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Abstract

We look at two fundamental logical processes, of-
ten intertwined in planning and problem solving: in-
ference and update. Inference is an internal process
with which we draw new conclusions, uncovering what
is implicit in the information we already have. Update,
on the other hand, is produced by external communica-
tion, usually in the form of announcements and in gen-
eral in the form of observations, giving us information
that might have been not available (even implicitly) to
us before. Both processes have received attention from
the logic community, usually separately. In this work,
we develop a logical language that allows us to describe
them together. We present syntax and semantics, as
well as a complete logic for the language; we also dis-
cuss similarities and differences with other approaches,
and we mention some possible ways the work can be ex-
tended.

1. Introduction

Consider the following situation, from [19]:

You are in a restaurant with your parents,
and you have ordered three dishes: fish, meat,
and vegetarian. Now a new waiter comes back
from the kitchen with the three dishes. What
the new waiter can do to get to know which
dish corresponds to which person ?

The waiter can ask “Who has the fish?”; then, he can
ask once again “Who has the meat?”. Now he does
not have to ask anymore: “two questions plus one in-
ference are all that is needed” ([19]). His reasoning
involves two fundamental logical processes: inference
and update. The main goal of the present work is to
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develop a framework in which we can express how they
work together.

Inference is an internal process: the agent revises
her own information in search of what can be derived
from it. Update, on the other hand, is produced by
erternal communication: the agent gets new informa-
tion via observations. Both are logical processes, both
describe dynamics of information, both are used in ev-
ery day situations, and still, they have been studied
separately.

Inference has been traditionally taken as the main
subject of study of logic, “... drawing new conclusions
as a means of elucidating or ’unpacking’ information
that is implicit in the given premises”([20]). Among
the most important branches, we can mention Hilbert-
style proof systems, natural deduction and tableaux.
Recent works, like [7, 8] and [13, 12] have incorporated
modal logics to the field, representing inference as a
non-deterministic step-by-step process.

Update, on the other hand, has been a main subject
of what have been called Dynamic Epistemic Logic.
Works like [16] and [10] turned attention to the ef-
fect public announcements have on the knowledge of
an agent. Many works have followed them, including
the study of more complex actions ([3, 2]) and the effect
of announcements over a more wide propositional atti-
tudes (the soft/hard facts of [17], the knowledge/belief
of [4, 5]).

In [20], the author shows how these two phenomena
fall directly within the scope of modern logic. As he
emphasize, “asking a question and giving an answer is
just as ’logical’ as drawing a conclusion!”. Here, we
propose a merging of the two traditions. We consider
that both processes are equally important in their own
right, but so it is their interaction. In this work, we de-
velop a logical language that join inference and update
in a natural way. We first present a modal language to
describe inference (section 2). After combining it with
epistemic logic (section 3), we give a complete axiom-
atization. Then we incorporate updates, and we give
a set of reduction axioms for the operation (section 4).



Finally, we compare our work with other approaches
(section 5) and mention some further work we consider
interesting (section 6).

2. Internal process: an inference lan-

guage

This section presents a logical language to express
inference. The language is based on the work of Jago
([13, 12]), but contain some changes that make it more
suitable for our purposes. The agent’s information is
represented as a set of formulas of a given internal lan-
guage, which in our case is the classical propositional
language. Inference steps are then represented as bi-
nary relations over such sets, allowing us to use a modal
language to talk about them.

Definition 2.1 (Facts and rules) Let P be a set of
atomic propositions, and let Fp denote the classical
propositional language based on P.

e Formulas of Fp are called facts over P.

e A tuple of the form ({A1,..., A}, A) (for n > 0),
where each A; and \ are facts in Fp, is called a
rule over Fp. A rule will be also represented as
Aly...,Ap = A, and the set of rules over Fp will
be denoted by Rz,.

<

While facts describe situations about the world,
rules describe relations between such situations. In-
tuitively, a rule p = ({A1,..., A\n}, A) indicates that if
every \; is true, so it is A\. The set of facts prem(p) :=
{A1,..., A} is called the set of premises of p, and the
fact conc(p) := A is called the conclusion of p.

Definition 2.2 (Internal language) Given a set of
atomic propositions P, the internal language over P,
denoted as Zp, is given by the union of facts in Fp and
rules over Fp, that is, Zp = Fp U Rz,. N

Elements of Zp will be called in general formulas
of Zp. The subindexes indicating the set of atomic
propositions will be omitted if no confusion arises.

For expressing how the agent’s information evolves
through inference steps, a (modal) inference language
is defined.

Definition 2.3 (Language I£) Let A be a set of
agents and P a set of atomic propositions. Formulas ¢
of the inference language IL are given by

pu=T | Ly|-p|eV|{phie

with i € A and ~, p formulas of the internal language
Ip with p a rule. Formulas of the form I;y express
“the agent i is informed about v”, while formulas of
the form (p); ¢ express “there is an inference step in
which agent i applies the rule p and, after doing it, ¢
is the case”. <

The semantic model of ZL is based on a Kripke
model: we have a set of worlds and labeled binary re-
lations between them. The main idea is that every
world represents the information of the agents at a
given stage, while a relation with label D, ;) from a
world w to a world w’ indicates that the information
of agent ¢ at w allows her to perform an inference step
with rule p, and that the information that results from
applying p at w is represented by w’. To make formal
this intuitive idea, we first need to define what we will
understand by the phrases “the information of i at w
allows her to perform an inference step with p” and
“the information that results from applying p at w is
represented by w'”. The concepts of set-matching rule
and rule-extension of a world will do the job.

We will use the following abbreviation. Given a uni-
verse U, a set A C U and an element a € U, we denote
AU{a} as A +a.

Definition 2.4 (Set-matching rule) Let p be arule
in Z and let I" be a set of formulas of the internal lan-
guage Z. We say that p is I'-matching (p can be applied
at I') if and only if p and all its premises are in I', that
is, (prem(p) + p) CT. <

Definition 2.5 (Extension of set of formulas)

Let p be a rule in Z, and let T',T” be sets of formulas
of the internal language Z. We say that IV is a p-
extension of I' if and only if IV is T" plus the conclusion
of p, that is, IV =T + conc(p). q

With the notions of I'-matching rule and p-extension
of I', we can give a formal definition of the models
where formulas of ZL are interpreted.

Definition 2.6 (Inference model) Let A be a set of
agents and let P be a set of atomic propositions. An
inference model is a tuple M = (W, D, ;), Y;) where

e W is a non-empty set of worlds.

o Y, : W — p(Zp) is the information set function for
each agent i € A. It assigns to i a set of formulas
of the internal language in each world w.

e D, € (W xW) is the inference relation for each
pair (p, ), with p a rule in Zp and 7 an agent in A.
The relation represents the application of a rule, so



if D,y ww', then p is Y;(w)-matching and Y;(w')
is a p-extension of Y;(w).

N

Note that the definition of Dy, ;) just states the prop-
erty any tuple should satisfy in order to be in the re-
lation. The relation is not induced by the property, so
it is possible to have two worlds w and w’ such that
there is a rule p that is Y;(w)-matching and Y;(w’) is
a p-extension of Y;(w), and still do not have the pair
(w,w") in Dy, ;. One of the goals of the work is to
make the basic definitions as general as possible, and
then analyze the different concepts of inference and in-
formation we can get by asking for extra properties of
the inference relation! and of the information sets (as
we do later for the case of truthful information, that
is, knowledge). This allows us to represent agents that
are not as powerful reasoners as those represented with
classic epistemic logic, and it may play an important
role when studying agents with diverse reasoning abil-
ities (cf. the discussion in section 6).

The concepts of set-matching rule and rule-
extension of a world have their possible world ver-
sion. We say that p is w-matching for ¢ if it is Y;(w)-
matching, and we say that w’ is a p-extension of w for
1 if Y;(w') is a p-extension of Y;(w).

Definition 2.7 Given an inference model M =
(W, D,4),Y:) and a world w € W, the relation = be-
tween the pair M, w and T (the always true formula),
negations and disjunctions is given as usual. For the
remaining formulas, we have

M,w =Ly dff v €Yi(w)
M,wE (p)ip iff thereisw’ € W such that
D,y ww' and M, w' = ¢

3. The real world: an epistemic inference
language

We have a language that express the agent’s infor-
mation and how it evolves through inferences. Still, we
cannot talk about the real world or about the agent’s
uncertainty. In this section, we extend the current lan-
guage to express those notions.

Syntactically, we extend the inference language with
classical epistemic logic. We add basic formulas of the
form p (for p an atomic proposition) and we close it
under the modal operator P; (for ¢ an agent).

n fact, the definition of D(,,s) restricts inferences to de-
ductive ones. Within the proposed framework, it is possible to
represent other inference processes, as mentioned in section 6.

Definition 3.1 (Epistemic inference language)
Let A be a set of agents and let P be a set of atomic
propositions. The formulas of the epistemic inference
language ET are given by

pu=TplLiv|~p|leVi|Pel| {pip

with i € A, p € P and ~,p formulas of the internal
language Zp with p a rule. N

The propositional connectives A, — and < are de-
fined as usual; the modal operators K; and [p]; are
defined as the dual of P; and (p);, respectively.

As argued by van Benthem in [18], the operator K;
should be read as a more implicit notion, describing
not the information the agent actually has, but the
maximum amount of information she can get under
her current uncertainty (i.e., without external interac-
tion). In our framework, ezplicit information is repre-
sented with formulas of the form I; v, indicating that
v is part of the agent’s information set; implicit infor-
mation is represented with formulas of the form K; ¢,
indicating what the agent can eventually get if she has
enough explicit information (i.e., enough formulas and
rules) and enough time to perform the adequate infer-
ence steps.

Semantically, we combine inference models with
classic Kripke models. Each world has two compo-
nents: information sets containing the facts and rules
each agent is informed about, and a valuation indicat-
ing the truth value of atomic propositions. We also
have two binary relations: the inference one indicating
how inference steps modify information sets, and the
epistemic one indicating the worlds each agent consid-
ers possible.

Definition 3.2 (Epistemic inference model) Let
A be a set of agents and let P be a set of atomic
propositions. An epistemic inference model is a tuple
M = (W,~4, D4, V,Y;) where:

e W is a non-empty set of worlds.
o V:W — p(P) is a valuation function.

o Y, : W — p(Zp) is the information set function
for agent 1.

e D, is the inference relation for each pair (p,1),
just as in definition 2.6. It satisfies an extra re-
quirement: if D, ;y ww’, then V(w) = V(w').

e ~; is the epistemic relation for agent i. The rela-
tion satisfy the following property: for all worlds
w,w',u,u"s if w~yuand D, ww', Dy, uu’ for
some rule p, then w' ~; u'.
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‘We have two new restrictions: one for the inference
relation and one relating it with the epistemic relation.
It is worthwhile to justify them.

1. The relation D, ;) describes inference, an agent’s
internal process that changes her information but
does not change the real situation. If an agent can
go from w to w’ by an inference step, w and w’
should satisfy the same propositional letters.

2. This property, called no miracles in [21] and re-
lated with the no learning property of [11], reflects
the following idea: if two worlds are epistemically
indistinguishable and the same rule is applied at
both of them, then the resulting worlds should be
epistemically indistinguishable too.

Definition 3.3 Given an epistemic inference model
M = (W,~i, D,4),V,Y;) and a world w € W, the
relation = between the pair M,w and T, negations
and disjunctions is given as usual. For the remaining
formulas, we have:

M,w = p iff
M,wkE Py iff

M’w':<p>i<p Zﬁ

p€V(w)

7 € Yi(w)

there is u € W such that
w~; uwand M,u =@
there is w’ € W such that
D5 ww' and M,w' |= ¢

We say a formula ¢ is valid in a epistemic inference
model M (notation M | ¢) if M, w [ ¢ for all worlds
w in M. We say that ¢ is valid in the class of models
M (notation M = ¢) if ¢ is valid in M (M [ ¢) for
all M in M. N

As it is currently defined, epistemic inference models
do not impose any restriction to the information sets:
any propositional formula of Z can be in any informa-
tion set Y;(w). We can have non-veridical information
sets (if we have v € Y;(w) and M,w K + for some
w € W) describing situations where the information of
the agent is not true, or even inconsistent ones (if we
have v and —y in Y;(w) for some w € W), describing
situations where her information is contradictory.

In the present work we focus on a special class of
models: those in which the information sets of the
agents describe knowledge. We ask for the epistemic
relation to be an equivalence one, and we ask for all
formulas of an information set to be true at the corre-
spondent world 2.

2Facts of the internal language can be directly interpreted in
epistemic inference models, but rules cannot. Formally, we will

Definition 3.4 (Class EIx) The class of epistemic
inference models EIx contains exactly those models
in which each ~; is an equivalence relation and for ev-
ery world w € W, if v € Y;(w) then M,w |= v. The
following table summarize the properties of models in
this class.

P1 D, ww' implies p is w-matching
and w’ is a p-extension of w (for 7).

P2 If D, ww', then w and w’ satisfy
the same propositional letters.

P3  1If D, ww', D, uu' and w ~; u
for some rule p, then w' ~; u'.

P4 ~; is an equivalence relation.

P5 ~ € Y;(w) implies M, w = .

<

Our first result is a syntactic characterization of for-
mulas of £Z that are valid on models of EIx. Non-
defined concepts, like a (modal) logic, A-consistent /
inconsistent set and maximal A-consistent set (for a
normal modal logic A) are completely standard, and
can be found in chapter 4 of [6].

Definition 3.5 (Logic Elx) The logic Elx is the
smallest set of formulas of £7 that is created from the

set of axioms ® and a set of rules of table 1. <
Axioms
P All propositional tautologies
E-K Ki(p— ) = (Kip — Ki ¢)
E-Dual P;p « —K; ¢
I-K [l (¢ — ) — ([pls ¢ — [pli )
I-Dual  (p)i ¥ < —[pli ~¢
T p—= Py
4 PiPi¢o — Pig
B p— KiPiyp
Al [p]i 1; conc(p)
A2 (p)i T — 1; (prem(p) + p)
A3 Ly — [pli Liy
A4 (p)ilivy— Liy with v # conc(p).
A5 (p— [plip) A (=p — [pli =p) with p € P.
A6 (pYie A Pi{p)ih) = (p)i (¢ A Pitp)
AT Iin—~
Rules
MP Given ¢ and ¢ — 1, prove ¥
E-Gen Given ¢, prove K; ¢
I-Gen Given ¢, prove [p]; ¢

Table 1. Axioms and rules for El.

assume a translation from Z into £Z that maps a fact into itself
and a rule into an implication whose antecedent is the (finite)
conjunction of the rule’s premises and whose consequent is the
rule’s conclusion.

3Formulas of the form I; I are abbreviations of /\,YEF I; ~y, for
a finite I' C 7.



Theorem 3.6 (Soundness) The logic Elx is sound
with respect to the class Elg .

Proof. For soundness, we just need to prove that ax-
ioms of Elx are valid in Elx, and that its rules pre-
serve validity. We omit the details here. QED

Strong completeness is equivalent to satisfiability of
consistent set of formulas, as mentioned in Proposition
4.12 of [6].

Theorem 3.7 (Completeness) The logic Elg s
strongly complete with respect to the class Elx.

Proof. We define the canonical model ME'% for the
logic El. With the the Lindenbaum’s Lemma, the Ez-
istence Lemma and the Truth Lemma, we show that
every Elg-consistent set of formulas is satisfiable in
ME'< - Finally, we show that M®'% is indeed a model
in Elx. See section A.1 for details. QED

4. External interaction: explicit observa-
tions

So far, our language can express the agent’s internal
dynamics, but it cannot express external ones. We can
express how inference steps modify the explicit infor-
mation, but we cannot express how both explicit and
implicit one are affected by external observations. Here
we add the other fundamental source of information;
in this section, we extend the language to express up-
dates. For easiness of reading and writing, we remove
subindexes referring to agents.

Updates are usually represented as operations that
modify the semantic model. In Public Announcement
Logic (PAL), for example, an announcement is defined
by an operation that removes the worlds where the
announced formula does not hold, restricting the epis-
temic relation to those that are not deleted.

In our semantic model, we have a finer represen-
tation of the agent’s information. We have explicit
information (her information sets) but we also have
implicit one (what she can add to her information set
via inference). Then, we can extend PAL by defining
different kinds of model operations, affecting explicit
and implicit information in different forms, and there-
fore expressing different ways the agent processes the
new information. Here, we present one of the possible
definitions, what we have called explicit observations.

Definition 4.1 (Explicit observation) Let M =
(W,~,D,,V,Y) be an epistemic inference model, and
let v be a formula of the internal language. The epis-
temic inference model M, = (W',~', D, V' Y') is
given by

OW' ={weW|MuwE~y}
o ~Mi={(wu)eW' xW |w~u}
o D= {(w,u) € W x W' | Dywu }
o V'(w):=V(w) forweWw’
o Y(w):=Y(w)+~vy forweW

N

Our explicit observation operation behave as the
standard public announcement with respect to worlds,
valuation and relations. With respect to the informa-
tion set functions, we have chosen a simple definition:
once a formula is announced, it will become part of the
agent’s explicit information. The choice is also a good
one, since the operation is closed for models in EIx.

Proposition 4.2 If M is a model in Elg, so it is
M.

Proof. See section A.2. QED

The new language £€7 extends £Z by closing it un-
der explicit observations. Take a formula 7 in the inter-
nal language; if ¢ is a formula in £E€Z, so it is [+7!] ¢.
The semantics for formulas already in £7 is defined as
before (definition 3.3). For explicit observation formu-
las, we have the following.

Definition 4.3 Let M be a model in Elg, and let
w € W be a world in it. Then:

M,wE[+y¢ iff M,w |~ implies
Miy,wl=¢
N

Our second result is a syntactic characterization of
the formulas in ££7 that are valid in models in Elg.
By proposition 4.2, the explicit observation operation
is closed for models in Elx, so we can rely on the
logic Elk: all we have to do is give a set of reduction
axioms for formulas of the form [+7!] ¢. The standard
reduction axioms for atomic propositions, negations,
disjunctions and epistemic formulas work for £EZ too;
we just have to add axioms indicating how information
set formulas and inference formulas are affected.

Theorem 4.4 The logic EElg, built from azioms and
rules of El i (see table 1) plus azioms and rules in table
4.4, is sound and strongly complete for the class Elk.

Proof. Soundness comes from the validity of the new
azxioms and the validity-preserving property of the new
rule. Strong completeness comes from the fact that,
by a repetitive application of such azioms, any explicit
observation formula can be reduced to a formula in ET,
for which Elg is strongly complete with respect to El k.
QED



Axioms
EO-1 [+7]p < (v—p)
EO-2 [+7] = < (v = [+ )
EO-3 [+ (e V) < (e V1Y)
EO-4 [FYKe « (v — K[+]v)
EO-5 HMIy < T
EO-6 [+I§ < (y—1I96) for § #
EO-7 [+ ple < (v = ol [+ @)
Rules
EO-Gen Given ¢, prove [+v!] ¢

Table 2. Axioms and rules for explicit obser-
vations.

The language EET can express uncertainty (as clas-
sic epistemic logic does), inference (as the modal ap-
proaches of [7, 8, 13, 12]) and update (as PAL). More-
over, it can express its combinations. With it, we are
able to talk about the merging of internal dynamics,
expressing the way the agent “unpacks” her implicit
information, with external ones, expressing how her
interaction with her environment modifies what she is
informed about.

We have provided semantics for the language; se-
mantics that reflect the nature of each process. Infer-
ences are represented as relations between information
sets. This reflects the idea that, with enough initial
explicit information, the agent may get all the implicit
information by the adequate rule applications. Update,
on the other hand, is defined as a model operation. It is
a process that not only provides explicit information,
but also modifies implicit one. This reflects the idea
that updates yields information that might have not
been available to the agent before.

Among the semantic models, we distinguish the class
EIx, which contains those where the agent’s informa-
tion is in fact knowledge. We give a syntactic charac-
terization of the valid formulas in EIx by means of the
sound and complete logic EEl.

5. Comparison with other works

The present work is a combination of three main
ideas: the representation of explicit information as set
of formulas, relations between such sets to represent
inferences and model operations to represent updates.
The first two have been used in some other works; we
present a brief comparison between some of them and
our approach.

5.1. Fagin-Halpern’s logics of awareness

Fagin and Halpern presented in [9] what they called
logic of general awareness (L 4). Given a set of agents,
formulas of the language are given by a set of atomic
propositions P closed under negation, conjunction and
the modal operators A; and L; (for an agent 7). Formu-
las of the form A;p are read as “the agent i is aware of
7, and formulas of the form L;p are read as “the agent
1 implicitly believes that p”. The operator B;, which ex-
presses explicit beliefs, is defined as B;p := A;0 A L;p.

A Kripke structure for general awareness is defined
as a tuple M = (W,2;,£,,V), where W # 0 is the
set of possible worlds, 2; : W — p(L4) is a function
that assigns a set of formulas of L4 to the agent i
in each world (her awareness set), the relation £; C
(W x W) is a serial, transitive and Euclidean relation
over W for each agent i (L4 deals with beliefs rather
than knowledge) and V' : P — (W) is a valuation
function.

Given a Kripke structure for general awareness M =
(W, 2, £;, V), semantics for atomic propositions, nega-
tions and conjunctions are given in the standard way.
For formulas of the form A; ¢ and L; ¢, we have

M,w Aip iff @€ Ui(w)
M,wlE Lip iff forallueW,
L,wu implies M, u = ¢

It follows that M,w = B;p iff ¢ € A;(w) and, for all
u € W, £;wu implies M, u = ¢.

Given the similarities between the functions 2(; and
Y; and between the relations £; and ~;, formulas A;¢
and L;p in L4 behaves exactly like I; ¢ and K; ¢ in
EET. The difference in the approaches is in the dy-
namic part.

For the internal dynamics (inference), the language
L 4 does not express changes in the agent’s awareness
sets. Later in the same paper, Fagin and Halpern
explore the incorporation of time to the language by
adding a deterministic serial binary relation ¥ over W
to represent steps in time. Still, they do not indicate
what the process(es) that change the awareness sets is
(are).

In our approach, pairs in the inference relation D, ;)
have a specific interpretation: they indicate steps in the
agent’s reasoning process. Because of this, we have a
particular definition of how they should behave (prop-
erties P1, P2, and P3). Moreover, external dynamics
(observations), which are not considered L 4, are rep-
resented in a different way, as model operations.

There is another conceptual difference. In L 4, ele-
ments of the awareness sets are just formulas; in £Z,
elements of the information sets are not only formulas



(what we have called facts) but also rules. The infor-
mation of the agent consists not only on facts, but also
on rules that allow her to infer new facts. It is not that
the agent knows that after a rule application her infor-
mation set will change; it is that she knows the process
that leads the change. We interpret a rule as an object
that can be part of the agent’s information, and whose
presence is needed for the agent to be able to apply it.

5.2. Duc’s dynamic epistemic logic

In [7] and [8], Ho Ngoc Duc proposes a dynamic
epistemic logic to reason about agents that are neither
logically omniscient nor logically ignorant.

The syntax of the language is very similar to the
inference part of our language. There is an internal
language, the classic propositional one (PL), to express
agent’s knowledge. There is also another language to
talk about how this knowledge evolves. Formally, At
denotes the set of formulas of the form K+, for v in
PL. The language Lppg contains At and is closed un-
der negation, conjunction and the modal operator (F).
Formulas of the form K+ are read as “y is known”;
formulas of the form (F)¢ are read as “p is true after
some course of thought”.

A model M is a tuple (W, R,Y), where W # () is
the set of possible worlds, R C (W x W) is a transitive
binary relation and Y : W — p(At) associates a set of
formulas of At to each possible world. A BDE-model is
a model M such that: (1) for all w € W, if Ky € Y (w)
and Rwu, then K~ € Y(u); (2) for all w € W, if K~
and K(y — ¢) are in Y (w), then K¢ is in Y (u) for some
u such that Rwu; (3) if 7 is a propositional tautology,
then for all w € W there is a world u such that Rwu
and Kv € Y (u). Such restrictions guarantees that the
set of formulas will grow as the agent reasons, and that
her knowledge will be closed under modus ponens and
will contain all tautologies at some point in the future.

Given a BDE-model, the semantics for negation and
conjunctions are standard. The semantics of atomic
and reasoning-steps formulas are given by:

M,wE Ky iff KyeY(w)
M,wlE (F)e iff thereisu € W such that
Rwu and M,u = ¢

Note that the language does not indicate what a
“course of though” is; again, our framework is more
precise. Also, it does not consider sentences about
the world. Finally, the language is restricted to ex-
press what the agent can infer through some “course
of though”, but it does not express external dynamics,
as explicit observations in £EZ do.

6. Further work

In order to give a finer representation of the infer-
ence process, we have chosen to represent information
as set of formulas. This is also a solution for the famous
logical omniscience problem, since sets of formulas do
not need to satisfy a priori any particular property, like
being closed under some consequence relation. Among
other approaches for the problem, there is the non-
classical worlds approach for epistemic logic. The idea
is to add worlds in which the usual rules of logic do not
hold. The knowledge of the agents is affected since non-
classical worlds may be considered possible. It would
be interesting to look at this approach as an alterna-
tive for representing the agent’s explicit information,
and see what the differences are.

Our framework do not represent in a completely
faithful way the intuitive idea of the application of a
rule. It is possible to have a world in which a rule can
be applied, and not to have a world that results from
its application. We can focus on models on which, if
a rule is applicable, then there is a world that results
from its application. This forces us to change the de-
fined explicit observation operation since, in general,
the resulting model will not have the required prop-
erty: the added formula can make applicable a rule
that was not applicable before. The immediate solu-
tion is to create all needed worlds, but this iterative
process complicates the operation, and the existence of
reduction axioms is not so clear anymore.

As mentioned in the text, properties P4 and P5
characterize models in which the information the agent
has is in fact knowledge, that is, the epistemic relation
is an equivalence one and formulas in all information
sets are true at the correspondent world. It would be
interesting to be able to talk about not only knowledge
but also beliefs. Some recent works ([17, 4, 5] among
others) combine these two notions, giving us a nice way
of studying these two propositional attitudes together.

Property P1 defines not only the situation when a
rule can be applied (whenever a rule a rule and all its
premises are in the agent’s information set), but also
what results from the application (the given informa-
tion set extended by the conclusion of the rule). The
property indeed restricts our models to those that use
rules in a deductive way, that is, to those that represent
just deductive inference. There are other interesting in-
ference processes, like abduction or belief revision; they
are not deductive, but they are important and widely
used, with particular relevance on incomplete informa-
tion situations. Within the proposed framework, we
can represent different inference processes, and we can
study how all of them work together.



For the external dynamics, we mentioned that this
finer representation of knowledge allows us to define
different kinds of observations. Since we represent both
explicit and implicit information, we can define differ-
ent model operations, allowing us to explore the differ-
ent ways an agent process new information.

In the context of agent diversity ([14, 15]), a finer
representation of the inference process allows us to
make a distinction between agents with different rea-
soning abilities. The rules an agent has in her infor-
mation set may be very different from those in the in-
formation set of another, and they will not be able to
perform the same inference steps. Moreover, some of
them may be able to perform several inference steps
at once instead of a single one. The idea works also
for external dynamics: agents may have different ob-
servational power. It will be interesting to explore how
agents that differs in their reasoning and observational
abilities interact with each other.
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A. Technical appendix
A.1. Proof of completeness

As mentioned, the key observation is that a logic A
is strongly complete with respect to a class of struc-
tures if and only if every A-consistent set of formulas is
satisfiable on some structure of the given class (Propo-
sition 4.12 of [6]). Using the the canonical model tech-
nique, we show that every Elx-consistent set of formu-
las is satisfiable in a model in EIx. Proofs of Linden-
baum’s Lemma, Existence Lemmas and Truth Lemma
are standard.

Lemma A.1 (Lindenbaum’s Lemma) For any
Elx-consistent set of formulas X, there is a maximal
Elx-consistent set ¥ such that ¥ C 3.

Definition A.2 (Canonical model) The canonical
model of the logic Elk is the epistemic inference model
MEx = (WEx ~Hx D(E'K) VEx V) where:
) I ) [),/I, ) ) 7 ) N
e WHK ig the set of all maximal El x-consistent set
of formulas.

o w NEIK

uw iff for all ¢ in T, ¢ € uwimplies P; p €
w (equivalently, w NiElK u iff for all ¢ in EZ,

K; ¢ € w implies ¢ € u).

wD(EF:IE)w/ iff for all ¢ in £Z, ¢ € w' implies
(p)i ¢ € w (equivalently, wD(El:’l?)w’ iff for all ¢
in £Z, [p; ¢ € w implies p € w').

VEK(w):={peP|pcw}.

YER(w) :={yeT|Lyew}.

<

Lemma A.3 (Existence Lemmas) For any world
w € WEK if P, o € w, then there is a world u € WE'x
such that w NZ-ElK u and ¢ € u. For any world w €
WEx if (p); ¢ € w, then there is a world w' € WE

such that D(Eplfz) ww' and p € w'.

Lemma A.4 (Truth Lemma) For all w € WEx,
we have ME'% w = ¢ iff ¢ € w.

By the mentioned Proposition of [6], all we have
to show is that every Elx-consistent set of formulas is
satisfiable, so take any such set ¥. By Lindenbaum’s
Lemma, we can extend it to a maximal Elx-consistent
set of formulas X*; by the Truth Lemma, we have
MEx ¥+ = ¥, so ¥ is satisfiable in the canonical
model of Elg at 7. Now we have to show that the
canonical model ME'¥ is indeed a model in Elx.

Axioms T, 4 and B are canonical for reflexivity,
transitivity and symmetry, respectively, so NE'K is an
equivalence relation and property P4 is fulfilled. It re-
mains to show that ME'x satisfy P1, P2, P3 and P5.
We have removed the agent’s subindexes for easiness of
writing and reading.

Remember that any maximal Elx-consistent set ®
is closed under modus ponens, that is, if ¢ and ¢ — ¥
are in @, so it is 7.

P1 Suppose DE'K ww'; we want to show that
(prem(p) + p) € YE®(w) and that YEx (w') =
YE® (w) 4 conc(p).

For the first part, DE'K ww' implies ME% w |=
(p)T,s0 (p)T € w. By axiom A2 and modus po-
nens closure, we have I (prem(p) + p) € w. Then,
prem(p) and p are in YEx (w).

For the second part, we will show both inclu-
sions, i.e., we will show that YE'x (w) 4 conc(p) C
YE® (w') and YE'® (w') C YE'® (w) + conc(p).

e Take any v € Y% (w); then, Iy € w. By
axiom A3 and the modus ponens closure,



[p] I v € w. Since DE'K ww', we have I v € w’
and then v € YE* (w').

It remains to show that conc(p) € YEx (w').
Since axiom A1l is in w and DE'K ww', we
have I conc(p) € w’ and therefore conc(p) €
YER (w').

e Take any v € (Y% (w') — conc(p)); then,
Iy e w. Since DE'K ww', we have
(p)Iv € w and, by axiom A4, we have
Iy € w; then, v € Y®x(w). Hence,
YE® (w') —conc(p) € YEX (w), and therefore
YEIx (w') C YEIX (w) 4 conc(p).

P2 Suppose DE'K ww’; we want to show that w and w’

satisfy the same propositional letters. Note that
we have A5 in w, and then both p — [p]p and
—p — [p] —p are in w for every p € P, since it is a
maximal consistent set.

If M®'% w | p then, by definition of VE'x  we
have p € w. But (p — [p]p) € w and, by the
modus ponens closure, [p]p € w. Then, since
DF' ww’, we have p € w', so MF'%,w' |= p.

If ME'% w [~ p, then ME'x w = —p; by definition
of VI we have —p € w. But (-p — [p] —p) €
w, so the modus ponens closure implies [p] —p €
w. Then, since DE'K ww’, we have —p € w', so
ME% W' |= —p, ie., ME& w' [ p.

P3 Note that axiom A6 is a Sahlgvist formula (a very

simple Sahlqvist formula indeed; see section 3.6 of
[6] for details). Its first-order local correspondent
is the formula

(V') (Yu) (V') ((Dp ww' Aw ~ uA D,un')

— (D ww' Au~u'))
which is equivalent to our desired property

x(w) = (V') (Vu) (V')
(Dpww ANw ~uA Dyuu') — u~u')

By theorem 4.42 of [6], we know that A6 is canon-
ical for x(w), i.e., the canonical frame for any nor-
mal modal logic containing A6 has the property
x(w). In particular, ME'% has the property.

P5 We want to show that v € YE&(w) implies

ME'® w |= . Suppose v € YE® (w); by defini-
tion of Y% we have Iy € w; by axiom A7 and
the modus ponens closure, v € w; by the Truth
Lemma, ME'® w = .

A.2. Proof of Proposition 4.2

We will show that M., = (W’',~', D}, V', Y') sat-

isfy
P1

P2

P3

P4

P5

P1-P5.

Suppose Dj wu; we want to show that (prem(p) +
p) C Y'(w) and that Y’ (u) = Y'(w) + conc(p). If
Djwu, then w,u € W' and D,wu. Since M satisfy
P1, we have (prem(p) + p) C Y(w) and Y (u) =
Y (w) + conc(p). By definition of Y’ and the fact
that w,u € W', we have (prem(p) + p) C Y'(w)
and Y’ (u) = Y’ (w) + conc(p).

Suppose D;wu; we want to show that w, u satisfy
the same propositional letters in M. Since D/’)wu,
w and u are in W’ and D,wu. By property P2 of
M, we know that w and u satisfy the same propo-
sitional letters in M; by definition of V', w and u
satisfy the same propositional letters in M.

Suppose w; ~' u; and Dl’) wywsa, D/’J uiuy for some
rule p; we want to show that ws ~' wus. By
wy ~ uq, D,’J wyws and D; u g, we have wy ~ uq,
D, wiwy and D, ujug, with wy, wa, ur,us € W'
By P3 of M, wy ~ ug; by definition of ~', we get
wy ~ Usy.

It follows from the definition that if ~ is an equiv-
alence relation, so it is ~/.

Suppose § € Y'(w); we want to show that
Miyw,w = §. If 6 € Y'(w), we have either
d € Y(w) or else § = ~. In the first case, we
get M, w |= 6 by P5 of M; in the second case, we
get M, w [= & by definition of W’ and the fact that
w € W’. But ¢ is just a propositional formula, and
by definition, the valuations for w in M and M,
are the same. Then, M ., w = 4.
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