations. We
introduce a ‘‘regulatory tightness’’ parameter e
ranging from 0 to 1. Mechanisms operating so
that �epRsspþ e were considered to be regu-
lated. Expression (5) gives the maximum and
minimum ½P � at the limits of effective regulation,
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Fig. 1. Schematic representations of the nine regulatory mechanisms examined. Horizontal arrows indicate reactions.
Absence of a substrate or product in a reaction indicates an assumed concentration-invariance for the species. Vertical
arrows indicate catalytic steps, with the catalyst located at the origin of the arrow and the reaction catalysed at the terminus.
The perturbation reactions shown for RM1 also apply to RM2–RM9.
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respectively.

½P �max ¼ ð1þ eÞ½P �sp;

½P �min ¼ ð1� eÞ½P �sp:
ð5Þ

As tighter regulation is required, e is set to
values approaching zero, and the difference
between ½P �max and ½P �min vanishes.
The concentration of G at ½P �min (called ½G�max)
was found by substituting ½P �min for ½P � into
½G�=½G�tot functions that had Keq’s optimized for
maximum sensitivity at ½P �sp: Likewise, ½G�min
was found by substituting ½P �max for ½P �: The
resulting ½Pmax : Gmin� and ½Pmin : Gmax� pairs were
substituted into eqn (1), and resulting expres-
sions were solved for k3; yielding eqns (6)
and (7). These equations describe regulatory
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Fig. 2. The proportion of gene G that is unbound and
catalytically active as a function of the concentration of
generic protein P for each mechanism. In all cases,
½P �sp ¼ 1000 nM.

Fig. 3. Plot of two-dimensional ‘‘perturbation space’’
(for RM1). Pmax and Pmin lines represent k3 : k4 combina-
tions at which the perturbed steady-state concentration of P
deviates from the unperturbed set-point concentration
(½P �sp) by a factor of (17e), respectively. Lines are drawn
for RM1, with k1 ¼ 20min

�1, k2 ¼ 0:01min
�1 and e ¼ 0:1:

Systems with k3 : k4 combinations located between these
lines are regulated while those with combinations located
outside of these lines are not. The regulated region is
subdivided into ‘‘synchronized’’ and ‘‘unsynchronized’’
areas. Since k3 and k4 processes oppose each other, the
simultaneous presence of both (indicated by the synchro-
nized region) attenuates their perturbing effects. The
unsynchronized rectangular area (Aunsync) best reflects
regulatory effectiveness, as systems within it are regulated
in the presence of either k3 or k4 perturbations.

Fig. 4. Plots of the unsynchronized rectangular areas
for various regulatory mechanisms. Intercepts and areas
(Aunsync) of these rectangles are given in Table 1. The
corresponding rectangle for RM4 (not shown) would
intercept the ordinate and abscissa at 11.0 and 12.2,
respectively.
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boundary lines in a k3 : k4 perturbation space.

k3 ¼ 1
2 k1ð1þ e� 2GminÞ þ ð1þ eÞ½P �spk4; ð6Þ

k3 ¼ 1
2 k1ð1� e� 2GmaxÞ þ ð1� eÞ½P �spk4: ð7Þ

By our definition, systems operating within
these lines are effectively regulated (Fig. 3).
Since k3 and k4 are opposing processes, the
presence of both diminishes the perturbing
effect of either acting alone, which renders
systems regulated at extremely high k3 and k4
combinations. Of greater interest are situations
in which either k3 or k4 may be present in the
absence of the other. The region of perturbation
space in which systems are regulated under these
‘‘unsynchronized’’ conditions is indicated by the
shaded rectangle of Fig. 3. The magnitude of this
area (Aunsync) will be used to quantify the
effectiveness of regulatory mechanisms (Fig. 4).
Aunsync ¼ k3max 	 k4max; where k3max is the max-
imum k3 for which systems are regulated when
k4 ¼ 0: Likewise, k4max is the maximum k4 for
which systems are regulated when k3 ¼ 0: The
analytical expressions for these parameters,
assuming ½P �sp as given in eqn (3), are

k3max ¼ 1
2
k1ð1þ e� 2GminÞ; ð8Þ

k4max ¼
k2ð2Gmax þ e� 1Þ

ð1� eÞ
: ð9Þ
NUMERICAL CONSIDERATIONS

Evaluating the analytical expressions of
Table 1 at specific core rate constants and e
values allowed the regulatory mechanisms to be
quantitatively compared. In our examples, e was



Table 1

k3max (nMmin
�1) k4max (min

�1) Aunsync 	 ½P �sp
(nM2min�2)

RM1 1

2
k1e

k2e
ð1� eÞ

1.11

RM2 1

2

k1ð3þ eÞe
ð2þ eÞ

k2ð3� eÞe
ð1� eÞð2� eÞ

2.50

RM3 1

2

k1ðe2 þ 3eþ 4Þe
ðe2 þ 2eþ 2Þ

k2ðe2 � 3eþ 4Þe
ð1� eÞðe2 � 2eþ 2Þ

4.44

RM4 1

2
k1ð1þ eÞ

k2ð1þ eÞ
ð1� eÞ

134.00

RM5 1

2

k1ðe2 þ 3eþ 4Þe
ðe2 þ 2eþ 2Þ

k2ðe2 � 3eþ 4Þe
ð1� eÞðe2 � 2eþ 2Þ

4.44

RM6 1

2

k1 6þ 10eþ 10e2 þ 5e3 þ e4
� �

e
ð2þ 4eþ 6e2 þ 4e3 þ e4Þ

k2 6� 10eþ 10e2 � 5e3 þ e4
� �

e
ð1� eÞð2� 4eþ 6e2 � 4e3 þ e4Þ

9.86

RM7 1

2

kað3þ eÞe
ð2þ eÞ

k2ð3� eÞe
ð1� eÞð2� eÞ

2.50

RM8 1

2

kbðe2 þ 4eþ 5Þe
ð2þ 3eþ e2Þ

k2ðe2 � 4eþ 5Þe
ð1� eÞðe2 � 3eþ 2Þ

7.02

RM9 k1e k21e
ð1� eÞ

4.44

Note: Aunsync evaluated with e ¼ 0:1; k1 ¼ 20min
�1, k2 ¼ 0:01min

�1, k15 ¼ 4min
�1, k16 ¼ 1min

�1, k17 ¼ 5min
�1,

k18 ¼ 0:002 nM
�1min�1, k19 ¼ 1min

�1, k20 ¼ 1min
�1, and k21 ¼ 0:02min

�1. In RM7, ka ¼ k15k17=k16 ¼ 20min
�1. In RM8,

kb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2k15k17ðk19 þ k20Þ=k18k20

p
¼ 20min�1.
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assigned the value 0.1 while other parameters
were based on those relevant to the average
protein in Escherichia coli (Neidhardt &
Umbarger, 1996; Hargrove, 1994; Voet & Voet,
1995; Lewis, 1998). Consider a hypothetical
newborn prokaryotic cell with a cytoplasmic
volume of 1.66	 10�15 l containing 1000 copies
(=1000nM) of a generic 40 kDa protein P and 1
copy of its gene G (in an active form half of the
time). Using this volume, the copy number of
any component equals its concentration in nM.
In the absence of perturbations, P is synthesized
at a rate of 10 nMmin�1. This process
is catalysed by G with an apparent first-order
rate constant k1 ¼ 20min

�1 (i.e. 10 nMmin�1/
0.5 nM). P is stable to protease degradation.
However, during each 50min cell-cycle, cell
volume doubles and P is diluted at an average
rate of 10 nMmin�1. The rate of cell growth
(and thus the ‘‘degradation’’ rate) depends
on P, yielding an apparent first-order de-
gradation rate-constant of k2 ¼ 0:01min

�1 (i.e.
10 nMmin�1/1000 nM). At steady state,
eqn (3) indicates that ½P �sp ¼ 1000 nM
(20min�1	 0.5 nM/0.01min�1).

REGULATORY MECHANISM ONE

(RM1,’’UNREGULATED’’)

RM1 lacks regulatory elements and is the
control mechanism against which all others are
compared. It is composed only of a G-dependent
process that synthesizes P and a P-dependent
one that degrades P (Fig. 1). The specific
reactions and rate-constants defining RM1 (core
as well as perturbation reactions) include the
following:

G-PþG ðk1Þ; ð10Þ

P- ðk2Þ; ð11Þ

-P ðk3Þ; ð12Þ

P- ðk4Þ: ð13Þ
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The corresponding differential equation that
describes the time-dependent change in ½P � is

d½P �=dt ¼ k1½G� � k2½P � þ k3 � k4½P �: ð14Þ

At steady state,

k1½G� þ k3 ¼ k2½P � þ k4½P �; ð15Þ

which rearranges to eqn (1). In RM1, ½G�=½G�tot is
a horizontal line (slope=0) at ½G�sp ¼ ½G�min ¼
½G�max ¼ 1=2: (The value 1/2 is chosen for easy
comparison to other mechanisms.) Substituting
these values into eqns (8) and (9) yields
the k3max; k4max; and Aunsync values for RM1 in
Table 1. Aunsync is directly proportional to the
core synthesis and degradation rates k1 and k2;
indicating that regulation improves when P is
synthesized and degraded rapidly.

REGULATORY MECHANISM TWO (RM2,

‘‘BASIC NEGATIVE FEEDBACK’’)

RM2 is similar to RM1, except that it includes
negative feedback control of transcription (P
binds G, affording catalytically inactive GP)
(Fig. 1). This well-known regulatory element has
been extensively studied (e.g. Thomas et al.,
1995). Defining reactions and rate constants for
RM2 include eqns (10)–(13) and

Gþ P-GP ðk5Þ; ð16Þ

GP-Gþ P ðk6Þ ð17Þ

as well as conservation relationship:

½G�tot ¼ 1 nM ¼ ½G� þ ½GP �: ð18Þ

The corresponding differential equations
include

d½P �=dt ¼ k1½G� � k2½P � þ k3 � k4½P �

� k5½G�½P � þ k6½GP �;
ð19Þ

d½GP �=dt ¼ �d½G�=dt ¼ k5½G�½P � � k6½GP �: ð20Þ

At steady state, eqn (19) rearranges into eqn
(15) [and alternatively eqn (1)] since eqn (20)
becomes

k5½G�½P � ¼ k6½GP � ð21Þ
which rearranges into equilibrium expression

KGP ¼
k5
k6

¼
½GP �
½G�½P �

: ð22Þ

½GP � can be eliminated using eqn (18), yielding
the ½G�=½G�tot function

½G�=½G�tot ¼
1

KGP ½P � þ 1
: ð23Þ

The KGP relationship yielding maximum sen-
sitivity occurs when ½G�=½G�tot ¼ 1=2: Solving eqn
(23) for KGP under this condition yields

KGP ¼
1

½P �sp
¼
2k2
k1

: ð24Þ

½P �min and ½P �max as defined in eqn (5) were
substituted with eqn (24) into eqn (23), yielding

Gmin ¼
1

2þ e
;

Gmax ¼
1

2� e
: ð25Þ

k3max; k4max and Aunsync values (Table 1) were
obtained by substituting eqn (25) into eqns (8)
and (9). Aunsync for RM2 is larger than that for
RM1 by a factor of 2.3. Thus, including basic
negative feedback control of transcription more
than doubles steady-state regulatory effective-
ness. This improvement arises because the
binding of P to G prevents G from catalysing
the synthesis of more P. Synthesis of P is
inhibited when ½P �4½P �sp and stimulated when
½P �o½P �sp; as the proportion of ½G�=½G�tot
changes. In contrast, the proportion of ½G�tot
available for P catalysis in RM1 is invariant to
changes in ½P �: Although the autoregulated and
unregulated homeostatic systems genetically en-
gineered by Becskei & Serrano (2000) are only
qualitatively similar to RM2 and RM1, respec-
tively, their autoregulated system was also
approximately twice as stable as their unregu-
lated one.

REGULATORY MECHANISM THREE (RM3, ‘‘MULTIPLE

BINDING FEEDBACK’’)

Multiple copies of autoregulated proteins and
transcription factors often bind to promoter sites
on the DNA that control gene expression. These
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binding events are typically cooperative, with the
equilibrium constant for the first event (KGP )
being smaller (i.e. weaker) than those of
subsequent events. Ptashne (1992) has shown
that binding of multiple l Repressor transcrip-
tional factors increases the sensitivity of the
transcriptional ‘‘switch’’ to changes in Repressor
concentration. RM3 (Fig. 1) was analysed to
determine the effect of multiple sequential
binding on homeostatic regulatory effectiveness.
RM3 is the same as RM2 except that two P’s
bind sequentially to G (affording states GP and
GPP, respectively). The defining reactions and
rate constants for RM3 include eqns (10)–(13),
(16), (17) and

GPþ P-GPP ðk7Þ; ð26Þ

GPP-GPþ P ðk8Þ ð27Þ

as well as conservation relationship:

½G�tot ¼ 1 nM ¼ ½G� þ ½GP � þ ½GPP �: ð28Þ

Corresponding differential equations include

d½P �=dt ¼ k1½G� � k2½P � þ k3 � k4½P � � k5½G�½P �

þ k6½GP � � k7½P �½GP � þ k8½GPP �;
ð29Þ

d½G�=dt ¼ �k5½G�½P � þ k6½GP �; ð30Þ

d½GP �=dt ¼ k5½G�½P � � k6½GP �

� k7½GP �½P � þ k8½GPP �; ð31Þ

d½GPP �=dt ¼ k7½GP �½P � � k8½GPP �: ð32Þ

At steady state, expressions (15), (21) and (33)
are obtained.

k7½GP �½P � ¼ k8½GPP �: ð33Þ

Rearrangement yields equilibrium expressions
(22) and

KGPP ¼
k7
k8

¼
½GPP �
½GP �½P �

: ð34Þ

Substituting eqns (22) and (34) into eqn (28)
yields

½G�=½G�tot ¼
1

1þ KGP ½P � þ KGPPKGP ½P �2
: ð35Þ
For maximum sensitivity at ½P �sp;

KGP ¼
1

½P �spðKGPP ½P �sp þ 1Þ
: ð36Þ

Substituting relationship (36) and (5) into
eqn (35) yields

Gmin ¼
KGPPk1 þ 2k2

2KGPPk1 þ 4k2 þ 2k2eþ 2KGPPk1eþ KGPPk1e2
;

Gmax ¼
KGPPk1 þ 2k2

2KGPPk1 þ 4k2 � 2k2e� 2KGPPk1eþ KGPPk1e2
:

ð37Þ

When KGPP becomes exceedingly large,

Gmin ¼
1

2þ 2eþ e2
;

Gmax ¼
1

2� 2eþ e2
: ð38Þ

These limiting relationships for Gmin and Gmax

were substituted into eqns (8) and (9) to yield the
k3max; k4max; and Aunsync values given in Table 1.
Relative to RM2, Aunsync is larger by a factor of
1.8. This improvement reflects an idealized case
since the analysis assumes an exceedingly large
value for KGPP :

REGULATORY MECHANISM FOUR (RM4, ‘‘BOOLEAN

NEGATIVE FEEDBACK’’)

RM3 regulates better than RM2 because the
binding of 2 P’s to G is cooperative and this
increases the sensitivity of negative feedback
(making it ultrasensitive). If even more P’s were
allowed to bind, sensitivity would increase
further, yielding in the limit a discontinuous
function ½G�=½G�tot ¼ 1 at ½P �o½P �sp and
½G�=½G�tot ¼ 0 at ½P � > ½P �sp: We may also specify
½G�=½G�tot ¼ 1=2 at ½P � ¼ ½P �sp: This idealized,
best-case sensitivity is illustrated in Fig. 2 by
Boolean mechanism RM4. The reactions defin-
ing RM4 are eqns (10)–(13), yielding differential
equation (14), steady-state relationship (15) and
conservation relationship (18). The only signifi-
cant difference between RM4 and RM2 is the
function ½G�=½G�tot: In RM4, ½G�min ¼ 0; ½G�max ¼
1; and ½G�sp ¼ 1=2: Substituting these values into
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eqns (8) and (9) yields the expressions for
k3max; k4max; and Aunsync in Table 1. Aunsync is more
than 50 times larger than that for RM2 and over
100 times better than that for RM1! This reveals
the advantage of ‘‘switch-like’’ genetic responses
(Ferrell, 1996–1998) in homeostatic regulation.
However, it also highlights the unrealistic
improvement in regulation achieved when Boo-
lean systems are substituted for simple chemical
mechanistic feedback systems in hypothetical
genetic networks.

REGULATORY MECHANISM FIVE

(RM5, ‘‘DIMERIZATION’’)

Most if not all transcription factors exist in
monomer " oligomer equilibria, with dimers
and tetramers being the most common oligo-
meric forms. These DNA-binding proteins typi-
cally bind G’s as oligomers, increasing the
sensitivity of gene expression to changes in the
concentration of the regulated protein (Ptashne,
1992). Regulatory mechanism RM5 (Fig. 1) was
constructed and analysed to quantify the degree
to which this arrangement improves homeostatic
regulation. Defining reactions, rate constants,
and conservation relationship for RM5 include
eqns (10)–(13) and

Pþ P-PP ðk9Þ; ð39Þ

PP-Pþ P ðk10Þ; ð40Þ

Gþ PP-GPP ðk11Þ; ð41Þ

GPP-Gþ PP ðk12Þ; ð42Þ

½G�tot ¼ 1 nM ¼ ½G� þ ½GPP �: ð43Þ

Corresponding differential equations include

d½P �=dt ¼ k1½G� � k2½P � þ k3 � k4½P �

� 2k9½P �2 þ 2k10½PP �; ð44Þ

d½G�=dt ¼ �k11½G�½PP � þ k12½GPP �; ð45Þ

d½PP �=dt ¼ k9½P �2 � k10½PP �

� k11½G�½PP � þ k12½GPP �;
ð46Þ

d½GPP �=dt ¼ k11½G�½PP � � k12½GPP �: ð47Þ
Steady-state equations include eqn (15) and

k9½P �2 ¼ k10½PP �; ð48Þ

k11½G�½PP � ¼ k12½GPP �: ð49Þ

Equilibrium relationships include

KPP ¼
k9
k10

¼
½PP �

½P �2
; ð50Þ

KGP2 ¼
k11
k12

¼
½GPP �
½G�½PP �

: ð51Þ

Equations (50) and (51) were substituted into
eqn (43) yielding

½G�=½G�tot ¼
1

1þ KPPKGP2½P �2
: ð52Þ

For maximum sensitivity at ½P �sp;

KPP ¼
1

KGP2½P �2sp
¼

4k22
KGP2k21

: ð53Þ

This relationship and eqn (5) were substituted
back into eqn (52) to yield ½G�max and ½G�min
values [eqn (38)] that were substituted into
eqns (8) and (9) to yield the k3max; k4max; and
Aunsync for this mechanism. These values (Table
1) are identical to those obtained for RM3 under
optimum circumstances. Thus, regulatory sys-
tems in which monomeric transcription factors
dimerize and then bind genetic loci are equally
effective in homeostatic regulation as those in
which two copies of a monomeric transcription
factor bind sequentially (assuming an exceed-
ingly large second binding constant). Given finite
binding constants, dimerization mechanisms will
be more effective than otherwise equivalent
multiple sequential binding mechanisms. These
relationships arise because the presence of the
intermediate GP form in RM3 (absent in RM5)
detracts from the regulatory ability of the
mechanism. Optimal behavior is achieved when
KGP and KGPP are adjusted to eliminate ½GP �:
In the limiting case when ½GP � ¼ 0; the two
mechanisms become identical.
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REGULATORY MECHANISM SIX (RM6,

‘‘TWO-DIMER BINDING’’)

RM6 includes the dimerization of P and the
sequential binding of two dimers to G (Fig. 1). It
was analysed to assess whether combining these
two regulatory elements would improve regula-
tory effectiveness. Defining reactions, rate con-
stants, and conservation relationship for RM6
include eqns (10)–(13), (39)–(42) and

GPPþ PP-GPPPP ðk13Þ; ð54Þ

GPPPP-GPPþ PP ðk14Þ; ð55Þ

½G�tot ¼ 1 nM ¼ ½G� þ ½GPP � þ ½GPPPP �: ð56Þ

Corresponding differential equations include
eqns (44), (45) and

d½PP �=dt ¼ k9½P �2 � k10½PP � � k11½G�½PP �

þk12½GPP � � k13½GPP �½PP � þ k14½GPPPP �;

ð57Þ

d½GPP �=dt ¼ k11½G�½PP � � k12½GPP �

� k13½PP �½GPP � þ k14½GPPPP �;

ð58Þ

d½GPPPP �=dt ¼ k13½PP �½GPP � � k14½GPPPP �: ð59Þ

At steady state, eqns (15), (48), (49) and (60)
are obtained.

k13½PP �½GPP � ¼ k14½GPPPP �: ð60Þ

Rearrangement yields equilibrium expressions
(50), (51) and

KGP4 ¼
k13
k14

¼
½GPPPP �
½GPP �½PP �

: ð61Þ

Substituting eqns (50), (51) and (61) into eqn
(56) yields

½G�=½G�tot ¼
1

1þ KP2KGP2½P �2 þ K2P2KGP2KGP4½P �4
:

ð62Þ
For maximum sensitivity at ½P �sp;

KGP2 ¼
1

KP2½P �2spð1þ KGP4KP2½P �2spÞ
: ð63Þ

This equation and eqn (5) were substituted
back into eqn (62) to obtain ½G�min and ½G�max: At
exceedingly large values of KGP4;

Gmin ¼
1

2þ 4eþ 6e2 þ 4e3 þ e4
;

Gmax ¼
1

2� 4eþ 6e2 � 4e3 þ e4
: ð64Þ

These values were substituted into eqns (8)
and (9) to yield k3max; k4max; and Aunsync values for
this mechanism (Table 1). Aunsync was 2.2 times
greater than that for either RM3 or RM5. Thus,
regulatory effectiveness improves significantly by
combining transcription-factor dimerization and
multiple sequential binding. This situation is
found with the l Repressor, which dimerizes and
then binds in multiple copies to its operator
(Ptashne, 1992).

REGULATORY MECHANISM SEVEN (RM7,

‘‘TRANSCRIPTION/TRANSLATION CASCADE’’)

Transcription and translation may be viewed
as a two-enzyme (E1, E2) cascade. In such
arrangements, a signal binds E1, converting it
to a form that activates E2 to catalyse a reaction
S-P. In cascades, the rate of the ultimate
reaction is amplified relative to the situation in
which the signal binds E2 directly (Chock et al.,
1980; Shacter-Noiman et al., 1983; Shacter et al.,
1984). The amplification factor depends on the
number of levels in the cascade and the rates of
catalysis at each level.
In transcription/translation regulatory cas-

cades, all of the components required for
transcription, including G, together constitute
E1 and catalyse the synthesis of mRNA (M)
from nucleotides. All components required for
translation, including M, together constitute E2,
which catalyses the synthesis of P from amino
acids. The only major difference between tran-
scription/translation cascades and ‘‘standard’’
cascades is that the product of the E2 reaction
(P) is also the signal, affording feedback
behavior. In RM7 (Fig. 1), we assess the degree
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to which this arrangement affects homeostatic
regulatory ability. The defining reactions and
conservation relationship for RM7 are eqns
(11)–(13), (16)–(18) and (65)–(67).

G-GþM ðk15Þ; ð65Þ

M- ðk16Þ; ð66Þ

M-Mþ P ðk17Þ: ð67Þ

Corresponding differential equations are eqn
(20) and

d½P �=dt ¼ k17½M � � k2½P � þ k3 � k4½P �

� k5½G�½P � þ k6½GP �;
ð68Þ

d½M �=dt ¼ k15½G� � k16½M �: ð69Þ

The corresponding steady-state equations are
eqn (21) and

k17½M � þ k3 ¼ k2½P � þ k4½P �; ð70Þ

k15½G� ¼ k16½M �: ð71Þ

Equilibrium expression (22) applies as does
the ½G�=½G�tot function (23). Equations (70) and
(71) can be rearranged to give

½P � ¼
k17½M � þ k3
k2 þ k4

¼
k17k15½G� þ k3k16
k2k16 þ k4k16

: ð72Þ

This equation replaces eqn (1) in RM7.
Equation (2) becomes (where ½G� ¼ 1=2).

½P �sp ¼
k17½M �
k2

¼
k17k15
2k2k16

: ð73Þ

Also,

KGP ¼
1

½P �sp
¼
2k2k16
k15k17

: ð74Þ

This optimized expression for KGP was sub-
stituted along with eqn (5) into eqn (23). The
resulting [Pmax : Gmin] and [Pmin : Gmax] pairs were
substituted into eqn (72), yielding eqns (75) and
(76) when solved for k3:

k3 ¼
1

2

k17k15ð2k4 þ 3k2eþ 3k4eþ k2e2 þ k4e2Þ
k2k16ðeþ 2Þ

;

ð75Þ

k3 ¼
1

2

k17k15ð�2k4 þ 3k2eþ 3k4e� k2e2 � k4e2Þ
k2k16ðe� 2Þ

:

ð76Þ

These two equations replace eqns (6) and (7)
for this mechanism. The k3max; k4max; and Aunsync

values shown in Table 1 were obtained by setting
k4 ¼ 0 in eqn (75) and k3 ¼ 0 in eqn (76). These
values are identical to those of RM2 when

k17k15
k16

¼ k1: ð77Þ

REGULATORY MECHANISM EIGHT

(RM8, ‘‘TRANSCRIPTIONAL AND

TRANSLATIONAL FEEDBACK’’)

Regulatory systems employing mRNA can
improve regulatory effectiveness by including
negative feedback control of translation (Axe &
Bailey, 1994; Smolen et al., 2000b). In RM8, P
binds M, increasing the rate of M-degradation
(Fig. 1). At low ½P � (relative to a binding
constant for the reaction P+M"MP), most
M’s are unbound and active in catalysing the
synthesis of more P. At high ½P �; M’s become
bound and susceptible to degradation. This
decreases the average lifetime of M, and lowers
the steady-state concentration of P. The most
effective behavior of this system occurs when
k16 ¼ 0; since this will make the MP feedback-
control most dramatic. Under this condition, the
defining reactions and conservation relationship
of RM8 includes eqns (11)–(13), (16)–(18), (65),
(67), (78)–(80) and (18).

Mþ P-MP ðk18Þ; ð78Þ

MP-Mþ P ðk19Þ; ð79Þ

MP-P ðk20Þ: ð80Þ
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The corresponding differential equations are
eqn (20) and

d½P �=dt ¼ k17½M � � k2½P � þ k3 � k4½P � � k5½G�½P �

þk6½GP � � k18½P �½M � þ k19½MP � þ k20½MP �;

ð81Þ

d½M �=dt ¼ k15½G� � k18½P �½M � þ k19½MP � ð82Þ

d½MP �=dt ¼ k18½P �½M � � k19½MP � � k20½MP � ð83Þ

Corresponding steady-state equations include
eqns (21), (70) and

k15½G� þ k19½MP � ¼ k18½P �½M �; ð84Þ

k18½P �½M � ¼ ðk19 þ k20Þ½MP �: ð85Þ

Equations (84) and (85) can be rearranged to
eliminate ½MP �; yielding

½M � ¼
k15½G� k20 þ k19ð Þ

k18k20½P �
: ð86Þ

Equation (86) can be substituted into eqn (70),
yielding

½P � ¼
k17½M � þ k3
k2 þ k4

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k23 þ 4kc½G�ðk2 þ k4Þ

q
þ k3

2ðk2 þ k4Þ
;

ð87Þ

where

kc ¼
k15k17ðk19 þ k20Þ

k18k20
: ð88Þ

In the absence of perturbations,

½P �sp ¼

ffiffiffiffiffiffiffi
kc
2k2

r
: ð89Þ

The appropriate equilibrium and ½G�=½G�tot
relationships are eqns (22) and (23), respectively.
Maximum sensitivity occurs at ½P �sp when

KGP ¼
1

½P �sp
¼

ffiffiffiffiffiffiffi
2k2
kc

s
: ð90Þ
This relationship for KGP was substituted
along with eqn (5) into eqn (23), yielding eqn
(25). The resulting [Pmax : Gmin] and [Pmin : Gmax]
pairs were substituted into eqn (87), and
k3max; k4max and Aunsync values (Table 1) were
determined as with RM7.
Rate constants were fixed at values that

allowed ½M �sp ¼ ½MP �sp ¼ 2 under unperturbed
½P �sp conditions. k20 was set to the value of k16 in
RM7 (namely k20 ¼ 1min

�1), allowing k15 and
k17 to be set at RM7 values (k15 ¼ 4min

�1,
k17 ¼ 5min

�1). Rate constant k19 was arbitrarily
set to 1min�1, resulting in k18 with the value
0.002min�1. Under these conditions (and with
e ¼ 0:1), Aunsync is 2.8 times larger than that for
RM7 (Table 1).

REGULATORY MECHANISM NINE (RM9,

‘‘DEGRADATION NEGATIVE FEEDBACK’’)

RM2–RM8 probed the effects of regulatory
elements that control the rate of P synthesis. In
contrast, RM9 (Fig. 1) addresses the effect of
adding a regulatory element to control the rate
of P degradation.
RM9 is a simplified form of a situation in

which a protease for a target protein P is itself
feedback regulated at the transcriptional level,
by having P activate the gene encoding the
protease (as well as having it repress the
promoter for G, its own gene). For optimal
regulation, the equilibrium constant describing
the binding of P to the protease promoter will
equal KGP (and both will equal 1=½P �sp). Includ-
ing two genes that interact with P in this manner
would afford a rather complicated mechanism in
which comparison with other mechanisms would
be difficult. However, equivalent behavior can be
obtained by letting GP represent the activated
P-bound form of the protease promoter, and a
catalyst for the synthesis of the protease. The
concentration of the protease will be propor-
tional to ½GP �: The defining reactions, rate
constants, and conservation relationship
for RM9 include eqns (10), (12), (13), (16)–(18)
and

GPþ P-GP ðk21Þ: ð91Þ
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The corresponding differential equations in-
clude eqn (20) and

d½P �=dt ¼ k1½G� � k21½P �½GP � þ k3 � k4½P �

� k5½G�½P � þ k6½GP �:
ð92Þ

Steady-state, equilibrium, and ½G�=½G�tot rela-
tionships include eqns (21)–(23) and (93).

k1½G� þ k3 ¼ k21½P �½GP � þ k4½P �: ð93Þ

Combining eqns (18) and (93) to eliminate
½GP � yields

½P � ¼
k1½G� þ k3
k21½GP � þ k4

¼
k1½G� þ k3

k21 � k21½G� þ k4
: ð94Þ

This equation replaces eqn (1). In the absence
of perturbations and at ½G� ¼ 1=2;

½P �sp ¼
k1
k21

¼
1

KGP
: ð95Þ

This relationship for KGP and eqn (5) were
substituted into eqn (23) yielding the Gmin and
Gmax values in eqn (25). ½Pmax : Gmin� and ½Pmin :
Gmax� pairs were substituted into eqn (94) and the
resulting equations were solved for k3max; k4max;
and Aunsync as in other mechanisms. To keep
½P �sp ¼ 1000 and k1 ¼ 20min

�1, k21 was set to
0.02min�1. Under these constraints, Aunsync

(Table 1) is 1.8 times greater than that for RM2.

Discussion

REGULATORY MECHANISMS LACKING

NEGATIVE FEEDBACK

Systems consisting of synthesis and degrada-
tion processes without negative feedback rela-
tionships (e.g. RM1) regulate ½P � to some extent.
Steady-state regulatory effectiveness, as reflected
by the area of the unsynchronized regulated
region of k3 : k4 perturbation space, was propor-
tional to the biosynthesis and degradation rates
of P (i.e. Aunsyncpk1 	 k2). Thus, most effective
regulation is achieved with rapid rates of
synthesis and degradation. In real cells, many
proteins are stable towards proteolysis, and so
the rate of ‘‘degradation’’ essentially corre-
sponds to the rate of dilution that accompanies
cell growth (Axe & Bailey, 1994). This situation
limits the degree to which such proteins can be
regulated under steady-state conditions; i.e. with
everything else equal, stable proteins are not
regulated as well as rapidly degraded ones.
The ratio of synthesis rates to degradation

rates (i.e. k1=k2) determines the steady-state ‘‘set-
point’’ copy number (or concentration) in cells
(Hargrove, 1994). Proteins present at high copy
number are either produced faster or degraded
more slowly than those present in lesser
amounts. The relative effectiveness by which a
protein is regulated is not related to copy
number per se.

EFFECT OF CHANGING THE REGULATORY TIGHTNESS

PARAMETER e

The magnitude of e has a significant influence
on the size of Aunsync: In RM1, if e is ‘‘relaxed’’
from 0.1 to 0.3, Aunsync increases 11.6 times! The
effect is qualitatively similar for the other
mechanisms. Thus, there is an advantage to
setting e as high as can be tolerated by the
application. For example, if P has a first-order
rate-law dependence for all reactions for which it
is involved, a 730% deviation may be accep-
table, as this would translate into ‘‘only’’ a
730% deviation in rate. However, if P exhibits
higher-order dependencies, the same deviation in
½P � would cause disproportionately greater de-
viations in rate. In such cases, smaller e values
would be required.

NEGATIVE FEEDBACK, DIMERIZATION,

COOPERATIVITY, AND BOOLEAN MECHANISMS

We evaluated the effect of negative feedback
relationships occurring in transcription, transla-
tion, and degradation processes. For transcrip-
tion, we examined basic negative feedback
(RM2), multiple sequential binding feedback
(RM3), Boolean feedback (RM4), dimerization
feedback (RM5), and a combination of multiple
sequential binding and dimerization feedback
(RM6). Regulatory effectiveness was related to
the slope of the ½G�=½G�tot vs. log½P � plots at ½P �sp
and ½G�=½G�tot ¼ 1=2 (Fig. 2). RM4 with Boolean
feedback (infinite slope) was most effective in
regulating ½P �; while that without feedback
(RM1, with slope=0) was least effective. The
system with two P’s binding G sequentially was
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as effective as the one where two P’s dimerize
and the dimer binds G (as long as the second P
binds GP very tightly). Under these conditions
both were about twice as effective as the
mechanism involving basic negative feedback,
consistent with their corresponding slopes being
twice as great. The system with both multiple
sequential binding and dimerization was about
twice as effective as those with either regulatory
element alone. Additional improvements would
be expected by including further oligomerization
steps (e.g. the binding of two dimers to form a
tetramer). Real regulatory systems often exhibit
both multiple binding and oligomerization of
transcription factors (John et al., 1999; Payre
et al., 1997). Feedback terms that were added to
either translation or degradation processes also
improved regulatory effectiveness. Although our
analysis does not indicate the exact effect of
combining feedback terms, each term that was
added increased regulatory effectiveness roughly
by a factor of two. A more sophisticated analysis
is required to determine whether this observation
can be used to assess the regulatory abilities of
mechanisms with other combinations of regula-
tory elements.

TRANSCRIPTION/TRANSLATION CASCADES

The regulatory effectiveness of mechanisms
that include transcription/translation cascades
may naively appear no better than those lacking
them (see Table 1), but this results from setting
rate constants according to eqn (77). In hy-
pothetical cascades, the rate of E2 may be
adjusted to any value (including the amplified
rate). In contrast, the rates of real systems are
constrained by physical limitations. The assigned
value of k1 (i.e. 20min

�1) is calculated from
estimates of actual rates of protein biosynthesis.
However, these rates include amplification due
to the transcription/translation cascades present
in real cells. In our mechanisms, the amplifica-
tion factor equaled the steady-state concentra-
tion of M. Typically there are B2 copies of an
mRNA per cell (Neidhardt & Umbarger, 1996).
If there were 1/2 free G per cell, eqn (71)
indicates that k15=k16B4: Then, eqn (77) requires
that k17B5min

�1. Since the half-life of mRMA
can be as short as B1/2min�1 (Wagner, 2000;
Kushner, 1996; Arraiano et al., 1988; Alberts
et al., 1994), we assume k16B1min

�1, yielding
k15B4min

�1. The homeostatic ability of these
mechanisms, as defined by Aunsync; is propor-
tional to ½M �; so the effect of this cascade (with
½M �B2) is to double regulatory effectiveness.
The improvement in regulatory effectiveness

resulting from transcription/translation cascades
is probably even greater in real systems because
they contain additional levels. Many ribosomes
typically bind simultaneously to the same
mRNA strand, giving rise to polysomes. Since
each ribosome:RNA complex is a catalyst for
protein synthesis, the presence of polysomes
adds another cascade level, in this case amplified
by the number of such complexes per mRNA
strand. Also, in many real systems, transcription
factors other than P itself bind the locus
responsible for expressing the P-encoding gene.
These factors typically bind a small molecule (Q)
whose concentration is influenced by P (for
example, Q may be the product of a P-catalysed
reaction). This arrangement would constitute
another level of the cascade structure of transcrip-
tion/translation processes. Feedback/cooperativity
relationships may then be added at each level.
Ferrell, Kholodenko, and others have shown that
including such elements affords switch-like re-
sponse-curves (Ferrell, 1996–1998; Kholodenko
et al., 1997; Kholodenko, 2000; Huang & Ferrell,
1996; Brown et al., 1997).

SUMMARY

The results of our analysis reveal some
principles for constructing effective homeostatic
regulatory mechanisms for a generic protein P
operating under steady-state conditions. They
include:

* Use rapid rates of P synthesis and degrada-
tion. Unstable proteins can be more effectively
regulated than stable ones. However, there is a
trade-off between regulation and energy costs;
better regulation is costly. Consequently, many
proteins in cells are stable and not regulated as
well as they would be if they were unstable.

* Use a negative-feedback-controlled cascade
structure, in which the ultimate product of the
cascade (P in this case) is also the signaling
molecule that inhibits the first-level catalyst (G
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in this case). This structure is commonly applied
to the synthesis ‘‘side’’ of regulatory mechan-
isms. However, if P (or a transcription factor
sensitive to [P]) activates a gene that encodes a
protease that degrades P, a cascade structure
is also present on the degradation ‘‘side’’ of the
mechanism. These cascade structures can ampli-
fy the rates of synthesis (and degradation),
thereby improving regulation.

* Apply feedback relationships wherever
possible, including at each level of each cascade.
In these relationships, P (or a related transcrip-
tion factor) either binds or unbinds the catalyst
operating at each level. The equilibrium binding
constants should be matched such that half of
each type of catalyst is bound at the desired set-
point concentration of P.

* Allow multiple copies of P (or a related
transcription factor) to bind sequentially. This
adds cooperativity and increases the sensitivity
of the feedback, such that smaller percentage
changes in [P] cause greater percent changes in
the relative concentration of the active form of
the catalyst (e.g. [G]/[G]tot). Another way of
adding cooperativity and ultrasensitivity is by
allowing P (or transcription factors) to oligo-
merize. Higher-level oligomers yield more
effective regulation (i.e. mechanisms using tetra-
mers regulate better than those using dimers).
This improvement in regulation explains why
most if not all transcription factors bind as
oligomers.

LINKING REGULATORY MODULES

Regulatory networks in cells are poorly
understood (Smolen et al., 2000a, b). They
appear to be organized hierarchically, from
genes at the lowest level to operons, regulons,
and modulons at higher levels (Neidhardt &
Savageau, 1996), and have been viewed analo-
gously to electronic circuits (McAdams & Arkin,
1998; McAdams & Shapiro, 1995). Whether
regulatory networks are best viewed as consist-
ing of exceedingly large numbers of strongly
interacting components or of smaller numbers of
weakly interacting groups or modules is un-
known, but the latter possibility seems more
computationally tractable. Bray (1995) has dis-
cussed the possibility of linking small sets of
protein-based reactions to perform logical com-
putations. Thieffry & Romero (1999) found that
as the size of a Boolean circuit increases, the
fraction of parameter combinations that lead to
functionality declines, suggesting that networks
are composed of loosely interacting modules.
Others have proposed to view regulatory net-
works as hierarchically organized functional
modules that can be analyzed individually and
combined (Lengeler, 2000; Kremling et al., 2000;
Hofmeyr & Westerhoff, 2001).
Our analysis suggests a method of linking

regulatory modules in the design of complex
networks. Consider two modules that regulate P1
and P2 within a small deviation of set-point
concentrations. To link these modules, P1 and P2
must interact. For example, P1 and P2 may bind
each other, or P1 may catalyze a reaction
involving P2. In any event, the effect of the
interaction would be to alter the concentration
of one or both P’s. Importantly, each module in
the link would view the effect of the other as a
perturbation. Thus, as long as the linking
reaction was slow relative to the core rates by
which P1 and P2 were regulated (i.e. keeping
both systems within their unsynchronized per-
turbation-space rectangles), the two P’s in the
linked system would remain regulated. Addi-
tional modules could be linked under similar
restrictions, eventually forming a regulatory
network consisting of semi-autonomous regula-
tory modules with rapid intra-module reactions
and slow inter-module or linking reactions
(‘‘strength’’ of interactions within and between
modules would be defined kinetically). Assuming
random interactions between modules, we sus-
pect that the strength of the interactions would
need to diminish as the number of linked
modules increases. However, multiple perturba-
tions would combine randomly (some increasing
P’s and some decreasing them). To assure that
individual perturbations would not combine to
yield an overall perturbation that exceeds the
regulatory capacity of any individual module,
the magnitude of each linking interaction would
have to decline as the number of linkage
reactions increased. However, the probability
that random perturbations would combine
exclusively in one direction or the other would
also decrease as the number of interactions
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increase, such that it might be possible to relax
this restriction.
Whether this ‘‘weak-coupling-of-regulatory-

modules’’ approach could successfully mimic
global regulatory networks in cells is unknown.
If the strength (i.e. rate) of the inter-module
linking reactions were as strong (i.e. fast) as the
intra-module core reactions, the rate constants
used in constructing individual modules would
have little bearing on those required in the
network. In this case, it would appear impossible
to randomly select the exceedingly large number
of rate constants and copy numbers required to
elicit the observed regulatory behavior (assum-
ing the correct model). Most if not all such data
would need to be measured experimentally, an
arduous if not impossible task. On the other
hand, if global regulatory networks consisted of
weakly linked semi-autonomous regulatory
modules, it might be possible to model the
behavior of the network by first modeling
the behavior of individual unlinked modules.
The relatively small number of rate constants
associated with individual modules could be
estimated from the ideal or assumed behavior
(for example, homeostasis), essentially ignoring
perturbing interactions. The kinetic parameters
(rate constants and copy numbers) required to
mimic the behavior of unlinked modules would
be retained after linking. Once hypothetical
networks were assembled and ‘‘working’’, beha-
vior could be improved by randomly perturbing
these parameters in the manner described by
Bray (1995). Even if these hypothetical regula-
tory modules operated by different mechanisms
vis- "a-vis actual modules, they could serve as
‘‘surrogates’’ that function similarly (e.g. both
regulate P within some degree of effectiveness).
Once the actual mechanism and/or kinetic data
became available, surrogates could be replaced
without disrupting the entire network. Given the
complexities involved, such a piecemeal ap-
proach may represent one of the few viable
ways of modeling the behavior of global
regulatory networks in living systems.
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