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ABSTRACT

Many of the functions carried out by a living cell are reg-
ulated at the transcriptional level, to ensure that genes are
expressed when they are needed. Thus, to understand bi-
ological processes, it is thus necessary to understand the
cell’s transcriptional network. In this paper, we propose a
novel probabilistic model of gene regulation for the task of
identifying overlapping biological processes and the regula-
tory mechanism controlling their activation. A key feature
of our approach is that we allow genes to participate in mul-
tiple processes, thus providing a more biologically plausible
model for the process of gene regulation. We present an
algorithm to learn this model automatically from data, us-
ing only genome-wide measurements of gene expression as
input. We compare our results to those obtained by other
approaches, and show significant benefits can be gained by
modeling both the organization of genes into overlapping
cellular processes and the regulatory programs of these pro-
cesses. Moreover, our method successfully grouped genes
known to function together, recovered many regulatory re-
lationships that are known in the literature, and suggested
novel hypotheses regarding the regulatory role of previously
uncharacterized proteins.
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1. Introduction

A living cell is a complex system that needs to perform
various functions and adapt to changing environments. Es-
sential to the cell’s ability to respond to different circum-
stances is its organization into a set of processes, whose ac-
tivity varies according to circumstance. The activation of
these processes is often controlled by a variety of regulatory
signals, which are themselves triggered by various aspects
of the current state. Genome-wide measurements of mRNA
expression level across multiple experimental conditions pro-
vide us with a global picture of the cell’s activities, and open
the way to a high-level understanding of its behavior.

The most common approach for analyzing gene expression
is to cluster genes whose expression profile is similar over a
range of experimental conditions [7, 5]. As the clusters cor-
respond to sets of genes that respond similarly in different
circumstances, their member genes are likely to share a com-
mon function. However, these approaches group genes into
mutually exclusive clusters, whereas the real biological sys-
tem is much more intricate, with many genes playing mul-
tiple roles in different circumstances. To address this, other
approaches [29, 31, 15, 19, 1, 26] have been proposed for dis-
covering processes, or overlapping groups of genes, thereby
providing a more realistic model for cellular activity.

However, finding the genes that participate in each pro-
cess provides only a partial view of the biological system.
In many cases, we are also interested in discovering the
regulatory mechanism that controls the activation of each
process and its response to different circumstances. This
type of analysis is typically done as a post-processing step,
by searching, for example, for common cis-regulatory mo-
tifs in the promoter region of the genes in the process [32],
or (more recently) for correlation with protein-DNA bind-
ing data [20]. However, such approaches are limited both
by the amount of noise in these data, and, more impor-
tantly, by the fact that many regulatory relationships are
context-specific, occurring only under certain conditions, a
phenomenon which does not manifest in these data.

Recent work [24, 28] shows that regulatory relationships
can be learned directly from gene expression data, in a way
that accounts for the context-specificity of regulatory events.
Moreover, as shown by Segal et al.[28, 27], by searching
for sets of co-regulated genes and their actual regulatory
program simultaneously, a much more accurate organization
of genes into processes can be obtained. However, while their
approach models aspects relating to regulatory mechanisms,



they partition the genes into mutually exclusive processes,
and thus their models are limited in the comprehensiveness
of the regulatory picture they provide.

In this paper, we propose a novel model of gene regula-
tion for discovering overlapping cellular processes and their
regulatory programs — the Coregulated Overlapping Pro-
cesses model, or COPR model (pronounced “copper”). Our
approach builds on the ideas in our earlier work [26] for mod-
eling overlapping processes, and extends the ideas of Segal et
al. [28] for modeling regulatory programs, resulting in a uni-
fied probabilistic framework of gene regulation. The COPR
model makes explicit the notion of a biological process, and
each gene can then be a member of one or more of these
processes.

Following our earlier work, we assume that a process is ac-
tive to different extents in different conditions. Specifically,
we assume that each process p has some activity level a.Cp

in each given array a. The expression level of a gene in an
array a is therefore a sum of the activities of the processes
with which it is associated.

For modeling regulatory relationships, we make the sim-
plifying assumption that regulation is done at the level of
processes, rather than individual genes. Thus, we assume
that each process is associated with some (unknown) regu-
latory program, which determines its activity level a.Cp in
each array a. Thus, the activity of p is different in differ-
ent arrays, but it is governed by the same set of rules. The
process’ activity level is assumed to be a function of its regu-
lators. We use a regulatory program that captures two of the
most important forms of regulation: both the combinatorial
(context-specific) nature of some types of gene regulation,
and the dependence of the activity level of a process on the
actual abundance of the regulatory protein (as indicated by
its mRNA level) in the cell.

We present an efficient algorithm for learning the COPR
model automatically from data, using only the raw gene
expression measurements as input. In our learning task, we
must associate genes with processes, as well as learn the reg-
ulatory program of each process — both the set of regulators
for each process and the program itself. This learning prob-
lem is quite challenging, as both the (discrete) assignment
of genes to processes and the (continuous) activity levels of
processes in arrays are all unobserved.

We test the COPR model on two expression data sets, in-
cluding a large compendium of 394 yeast microarrays com-
piled from four different studies. We evaluate its perfor-
mance relative to a variety of existing biological data sources,
including known gene annotations [2], presence of motifs
in the genes’ promoter regions [32], and correlation with
protein-DNA binding data [20]. Relative to all of these
sources, we show that the COPR approach discovers groups
of genes that correspond to biologically coherent processes,
significantly outperforming both our earlier process model [26]
and the module network framework of Segal et al. [28]. We
also evaluate the predicted activity levels for our learned
processes, and show that they are very consistent with the
processes’ role in the cell. Overall, our results support our
basic assumptions, that overlapping processes provide a bet-
ter model of cellular activity than disjoint gene clusters, and
that by searching simultaneously for co-regulated genes and
for their regulatory programs, we converge to models that
are biologically more plausible.

2. Related Work

As described above, the COPR model addresses two main
goals: placing genes into functional groups, and discover-
ing regulatory mechanisms for those gene groups. The first
goal, grouping genes into meaningful groups, is shared by
approaches such as clustering (e.g., [7]). Standard cluster-
ing partitions genes into mutually exclusive groups, while
COPR places genes in multiple processes simultaneously.

Another approach to relaxing the assumption of mutually
exclusive clusters is “soft clustering”, which assigns proba-
bilities that each member belongs to each one group. This
type of model is more reflective of uncertainty about the
cluster assignment of a gene, rather than its assignment to
multiple clusters simultaneously. Other approaches, such as
biclustering [5] or context-specific clustering [29] allow genes
to participate in different groups in different contexts, but
in any given array, a gene still belongs to exactly one group.
In other words, each individual expression measurement is
explained by a gene’s membership in precisely one cluster.
In the COPR model, a gene can belong to multiple processes
simultaneously, and a gene’s expression value in any condi-
tion is a sum of the activity of all of the processes in which
the gene participates.

Thus, the COPR model decomposes the expression ma-
trix as a sum of process activity matrices. This characteristic
makes COPR more similar to singular value decomposition
(SVD) [1] or the Plaid model of Lazzeroni and Owen [19].
These approaches also decompose the expression matrix as
a sum of activities of (overlapping) components or layers,
which are roughly analogous to our processes. However, our
definition of processes differs significantly, in that we incor-
porate an explicit bias against having genes that participate
in a large number of processes. Thus, in our learned COPR
models, each gene tends to belong to at most two or three
processes. By contrast, SVD or Plaid often produce models
where genes belong to a very large number of processes. The
sparser models are more biologically plausible, and contain
processes that are more biologically coherent [26].

Finally, and most notably, none of these approaches in-
clude a model of gene regulation. Including gene regulation
in the COPR model both allows us to discover regulatory
relationships, and to use these discovered relationships to
actually improve the grouping of genes. The COPR model
presented in this paper is based on the regulatory framework
proposed in the module network framework [28], but extends
it in two significant ways. First, it allows the use of over-
lapping processes, whereas the module network framework
assumes disjoint clusters. Second, it extends the notion of a
regulatory program to allow both combinatorial and linear
dependence on the abundance of regulators.

3. Probabilistic Model

The COPR model is based on the framework of Bayesian
networks [23], and on the language of probabilistic relational
models (PRMs) [16, 10, 29], which represents the domain
in terms of the different biological entities that interact in
it: genes, arrays, expression measurements, regulators, and
biological processes. Each object is also associated with a
set of attributes that are relevant to its interactions with the
other entities.

Gene Expression Model. The first component of the
COPR model represents the gene expression and its decom-



position into the activity level of processes. This compo-
nent of COPR includes a set G of n gene objects, G =
{g1, . . . , gn}, a set A of k array objects, A = {a1, . . . , ak},
and a set E of expression objects E = {e1,1, . . . , en,k}, one
for each gene in each array. Each expression object e is
associated with a gene object e.Gene = g, an array object
e.Array = a, and a real-valued attribute e.Level denoting
the mRNA expression level of e.Gene = g in e.Array = a.

As we discussed, a key property of the our approach is
that it allows genes to participate in multiple processes. To
this end, COPR follows the approach of Segal, Battle, and
Koller [26] (SBK hereafter), and explicitly includes a set of
j processes; each gene object g is associated with a set of bi-
nary process membership attributes g.M1, . . . , g.Mj , where
g.Mp denotes whether g is a member of process p. As pro-
cesses may be active to various degrees in different arrays,
we also define a set of continuous activity level attributes
a.C1, . . . , a.Cj for each array a, where a.Cp corresponds to
the degree to which process p is active in array a. The ex-
pression level of gene g in array a is assumed to be a sum
of g’s expression levels in each of the processes in which it
participates, where g’s expression level in process p is the
activity of the process a.Cp. More precisely, we assume that
the expression of gene g in array a is normally distributed
with a mean that is equal to the sum, over processes p in
which which g participates, of the activity level of p:

P (e.Level | g.M, a.C) = N (

j�
p=1

g.Mp · a.Cp; σ
2

a). (1)

where σ2

a is the variance associated with array a.

Regulatory Model. The second component of the COPR
model is the regulatory model. We assume that genes in the
same process are co-regulated, and therefore share the same
regulatory mechanism. Thus, we define a regulation pro-
gram for each process, which is then shared across all genes
assigned to that process. To model regulation programs,
we extend the framework of Segal et al. [28], where each
regulation program is defined in terms of some set of regu-
lators, and describes the expression of genes in the process
as a function of the mRNA expression level of these regula-
tors. We therefore assume that the model contains a set of
t candidate regulators, where for each regulator r and each
array a we have a continuous attribute a.Rr that denotes
the mRNA expression level of regulator Rr in array a. We
define a.R = a.R1, . . . , a.Rt.

We model the activity level of process p in the different ar-
rays as a stochastic function of the expression level of some
small set of process regulators. The regulators are spec-
ified separately for each process, allowing us to represent
regulation programs that are specific to different processes.
Thus, for each process p, the COPR model specifies a set
of d parent regulator attributes Rp = {Rp,1, . . . , Rp,d}, and
the activity level of process p in array a, a.Cp, is then de-
scribed as a stochastic function of a.Rp,1, . . . , a.Rp,d. In the
COPR framework, this stochastic function takes the form of
a regression tree [4]. A regression tree allows us to model
two types of dependence on regulators: linear dependen-
cies, which are very common, and combinatorial regulation,
which is crucial for any realistic model of gene regulation in
higher eukaryotes.

As illustrated in Fig. 1(a), a regression tree Sp for a pro-
cess p with parents Rp, is a rooted binary tree with interior

tree nodes and leaf tree nodes. Each interior tree node is la-
beled with a test over one of the parents, such as a.Rp,1 > .7.
Each leaf node specifies a distribution over a.Cp. For a par-
ticular array a in which we observe the expression levels
of the regulators, we define P (a.Cp | a.Rp,1, . . . , a.Rp,d) by
traversing the tree from the root, and taking the appropriate
branch at each interior node: the right branch if the values
a.Rp,1, . . . , a.Rp,d pass the test at that node, and the left
branch otherwise. We continue this traversal until we reach
a leaf node `. The distribution P (a.Cp | a.Rp,1, . . . , a.Rp,d)
is then specified by the distribution associated with `. The
leaf distribution at each leaf ` in is a linear Gaussian —
a Gaussian whose mean is a linear function of a subset of
linear parents R` = {R`,1, . . . , R`,f`

} of the parent regu-
lators Rp. Thus, if array a reaches leaf ` in the tree, it
will have a Gaussian distribution N (µa; σ2

` ), where µa =

b`,0 + � f`

i=1
b`,i · a.R`,i, b`,i is the weight of regulator i in

the leaf distribution of leaf `, and σ2

` is the variance asso-
ciated with the leaf. Thus, we represent the activity levels
both by combinatorial interactions of regulators, and by a
linear function of regulator expression levels. We note that
this regulation model is an extension of the model of Segal
et al.[28], which incorporated only combinatorial regulation,
and did not allow linear dependence on the actual expression
level of the regulators.

Model Summary. Our overall COPR PRM model puts
together these two components. The probability of the ex-
pression levels E.Level given the gene process membership
variables G.M and the process activity level A.C is as de-
scribed in our gene expression model. The probability of
A.C given the regulators is as described in the regulatory
model. To complete the description of COPR, we define
the gene membership attributes, g.M, to have no parents;
we simply associate with each process p a prior distribution
over the membership of genes in this process P (g.Mp) = qp.
The regulator expression levels a.R1, . . . , a.Rt also have no
parents. We assign a Gaussian distribution N (µr; σ

2

r ), not-
ing that, as these regulator attributes are always observed,
this distribution will not play a role when we learn the model
from data.

A simple example of COPR PRM for the case of two pro-
cesses and three regulators is shown Fig. 1(a). For any set of
genes and arrays, the model defines a probability distribu-
tion over the gene process memberships, the array activity
levels, and the expression levels of genes in the arrays. This
probability distribution is defined as a Bayesian network,
whose structure and parameterization is determined by the
model. An example of the instantiation of the COPR model,
for the case of two genes, two arrays, two processes, and
three regulators, is shown in Fig. 1(b). The joint distribu-
tion defined by our instantiation can be written in terms of
the objects, their attributes and the distributions specified
above:

P (G.M,A.C,A.R, E.Level) =
j�

i=1

�
g∈G

P (g.Mi)

·
�

a∈A

P (a.Ci | a.Ri1 , . . . , a.Rid
)P (a.Ri1 , . . . , a.Rid

)

·
�
e∈E

P (e.Level | e.Gene.M, e.Array.C). (2)
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Figure 1: (a) A sample regression tree, predicting a different distribution over the activity level of a process,
depending on regulator levels. (b) COPR PRM with two processes and three regulators. (c) A simple
instantiation of the COPR PRM in (b), for two genes and two experiments.

A COPR model makes explicit the basic biological en-
tities in the domain, and the relationships between them.
Thus, we can easily read off biological conclusions from the
model: The variables g.M for each gene g specify the gene’s
membership in different cellular processes. The regulators
of each process p are specified by the sets Rp, and the re-
gression tree for process p tells us exactly how each regulator
affects the activity level of the genes participating in process
p.

4. Learning

Learning a COPR model from microarray data alone is a
complex task. Microarray data provides the values for each
e.Level variable, and the values for each regulator expression
variable a.Rp,i. All of the assignments of genes to processes
are hidden, as are all activity levels. In addition, we do not
know which regulators Rp control each process p, or by what
program the regulators control their target processes. The
parameters qp, specifying the probability of a gene belong-
ing to process p, must also be learned. Thus, from expres-
sion data alone, the goal is to group genes into processes,
estimate process activity levels for each experiment, and to
learn the regulatory control programs governing the activity
of each process.

Overall, this problem is one of learning a probabilistic
model — structure as well as parameters — from partially
observed data. We address this problem using a hard-assignment
variant of the structural EM (SEM) algorithm of Friedman
[9]. Like the EM algorithm of Dempster, Laird, and Ru-
bin [6], SEM iterates over two steps: In the E-step, it finds
a “completion” of the values to the hidden variables given a
current model; in the M-step it re-estimates the model given
our current “completion” of the data. In SEM, the model
structure as well as the parameters are both learned in the
M-step.

We now describe each of the main steps of our algorithm,
and then describe how we put them together in a single
learning algorithm.

M-step. In the M-step, we are given a complete assign-
ment to the hidden variables, and our task is to learn a
good model, structure as well as parameters. The structure
S specifies: the structure Sp of the regression tree for each
process p, and the set of linear parents R` at each leaf ` in

the tree Sp. The parameters specify the linear coefficients
and the variances in the regression tree, the variances σ2

a of
the expression measurements for array a, and the probabil-
ity qp of gene membership to process p.

To select S, we use a Bayesian model selection approach,
which explicitly accounts for our uncertainty about the pa-
rameters using probability distributions over the values of � .
We then search for a model that has high posterior probabil-
ity given the expression data D, integrating over all possible
values of � : P (S | D) ∝ P (S)P (D | S) = P (S) � P (D |
S, � S)d � S . We choose to use a structure prior P (S) that
penalizes the number of regulators in each regulatory pro-
gram. Specifically, our prior shrinks exponentially with the
number of distinct regulators. Our Bayesian score is simply
the logarithm of this posterior probability.

We search for a set of regression trees Sp that maximize
this posterior probability, given a hard assignment to the
hidden variables. Given a fixed assignment to A.C, the
optimization task for each process p is independent, and de-
pends only on the activity levels of p in each array, Array.Cp.
Thus, our task for process p reduces to one of finding the
regression tree that optimizes the Bayesian score, given the
(completed) data A.Cp.

To find a high scoring regression tree Sp, we perform a
greedy search over possible structures. We begin with a
single root node in the tree, which would predict the activity
level of process p in all conditions. Then, we consider every
possible single split that could be added to the tree. A split
is a test of the form a.Ri > z for any regulator expression
a.Ri and any real value z. Adding this split to the tree
would allow the model to specify two distributions, one for
activity levels in experiments where a.Ri > z, and one for
experiments where a.Ri ≤ z. Note that, while the addition
of a split can never lower a likelihood score, it can hurt the
Bayesian score. We calculate the change in score for each
possible split, and if any improve the score, we use the best
split to modify the tree. When no more splits can improve
the score, the tree structure and split cutoff values are fixed.

To score each split, we first note that the Bayesian score
of a regression tree can be decomposed as a sum over terms,
each reflecting the score of a single leaf node in the tree.
Thus, to calculate the improvement made by a split, we
need only consider the contribution to the score of the af-
fected leaves. Scoring a leaf, unfortunately, is not trivial.



Recall that each leaf ` defines a linear Gaussian distribu-
tions that depends on some set of linear parents R`. Given
a fixed set of linear parents, we can compute the Bayesian
score of the leaf by integrating over all possible values of
the linear coefficients (with a Gaussian prior), as described
by Geiger et al. [13]. We select the set of linear parents at
each leaf using a greedy search, adding linear parents which
improve the Bayesian score of the leaf. We note that this
computation is performed every time a new leaf is considered
as part of a split operation.

The result of this computation is a model structure, spec-
ifying the regression tree structure Sp for every process p.
To perform the E-step effectively, however, we need a single
model, with a single set of parameters. Given the struc-
ture, we estimate the parameters using a simple maximum
likelihood computation: The probabilities qp are estimated
as the fraction of genes assigned to process p; the variances
σ2

a associated with (1) and σ2

` associated with the leaf ` are
estimated using their empirical estimates; and the linear co-
efficients at each leaf are estimated using standard linear
regression.

E-step. We now turn to the problem of finding the most
likely joint assignment to G.M and A.C. This task is a
hard one: As can be seen in Fig. 1(c), these variables are all
correlated via their joint influence on the expression levels,
making this inference task intractable for large models. The
problem is further complicated by the fact that it involves
both discrete and continuous variables, a setting where even
very simple network structures are intractable [21]. Thus, we
decompose the E-step into two substeps: finding the most
likely assignment of genes to processes given the process
activity levels, and finding the most likely assignment of
process activity levels given gene assignments.

The first of these two substeps — finding the assignment
of genes to processes — can be formulated as follows: given
an assignment to A.C and a model M, to optimize:

argmax
G.MP (G.M | M)P (A.R | M)

P (E.Level | G.M, A.C,M)P (A.C | A.R,M) =

argmax
G.MP (G.M | M)

P (E.Level | G.M, A.C,M). (3)

As the activation levels are given, the regulatory model is ir-
relevant. Thus, this problem is precisely identical to the one
addressed by SBK. As they show, this optimization problem
can be performed independently for each gene. However, an
exact calculation requires a number of operations which is
exponential in the number of processes. SBK propose an
approximate algorithm, which we adopt here. Rather than
considering every possible assignment to g.M, we select a
smaller subset of processes to which the gene is allowed to
belong. This subset is selected by defining a continuous re-
laxation of our original maximization problem, which can
be solved using a bounded least squares algorithm [3]. The
resulting continuous solution is used to select the subset of
processes to consider for each gene. We experimentally se-
lected a threshold, and if the continuous “membership” of
a gene to a process is above that threshold, that process is
included in the set of candidates for that gene. In practice, a
large number of the continuous memberships were actually
assigned to 0. Once each gene has been assigned a candi-
date set of processes, the remaining discrete optimization
problem is solved exactly using exhaustive enumeration.

In the second part of the E-step, we compute the most
likely assignment to the activity levels A.C with the regula-
tory program and gene memberships G.M fixed. Our goal
here is to maximize:

argmax
A.CP (G.M | M)P (A.R | M)

P (E.Level | G.M, A.C,M)P (A.C | A.R,M) =

argmax
A.CP (A.C | A.R,M)

P (E.Level | G.M, A.C,M). (4)

For any array a and each process p, the regulator vari-
ables are all observed, so that we know precisely which path
is followed down the regression tree for p, and the values of
the linear parents at the corresponding leaf. Thus, M and
the values of the regulator variables define a Gaussian distri-
bution N (µp,a; σ2

p) over the values of a.Cp. Given the gene
process assignments, the variables a.Cp for different arrays
a are conditionally independent. Hence, for each a, we need
to optimize:

argmaxa.C �
e∈Ea

log � 1
√

2πσa

exp � (e.Level − µe)2

2σ2
a ���

+ �� �
p

log � 1
√

2πσp

exp � (a.Cp − µp,a)2

2σ2
p ���
	� =

argmina.C

1

2 �
e∈Ea

(e.Level − µe)2

+
σ2

a

2σ2
p
�
p

(a.Cp − µp,a)2, (5)

where: Ea are all of the expression measurements associ-
ated with the array a, and for each e ∈ Ea, µe is the mean
of the Gaussian over the expression level, as specified in (1).
Note that µe is a linear function of the values a.Cp, whose
coefficients are determined by the (known values of) g.Mp.
The form of (5) allows us to use a simple least squares com-
putation to solve this minimization problem optimally and
efficiently.

Algorithm Summary. We initialize the algorithm by
using a standard expression clustering technique to select
an assignment of genes to processes. The result is a model
where processes are disjoint, and each gene belongs to pre-
cisely one process. We then find an initial set of activity
levels using the least squares method, using a degenerate
regression tree (with only a root node) as the regulatory
model. The result of these two steps is an initial hard as-
signment to the variables G.M and A.C.

With this initialization, the algorithm repeatedly executes
an M-step and an E-step, as specified above. At each iter-
ation, a new regulatory model is learned using the current
hard assignments to G.M and A.C. This regulatory model
is then used to re-estimate new values for the activity lev-
els A.C and of the gene process memberships G.M.1 The
E-step and M-step are repeated until the gene process as-
signments stabilize. At that point, no further changes can
occur, and the algorithm has converged. We then have a
complete COPR model, including an assignment of genes to

1Note that each of these two substeps is executed only once
before the next M-step; as these two substeps do not achieve
a global optimum for the E-step, we could also iterate the
substeps of the E-step until convergence, or for some number
of steps. Our experiments suggest that this choice makes
very little difference.
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Figure 2: Variation of training set likelihood as num-
ber of regulators available to the model is increased
from zero.

processes, an estimate of the activity level for each process
in each array, and a learned regulatory mechanisms for each
process.

5. Experimental Results

We evaluated the performance of our COPR model on
yeast gene expression data. Our analyses included examin-
ing the statistical properties of COPR, evaluating our learned
models with known biological attributes of genes and pro-
cesses, and comparing COPR to other models on large ex-
pression data sets. In each case, we applied the learning
algorithm described in Section 4, specifying a candidate set
of regulators and a number of processes.

Statistical Validations. We first tested whether the
COPR model, which includes both the partition of genes
into overlapping processes as well as the regulatory program
of each process, resulted in improved statistical behavior
compared to approaches which do not consider regulatory
programs, such as SBK [26]. To this end, we compared sev-
eral models learned from the data set of Gasch et al. [11],
specifying 20 processes, and using 1000 genes whose expres-
sion levels varied in the data set. For each model, we selected
a different number of candidate regulators that the model
could assign as parents of the activity levels of processes.
We also compared these learned models to that obtained
from the algorithm of SBK, which in our setting is equiva-
lent to a model with no regulators and without a prior over
the activity level variables.

As a measure of performance, we first compared the like-
lihood that the different learned models assign to the ex-
pression data that was used to train the models, as this pro-
vides a measure of how well each model explains the input
expression data. Specifically, we evaluated the probability
P (E.Level | G.M, A.C,M), where G.M, A.C are the val-
ues of the hidden variables learned by the algorithm, and M
is the learned model. As shown in Fig. 2, models that use a
larger number of regulators assign a higher likelihood to the
input expression data. This finding is quite surprising, as
the expression level is independent of the regulatory model
given the learned activity levels A.C. The SBK model can
set these activity levels without constraints, attempting only
to optimize this likelihood, whereas our COPR model is con-
strained to try to fit some regulatory program when select-
ing the same set of activity levels. In general, we would
expect the unconstrained model to perform better, so the
fact that the regulatory model provides higher likelihood in-

dicates that the activity levels learned when we take into
account regulatory models are actually more predictive of
the expression levels. This behavior could result from an
improved grouping of genes into processes, which would al-
low the process activity levels to more closely predict the
actual gene expression levels.

However, a good fit to the training expression data does
not necessarily imply that the model indeed captured true
characteristics of the underlying domain. To test whether
the COPR model captured meaningful properties, we eval-
uated the model performance on held out test data, using
five-fold cross-validation over genes. Note that the values
of the hidden variables — the gene process assignments —
are unknown for genes in the test set. We evaluated the
likelihood of the expression levels for the new genes by sum-
ming out over all possible assignments to the process mem-
berships. Overall, the COPR model performed better than
that of SBK, assigning a higher likelihood to the held out
test data in four out of the five cases, and achieving only a
slightly lower likelihood in the fifth. The average likelihood
per gene in the test set for the COPR model was −454.88,
compared to −455.76 for the model of SBK. A paired t-test
on these results revealed a p-value of .04 for the improve-
ment by the COPR model. Overall, these results indicate
that the COPR model is, indeed, learning significantly bet-
ter activity patterns than the model of SBK.

The experiment above demonstrates the ability of COPR
to generalize to unseen genes. We also tested whether our
COPR model can generalize to unseen experiments, by per-
forming a similar five-fold cross validation scheme over ar-
rays, using all 1000 genes. In this case, the activity levels of
the test set arrays are not known. Using the expression lev-
els of regulators in the held out arrays, our regulatory model
can predict the activity levels of each process in each of these
new arrays, and thus the expression levels for genes. We
compared the COPR model’s predictive power to a baseline
model which uses no regulatory information, and simply pre-
dicts expression level to be normally distributed with mean
zero. (This very naive assumption is the best we can do
with no predictive information regarding activity.) COPR
outperformed the baseline model (p = 0.02), achieving an
average log-likelihood per experiment of −2687.81, as com-
pared to −3097.42 for the baseline model. These results in-
dicate that regulatory programs learned by the COPR model
are in fact predictive of the expression levels of their target
genes.

Yeast Stress Data. To obtain a more comprehensive
model of biological processes and regulation, we applied our
COPR method to the 173 yeast microarrays of Gasch et
al. [12], which measured the response of yeast to various
conditions of stress. We learned a COPR model over 2034
genes using 50 processes. Overall, the learned model had a
reasonable partition of genes to processes, with 1384 genes
predicted to participate in exactly one process, 308 in two
processes, 287 in three processes, and only 40 genes in four
or more processes. The learned regulation programs were
quite rich, including a total of 321 regulators out of the 466
candidate regulators from which the learning algorithm was
allowed to select.

To analyze the biological plausibility of the assignments
of genes to processes, we tested whether the genes in each
process were known to participate in the same process ac-
cording to GO database of functional annotations [2]. For
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Figure 3: Comparison of SBK model to our COPR model on yeast stress data. Each graph shows a scatter
plot of the negative log p-value for the enrichment of processes for different biological properties, comparing
processes in the SBK model (Y axis) and processes in our COPR model (X axis). (a) GO annotations; (b)
presence of known motifs; (c) known transcription factor targets.

each process p and each GO annotation t, we used the hyper-
geometric distribution to assign a p-value for the enrichment
of genes in process p that are assigned to annotation t ac-
cording to GO. Of the 50 learned processes, 33 were highly
enriched for some known biological function, with p < 0.001.
We compared the p-value of these enrichments to the p-value
enrichments obtained using the model of SBK [26]. We note
that the SBK model was previously shown to produce more
significantly enriched models than both standard clustering
and Plaid. Our results, summarized in Fig. 3(a), show that
the COPR algorithm learned processes whose genes are sig-
nificantly more enriched compared to SBK [26], where 158
were significantly more enriched in the COPR model.

As the COPR model also learns the regulatory program
for each process, we expect that genes assigned to the same
process are also co-regulated. To test this hypothesis, we
compiled a list of known binding sites from Wingender et
al. [32], and associated each gene with the binding site that
are contained within its 500bp upstream region sequence.
We then tested whether genes that were assigned by the
COPR model to the process were enriched for any of these
known binding sites, where again we used the hypergeomet-
ric distribution to assign a p-value to each such test. Over-
all, 19 of the 50 processes contained genes with some shared
binding site with p < 0.001. We also examined process en-
richment for targets of 106 transcription factors, using the
genome-wide protein-DNA binding data of Lee et al. [20].
We found that 20 of the 50 processes were enriched for tar-
gets of some transcription factor with p < 0.001.

A comparison to SBK, shown in Fig. 3(b) and (c), shows
that genes assigned to the same process according to COPR
were significantly more enriched for motifs as well as tran-
scription factor targets compared to genes that were as-
signed to the same process according to SBK. Thus, we
conclude that the inclusion of regulatory programs signif-
icantly improved our ability to detect truly coregulated sets
of genes.

A more in-depth examination of our results revealed sev-
eral cases where COPR processes were a particularly good
fit to current biological knowledge. In particular, eleven
processes were enriched for a motif m and an annotation t,
where the transcription factor known to bind motif m has a
known regulatory role in regulating process t. As one exam-
ple, process 48 contained 13 genes, 10 of which were known

to participate in glycolysis (p < 9 · 10−22). In addition, 10
of its member genes shared the binding site for the tran-
scription factor GCR1, which is known to control glycolysis.
From the binding data of Lee et al. [20], we also found that
this process was enriched for targets of GCR2, which is also
involved in glycolysis control. As another example, process
16 was enriched for protein folding and heat shock genes
(p < 1.8 · 10−19). Importantly, genes in this process were
also enriched for the binding site of the transcription factor
HSF, a known regulator of protein folding and heat shock
proteins. The binding data also indicated that this process
was enriched for known targets of HSF, agreeing with both
the GO and binding enrichments.

Next, we analyzed the quality of the actual regulatory
programs that we learned for each process. In terms of their
overall structure, the learned regression trees were plausible:
most trees had one or two splits, no tree had more than four
splits, and the majority of leaves had one linear parent. Our
COPR model had multiple instances in which a regulator
was used in more than one place in the regulation program.
In most of these cases, the reused regulator appeared as a
parent in the linear Gaussian leaf models of the regulatory
program and not in the tree splits. This finding suggests
that these two parts of the model correspond to different
types of regulation, and that linear regulators can play a role
in different combinatorial contexts; both of these conclusions
are consistent with biological knowledge.

We also attempted to validate the actual regulators as-
signed in each regulatory program. Such validation is, by
necessity, somewhat anecdotal, as the biological knowledge
regarding the role of the regulators is very limited. Never-
theless, our analysis found ten processes in which the regu-
lator had a known function in regulating the GO function
that was enriched in the genes of the process.

Finally, there were many cases in which our learned model
suggested novel hypotheses regarding gene regulation. For
example, one of the processes we learned contained 16 genes
with an unknown function. However, in the motif enrich-
ment analysis, we found 7 motifs that were significantly en-
riched for the genes in this process (each occurring in at
least 14 of the 16 genes). Moreover, two of the regulators
assigned as part of the learned regulatory program, STE2
and GAC1, were associated with two of the enriched mo-
tifs. Combined with the coherent expression levels that we



observed for these 16 genes, this result suggests a novel bi-
ological process and a putative regulatory program for con-
trolling its activation.

Combined Yeast Data Sets. As our COPR model
allows genes to participate in multiple processes, we can
apply it to large compendia of expression measurements that
correspond to many different conditions, in order to study
both the common and the specific regulatory relationships in
these different conditions. To this end, we compiled a large
compendium of 394 yeast microarrays from four different
studies, including measurements of expression during the
cell cycle [30], in response to various stress conditions [12,
11], and in response to different gene deletion mutations [14].

From this combined data set, we learned a COPR model
over 5747 genes, using 50 processes and 464 candidate reg-
ulators. To evaluate the partition of genes to processes, we
performed the same enrichment evaluation as above, test-
ing the enrichment of genes assigned to the same process
for GO annotations [2], cis-regulatory motifs [32], and for
binding targets of 106 transcription factors [20]. The results
are shown in Fig. 4. Overall, we found 36 processes that
were enriched for at least one GO annotation with p < .001,
27 processes significantly enriched for DNA binding motifs,
and 22 that were enriched for the targets of one of the 106
transcription factors assayed by Lee et al.. In total, 45 of
the 50 processes had some significant enrichment from one
of the three sources.

We compared our results with those of the module net-
work framework [28], with the hypothesis that a model al-
lowing for overlapping processes would perform better on
data compiled from different studies and spanning a wide
range of experimental conditions. We note that unlike our
COPR model, in the module networks framework, the reg-
ulators are also included in the gene modules, so the total
number of genes grouped is slightly (about 10%) larger. As
shown in Fig. 4, we found that our COPR model had no-
ticeably more significant enrichments for GO annotations,
regulatory motifs, and known transcription factor targets.
In particular, out of 410 GO annotations enriched in either
model, 312 were more significantly enriched in the COPR
model than in the module networks model. Similarly, of the
32 motifs found to be enriched for either model, 28 were
more enriched in the COPR model, and of the 52 transcrip-
tion factor targets enriched in either model, 40 were more
enriched in the COPR model. These results support the
advantages of the two significant extensions of COPR over
the module network model: allowing genes to participate in
multiple processes and extending the regulatory model to
encompass linear regulation.

In analyzing the learned regulatory programs, we found
nine processes in which at least one of the predicted regula-
tors had a known role in regulating the function associated
with the GO annotation enriched for the process. As dis-
cussed, this type of analysis is limited by our very incom-
plete knowledge of regulatory relationships in the biological
literature.

We next examined the predicted activity levels for each
array. These are interesting as they provide evidence about
cellular activity in different conditions; moreover, as these
levels are predicted in part by the regulatory programs, they
provide us with indirect evidence regarding the validity of
these programs. We tested the correspondence between the
activity levels and the actual conditions represented by each

array. As we expect some processes to be differentially regu-
lated in different conditions (e.g., heat shock proteins should
be activated under various stress conditions), such corre-
spondence would provide evidence that the learned activity
levels correspond to true regulatory patterns.

Specifically, we compiled a list of 74 annotations for the
different arrays, which specify the experimental condition
that is represented by each array. For example, our list in-
cluded annotations for the various cell cycle phases, as well
as annotations for the different stress conditions to which
the yeast was subjected (e.g., heat shock, nitrogen deple-
tion). To measure how well our activity levels corresponded
to these annotations, we performed a student t-test for each
process p and each experiment annotation t, which measured
whether the distribution of the activation levels was differ-
ent between the arrays labeled with annotation t and those
that are not labeled with it.

For all 50 processes, we found that their activation lev-
els had a high correspondence with at least one annotation
with p < 0.025. In 19 cases, the experiment annotation cor-
responded to the significant GO annotation of the process.
For example, the activation levels for the (GO annotated)
protein folding process had a high correspondence to the
stress annotation. Protein folding is known to be activated
in response to various stress conditions, such as heat and
exposure to certain chemicals. A partial list of the signifi-
cant associations between activation levels and experiment
annotations is shown in Table 1. We also compared the
experiment annotations associated with a process to tran-
scription factors associated with it via motif or transcription
factor target enrichment. Overall, we found 11 processes
where the experiment annotation matched the function of
the associated transcription factor.

In many cases, the genes in the process, and the activ-
ity profile associated with the process, appear to define a
very coherent biological unit. For example, process 43 was
enriched for the targets of three mitosis regulating tran-
scription factors from the genome-wide protein-DNA bind-
ing data. This process was also enriched for a motif related
to mitosis. The activity levels of this process were low-
ered significantly for the M-G1 phase annotated experiments
(t-test value −3.18), and above normal for M-phase anno-
tated experiments and experiments annotated with chro-
matin modification. This process has only a weak GO en-
richment for the chromatin annotation, but the other evi-
dence strongly suggests that it is associated with mitosis,
perhaps with the transition from the M phase to the G1
phase in the cell cycle.

As another example, process 47 was strongly associated
with GO annotations related to mating processes: “mating”
(p = 2.02x10−9), “pheromone response” (p = 9.67x10−6),
and zygote formation (p = 1.5x10−5). Correspondingly, the
activity level profile showed increased activity for experi-
ments annotated for mating, pseudohyphal growth, and low-
ered activity in conditions such as salt stress, where we ex-
pect mating behavior to be repressed. The regulator RME1,
which is associated with meiosis, was included in the learned
program of this process. The process was strongly associ-
ated with two other transcription factors, MCM1, which reg-
ulates DNA replication, and of STE12, which is associated
with pheromones, exhibiting enrichment both for the targets
of these two transcription factors in the protein-DNA bind-
ing data, and for their motif in the genes’ promoter regions.
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Figure 4: Comparison of the module network model of Segal et al. to our COPR model on the yeast com-
pendium data. Each graph shows a scatter plot of the negative log p-value for the enrichment of processes
for different biological properties, comparing processes in the module network model (Y axis) and processes
in our COPR model (X axis). (a) GO annotations; (b) presence of known motifs; (c) known transcription
factor targets.

Process Experiment Annotation t-test GO annotation p-value
47 mating 4.455 mating 2.202 × 10−9

46 hyperosmolarity 12.083 plasma membrane 2.65 × 10−17

45 protein modification 27.160 26S proteasome 2.187 × 10−54

38 mitochondrion 3.527 mitochondrial inner membrane 3.11 × 10−22

36 heat 4.183 heat shock protein 8.76 × 10−05

26 peroxisome organization 9.293 peroxisomal matrix 5.94 × 10−09

19 stationary phase 3.651 S phase of mitotic cell cycle 1.91 × 10−20

17 chaperone activity 5.262 chaperone 7.06 × 10−20

Table 1: A sample of activity level correlations with experiment annotations, paired with relevant GO
annotations.

This process has strong support in the biological literature,
which suggests that MCM1 and STE12 interact in the regu-
lation of mating [22], and even suggests a mating pathway in
which MCM1 and our predicted regulator RME1 are both
involved [8, 18, 17].

6. Conclusions and Future Work

This paper proposes the COPR model — an approach
for discovering overlapping cellular processes, their activity
level in different conditions, and their regulatory programs
from gene expression data. We have shown that by guiding
the model to be consistent with regulatory programs, we ob-
tain a better explanation of the data, and processes that are
more biologically coherent. We have also shown several cases
where the predicted regulatory programs are consistent with
current biological knowledge. In many cases, our COPR
model’s predictions are remarkably coherent: A process as-
sociated with a certain cellular function is often predicted
to be active in precisely the conditions where that function
plays a role. Such coherent results involving uncharacterized
genes or regulators can suggest novel biological hypotheses
that can be tested in the lab.

There are several possible extensions to our work. First,
our use of a unified probabilistic framework easily allows the
modular integration of additional data sources. For exam-
ple, rather than using the protein-DNA binding data of Lee
et al. [20] solely for validating our result, we can directly in-
tegrate it into our model as a noisy sensor for regulation (as
in [25]). Another direction is the application of our frame-
work to Affymetrix microarray technology, which measures

the absolute expression level of a gene rather than its level
relative to some control. Our approach, constrained to in-
clude only non-negative activity levels, might provide a good
decomposition of the observed expression levels into overlap-
ping processes. Finally, it would be valuable to apply the
COPR framework to the analysis of cellular processes and
regulation in human microarray data, where we expect the
transcriptional programs to be quite complex due to tissue-
specific gene activation, so that genes are likely to play mul-
tiple roles.
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