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Abstract

Diachronic uncertainty, uncertainty about where an
agent falls in time, poses interesting conceptual difficul-
ties. Although the agent is uncertain about where she falls
in time, nevertheless, she can only be uncertain at a par-
ticular moment in time. This conceptual paradox can be
resolved by providing an equivalence notion between mod-
els with diachronic uncertainty and models with synchronic
uncertainty. The former are interpreted as capturing the
causal structure of a situation, while the latter are inter-
preted as capturing its epistemic structure. We consider
some of the properties of models for epistemic temporal
logic which make them a suitable formalism for investigat-
ing such equivalence notions. We conclude with a simple
example.

1. Introduction

Philosophers and Game Theorists have become increas-
ingly interested in problems of diachronic uncertainty. In
particular, if the agent knows at one state in a decision prob-
lem that at a later state she will forget or otherwise lose
awareness of where she is in time, how should the agent
compute appropriate actions and / or beliefs? In the game
theory literature, the paradigmatic case of such forgetful-
ness is the Absent-Minded Driver ([Pi97]); in the philo-
sophical literature, much discussion has centered around
Sleeping Beauty ([El00]). Conceptually, however, agents
can only be uncertain at a point in time; in other words, all
uncertainty is synchronic. Any realistic model of a deci-
sion making agent should describe the succession of epis-
temic states through which the agent passes. Each one of
these states will be synchronic, in the sense that it occurs
at a distinct point in time, although these synchronic uncer-
tainties may be uncertainties about where the agent falls in
time. Given a specification of a decision problem involving
diachronic uncertainty, we may ask: (i) How can we con-
vert this into a problem involving only synchronic uncer-
tainties? (ii) How should probabilities be assigned within

the new information partitions? This document will focus
on the properties of extensive form games when interpreted
as ETL models as considerations towards an answer to (i).

2. Interpreting ETL Models

In order to make these questions more precise, we must
work within a unified framework. In the game theory lit-
erature, all modeling of such problems uses the formalism
of extensive form games. In the philosophical literature,
although a vanilla Bayesianism lurks in the background of
the debate, no one formalism dominates discussion; a cru-
cial ingredient to the points of contention, however, is the
use of propositions which can change truth value through
time (in particular, “self-locating” propositions, which re-
fer indexically to the agent’s position in the temporal struc-
ture of the world). Epistemic temporal logics lie at a happy
meeting ground between these two approaches. Syntacti-
cally, epistemic temporal languages are powerful enough to
express uncertainty about where the agent falls in the tem-
poral order. Semantically, the models of epistemic temporal
logics are rich enough to include extensive form games as a
special case. Furthermore, epistemic temporal logics have
natural probabilistic extensions. In this section, we charac-
terize pertinent subsets of the space of epistemic temporal
models.

Epistemic temporal models are forests partitioned into
equivalence classes for each agent. The interpretation of
these partitions is that the agent is unable to distinguish be-
tween worlds in a partition. We refer to these as uncertainty
partitions or information sets. Given a set of events Σ, Σ∗

is the set of strings over Σ. Elements of Σ∗ are called his-
tories, states, or worlds. A set Π ⊆ Σ∗ is a protocol if it is
closed under finite prefixes. So, a protocol Π is just a forest,
and if Π contains the empty set, it is a tree. Call the set of
agents A. With each agent i ∈ A, we identify an equiva-
lence relation ∼i. These equivalence relations partition the
nodes of Π into sets of worlds which are indistinguishable
for agent i.
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DEFINITION 1: An ETL frame is a tuple〈
Σ,Π, {∼i}i∈A

〉
where Σ is a set of events, Π is a

protocol, and for each i ∈ A,∼i is an equivalence
relation on Π.

DEFINITION 2: An ETL model is a tuple〈
Σ,Π, {∼i}i∈A , V

〉
where Σ, Π, and {∼i}i∈A

are an ETL frame and V is a valuation function
from the set of atomic formulae At into the power
set of Π, V : At −→ 2Π.

Conceptually, we can think of an ETL model as a specifi-
cation of the causal structure of the world (the ordering of
possible events), which is then decorated with epistemic re-
lations. We are interested, however, in what will happen
if we prioritize epistemic structure rather than causal struc-
ture. What happens if we insist that models characterize the
sequence of the agent’s epistemic states, even when this se-
quence conflicts with the sequence of events? This is the
case with diachronic uncertainty. If an agent i is uncertain
at t2 whether the time is t1 or t2, then some events which
the agent considers possible will not in fact be possible
(namely, those events which can only immediately follow
t1). Our goal is to consider this conceptual transformation
within the framework of epistemic temporal models by con-
sidering equivalence classes of ETL models with respect to
intuitively motivated notions of situation equivalence.

The space of ETL models is quite rich, and characteris-
tics of its fine structure have been charted in [vB08] and
[vB06]. [vB08] characterizes the subset of ETL models
which are equivalent to models for dynamic epistemic logic
(DEL). From [vB06] we know that this fragment of ETL
preserves some nice computational properties (in particu-
lar, so long as we limit ourselves to a future modality which
can only see ahead one step in time (this is the essence of
DEL), we preserve decidability). [vB08] distinguishes two
types of DEL-generated protocols: uniform protocols and
state-dependent protocols. These notions are of interest for
our purposes in the constraints they place on permissable
uncertainty partitions ∼i. In order to emphasize this aspect
of the situation, we define four classes of ETL models.

DEFINITION 3: An ETL model〈
Σ,Π, {∼i}i∈A , V

〉
is

(i) state-dependent iff there is no general re-
striction on the events that can occur after any his-
tory

(ii) agent-dependent iff for any agent i, event
e, and histories h, h′, if h ∼i h′ and he ∈ Π, then
h′e ∈ Π

(iii) cardinality-dependent iff for
any agent i and histories h, h′, if
h ∼i h′, then |{h′′ ∈ Π|∃e (h′′ = he)}| =
|{h′′ ∈ Π|∃e (h′′ = h′e)}|

(iv) uniform iff if p ∈ At is a precondition of
event e and h ∈ V (p), then he ∈ Π

In standard DEL models, the events possible at a world are
characterized by a function E : At −→ Σ. If E (p) = e,
then the proposition p represents a precondition of the event
e, and e is possible at any world h ∈ V (p). We write
pre (e) for E−1 (e), i.e. the set of preconditions of e. The
notion of a state-dependent DEL protocol generalizes this
idea by replacing the function from atomic formulae into
the space of events with a function from histories h into the
space of events (i.e. from Π into Σ). This is the appropri-
ate interpretation of a state-dependent ETL model: it is a
model in which the events following a given history are not
constrained in any systematic way by other features of the
model. Agent-dependent, cardinality-dependent, and uni-
form models are all special cases of state-dependent models
where the function from histories into events is somehow
constrained. These notions will help us distinguish various
definitions of extensive form games in the following sec-
tion. Before embarking on that discussion, let us expand
our repertoire with some further notions from [vB08].

DEFINITION 4: An ETL model〈
Σ,Π, {∼i}i∈A , V

〉
satisfies

(i) strong synchronicity iff for all histories h,
h′, if for some agent i, h ∼i h′, then len (h) =
len (h′), where len (h) is just the number of
events in h

(ii) weak synchronicity iff for all histories h,
h′, if for some agent i, h ∼i h′, then h is not a
proper prefix of h′1

(iii) perfect recall iff for all histories h, h′

and events e, e′, if he ∼i h′e′, then h ∼i h′

(iv) local no miracles iff for all histories h,
h′, h′′, h′′′, agents i, and events e, e′, if he ∼i

h′e′, h′ ∼∗ h′′, and h′′ ∼i h′′′, then h′′e ∼i

h′′′e′, where ∼∗ is the reflexive transitive closure
of the ∼i relations

[vB08] shows that the class of ETL models generated from
uniform DEL protocols is just that which satisfies strong
synchronicity, perfect recall, local no miracles, and local
epistemic bisimulation invariance, and the class of ETL
models generated from state-dependent DEL protocols is
just that which satisfies propositional stability, strong syn-

1“Weak synchronicity” does not appear in [vB08], but it will be helpful
in our discussion of games below. Strong synchronicity implies weak syn-
chronicity, but not vice versa. In some situations, we can transform a model
satisfying weak synchronicity into one satisfying strong synchronicity by
simply introducing dummy nodes which bring asynchronous uncertainty
partitions into sync (c.f. the introduction of “’dummy’ chance moves with
one alternative” in [Ku53], 51). For an example of a game which cannot
be brought into synchrony using this method, see [Pi97], example 6.
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chronicity, perfect recall, and local no miracles.2 Tomohiro
Hoshi (this conference) has investigated these distinctions
in more detail for the subset of DEL known as public an-
nouncement logic (PAL).

3. Uncertainty in Extensive Form Games

Much of the game theory literature on uncertainty has
focused on uncertainty about other players’ moves. Since
one usually assumes that players alternate turns in extensive
form games, this uncertainty can be modeled via weakly
synchronic equivalence relations for each agent. Further-
more, modeling choices have been constrained by con-
ceptual analysis of the notion of indistinguishability itself:
what constraint appropriately captures the idea that the
agent cannot distinguish between two states?

[Th52]and [Ku53] define information partitions in exten-
sive form games such that two constraints are met. First,
no two worlds in the information partition may lie on the
same branch. Second, at each world in the partition, the
cardinality of the set of potentially occurring events must
be the same. [Pi97] drops the first constraint, in order to al-
low for forgetfulness, yet strengthens the second constraint
by stipulating not just that the cardinality of the set of pos-
sible events be the same for each world in an information
set, but that the set of possible events be identical for each
world. Thus, [Th52]and [Ku53] define models which are
cardinality-dependent and satisfy weak synchronicity, while
[Pi97] defines models which are agent-dependent.

These constraints are motivated by the idea that an in-
formation set models a situation in which an agent must
act, although she does not know the current state of the
world. Actions are just distinguished events, events caused
by some particular agent. If different (or different numbers
of) actions are available to an agent at two nodes in the game
tree, then the agent can use her knowledge of which actions
are available to her to distinguish these histories from each
other. Thus, if two states of the world are indistinguishable
to an agent, then the agent must have the same actions avail-
able to her at each one. Agent-dependency and cardinality-
dependency are attempts to capture this intuition.

As noted above, if an agent is uncertain between two
worlds at different points in time t1 and t2, then it must be
the case that different events are possible at the two worlds.
However, it may nevertheless be the case that the agent has
the same set of available actions. In the Absent Minded
Driver example, a man has left a bar drunk and forgets
while driving home whether he has already made his turn
or not. The problem is usually modeled with an informa-
tion set including two indistinguishable intersections. The
driver must pass through these intersections in sequence, so

2We have omitted definitions of local epistemic bisimulation invariance
and propositional stability as they are not discussed in the sequel.

he will encounter them at different times. Thus, there must
be some events possible at one which are not possible at the
other. However, in terms of actions, the driver only has two
options: turn or go straight. So, if our model only includes
the actions available to the agent, excluding other events, it
will satsify agent-dependence.

The constraints on modeling in the game theory literature
are motivated by extrinsic considerations. In thinking about
agents performing actions in a game, and what it might
mean for an agent to be uncertain between possible states of
play, concept analysis dictates that either agent-dependency
or cardinality-dependency constrain permissable models. In
state-dependent ETL models, however, we have as model-
ing tools both a valuation function V and an event function
E. If we retain the notion of preconditions at the conceptual
level, then we can characterize a situation in which an agent
believes e to be possible, when in fact it is not.

DEFINITION 5: The possible events EP
i (h)

for an agent i at a history h in an uncertainty par-
tition I = {w1, ..., h, ..., wn} are just those events
e such that

⋃
I ⊆ V (pre (e))

If we are in a state-dependent ETL model〈
Σ,Π, {∼i}i∈A , V

〉
, then there is no constraint that

for any h ∈ Π, and agent i, EP
i (h) = {e ∈ Σ|he ∈ Π}.

In other words, the set of possible events from the agent’s
perspective need not equal the actual possibilities allowed
by the model. Of course, this move deflates the role of
preconditions; they no longer play a structural role in
constraining the model, but merely act as a bookkeeping
device for tracking agent expectations.

4. An Example: the Absent Minded Driver

Perhaps the simplest example of a game with diachronic
uncertainty is the Absent Minded Driver (fig. 1).

The driver begins at Ø and drives straight. He passes
through two intersections, w1 and w2. At each intersection,
he can either continue to drive straight, or turn. If he turns
at the first intersection, he arrives in the bad part of town, B.
If he turns at the second intersection, he arrives home, H, as
desired. If the driver continues straight through both inter-
sections, he must stay at a motel, M. It is stipulated, how-
ever, that the driver cannot distinguish the first and second
intersections; in other words, he cannot remember whether
he has turned or not.

In light of the considerations raised above, we might ask
whether there is a distinct game tree, equivalent to the Ab-
sent Minded Driver in the relevant respects, but prioritiz-
ing epistemic states. Such a game tree would satisfy syn-
chronicity, in line with the analysis of uncertainty as a fun-
damentally synchronic notion, yet would preserve in some
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Figure 1. The Absent Minded Driver

sense the causal structure of the original model. We might
call such a pair of models epistemically equivalent.

DEFINITION 6: Two ETL models M1 and
M2 are epistemically equivalent iff

(i) all agents i ∈ A1
⋂

A2 pass through un-
certainty states in the same order (with possible
duplications) in M1 and M2

(ii) all events e ∈ Σ1
⋂

Σ2 occur in the same
order (with possible duplications) in M1 and M2

Consider, for example, the ETL model depicted in figure 2.
In this model, the agent passes through the same sequence
of epistemic states as in the Absent Minded Driver; the un-
certainty partition from figure 1 has merely been duplicated
to capture the fact that the agent will experience it at two
distinct points in time. There are two questionable model-
ing choices here, however. First, what is the significance
of moves s1 and s2? Second, how should one interpret [X]
and [Y]? s1 and s2represent the epistemic disjunct between
the choice of a single action (go straight), and the two re-
sulting possibilities, w1 and w2. Rather than consider these
as two distinct moves, or events, we may instead wish to in-
clude separate moves by the driver and a chance player. The
driver chooses s, but chance (or, perhaps it would be better
to call him confusion) plays to increase the possibilities the
agent countenances. This “move” must be interpreted as an
epistemic, rather than physical, event: the event of forget-
ting.

The worlds above [X] and [Y] are those which the agent
erroneously believes possible. We have several modeling
options available to us here, though we consider only three.
First, we might simply leave these as terminal nodes. Sec-
ond, we may replace [X] and [Y] with unitary chance moves
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Figure 2. The Epistemic Absent Minded Driver

to some distinguished world; this world might be inter-
preted as an impossible state. Both these strategies would
capture the agent’s error, or the physical impossibility of
any events occurring at [X] and [Y]. Both these options
fail to connect with game theoretic models, however. The
first, because game theoretic models never allow uncertain-
ties over terminal states; the second, because transitions to
an “impossible” world would involve adding a new termi-
nal state, but one without any coherent notion of payoff at-
tached to it.

A third option would connect quite nicely with the game
theoretic literature, in particular [Th52]. Thompson defines
equivalence classes of extensive form games with respect to
the corresponding strategic game. He suggests four trans-
formations on game trees which preserve strategic form.
Any two extensive form games which share a strategic form
can be transformed into each other via some sequence of
these four transformations. Since Thompson only consid-
ers models which satisfy weak synchronicity, the Absent
Minded Driver does not fall within his paradigm. One strat-
egy for dealing with [X] and [Y] suggested by Thompson’s
transformations is simply to copy the game tree from un-
der the other node in the uncertainty partition to the posi-
tion under the “impossible” node. Conceptually, we might
interpret this as capturing the fact that the actual possibili-
ties are the same from both states in the driver’s uncertainty
partition as he is only actually at one of them. If we ap-
ply this strategy plus that described above for adding moves
by a chance player, we derive figure 3. In figure 3, the se-
quence of epistemic states in figure 1 is preserved, as is the
sequence of actual events. We have had to add a chance
move, interpreted as the epistemic process of forgetting, but
doing so has allowed us to produce a model which is sus-
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Figure 3. The Epistemic Absent Minded Driver
(final)

ceptible to the transformations described in [Th52].
Final remark: the strategy described for transforming the

model in figure 1 to the model in figure 3 will not work in
all cases. Consider, for example, crossed ETL models.

DEFINITION 7: An ETL model〈
Σ,Π, {∼i}i∈A , V

〉
is crossed iff there ex-

ists an agent i ∈ A and histories h, h′, h′′, and
h′′′ with h #= h′′ such that hh′, h′′h′′′ ∈ Π,
h !i h′, h′′ !i h′′′, hh′ ∼i h′′, and h ∼i h′′h′′′

Example 6 of [Pi97] is a crossed model. If one attempts
to implement the transformation strategy described above
on a crossed ETL model, one will produce an infinite tree
which cycles through the two partitions {h, h′′h′′′} and
{hh′, h′′}. It remains to be seen what precise class of con-
straints on ETL models characterizes just those susceptible
to the above described transformation. At the very least,
such models must be uncrossed.
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