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ABSTRA CT

Many of the functions carried out by a living cell are reg-
ulated at the transcriptional level, to ensurethat genesare
expressedwhen they are needed. Thus, to understand bi-
ological processes,it is thus necessaryto understand the
cell's transcriptional network. In this paper, we propose a
novel probabilistic model of generegulation for the task of
identifying overlapping biological processesand the regula-
tory mechanism controlling their activation. A key feature
of our approach is that we allow genesto participate in mul-
tiple processesthus providing a more biologically plausible
model for the processof gene regulation. We presert an
algorithm to learn this model automatically from data, us-
ing only genome-wide measuremeris of gene expression as
input. We compare our results to those obtained by other
approaches, and show signi cant bene ts can be gained by
modeling both the organization of genesinto overlapping
cellular processesand the regulatory programs of these pro-
cesses. Moreover, our method successfully grouped genes
known to function together, recovered many regulatory re-
lationships that are known in the literature, and suggested
novel hypothesesregarding the regulatory role of previously
uncharacterized proteins.
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1. Intro duction

A living cell is a complex system that needsto perform
various functions and adapt to changing environments. Es-
sertial to the cell's ability to respond to dierent circum-
stancesis its organization into a set of processes whose ac-
tivit y varies according to circumstance. The activation of
these processess often controlled by a variety of regulatory
signals, which are themselves triggered by various aspects
of the current state. Genome-wide measuremers of mMRNA
expressionlevel acrossmultiple experimental conditions pro-
vide us with a global picture of the cell's activities, and open
the way to a high-level understanding of its behavior.

The most common approach for analyzing geneexpression
is to cluster geneswhose expressionpro le is similar over a
range of experimental conditions [7, 5]. As the clusters cor-
respond to sets of genesthat respond similarly in dierent
circumstances, their member genesare likely to sharea com-
mon function. However, these approaches group genesinto
mutually exclusive clusters, whereasthe real biological sys-
tem is much more intricate, with many genesplaying mul-
tiple rolesin di erent circumstances. To addressthis, other
approaches[29, 31, 15, 19, 1, 26] have beenproposedfor dis-
covering processes or overlapping groups of genes,thereby
providing a more realistic model for cellular activit y.

However, nding the genesthat participate in eadc pro-
cessprovides only a partial view of the biological system.
In many cases, we are also interested in discovering the
regulatory mechanism that controls the activation of ead
processand its responseto dierent circumstances. This
type of analysis is typically done as a post-processingstep,
by seardiing, for example, for common cis-regulatory mo-
tifs in the promoter region of the genesin the process[32],
or (more recertly) for correlation with protein-DNA bind-
ing data [20]. However, such approaches are limited both
by the amount of noise in these data, and, more impor-
tantly, by the fact that many regulatory relationships are
context-speci ¢ , occurring only under certain conditions, a
phenomenonwhich doesnot manifest in these data.

Recert work [24, 28] shows that regulatory relationships
can be learned directly from geneexpressiondata, in a way
that accourts for the context-sp eci cit y of regulatory events.
Moreover, as shown by Segal et al.[28, 27], by searding
for sets of co-regulated genesand their actual regulatory
program simultaneously, a much more accurate organization
of genesinto processesan be obtained. However, while their
approach models aspects relating to regulatory mechanisms,



they partition the genesinto mutually exclusive processes,
and thus their models are limited in the comprehensiveness
of the regulatory picture they provide.

In this paper, we propose a novel model of gene regula-
tion for discovering overlapping cellular processesand their
regulatory programs | the Coregulated Overlapping Pro-
cesseganodel, or COPR model (pronounced \copp er"). Our
approach builds on the ideasin our earlier work [26] for mod-
eling overlapping processesand extendsthe ideasof Segalet
al. [28] for modeling regulatory programs, resulting in a uni-
ed probabilistic framework of generegulation. The COPR
model makesexplicit the notion of a biological process and
each gene can then be a member of one or more of these
processes.

Following our earlier work, we assumethat a processis ac-
tive to di erent extents in dierent conditions. Speci cally,
we assumethat ead processp has someactivity level a:C,
in each given array a. The expressionlevel of a genein an
array a is therefore a sum of the activities of the processes
with which it is assciated.

For modeling regulatory relationships, we make the sim-
plifying assumption that regulation is done at the level of
processes,rather than individual genes. Thus, we assume
that eadt processis assaiated with some (unknown) regu-
latory program, which determines its activity level a:Cp in
each array a. Thus, the activity of p is dierent in dier-
ent arrays, but it is governed by the same set of rules. The
process'activit y level is assumedto be a function of its regu-
lators. Weusea regulatory program that captures two of the
most important forms of regulation: both the combinatorial
(context-specic) nature of some types of gene regulation,
and the dependenceof the activit y level of a processon the
actual abundance of the regulatory protein (as indicated by
its MRNA level) in the cell.

We presert an e cien t algorithm for learning the COPR
model automatically from data, using only the raw gene
expressionmeasuremens as input. In our learning task, we
must assaiate geneswith processesaswell aslearn the reg-
ulatory program of each process| both the setof regulators
for each processand the program itself. This learning prob-
lem is quite challenging, as both the (discrete) assignmen
of genesto processesand the (continuous) activit y levels of
processesn arrays are all unobserved.

We test the COPR model on two expressiondata sets, in-
cluding a large compendium of 394 yeast microarrays com-
piled from four dierent studies. We evaluate its perfor-
mancerelativ eto avariety of existing biological data sources,
including known gene annotations [2], presence of motifs
in the genes' promoter regions [32], and correlation with
protein-DNA binding data [20]. Relative to all of these
sources,we show that the COPR approach discovers groups
of genesthat correspond to biologically coherert processes,
signi can tly outp erforming both our earlier processmodel [26]
and the module network framework of Segalet al. [28]. We
also evaluate the predicted activity levels for our learned
processesand show that they are very consistert with the
processes'role in the cell. Overall, our results support our
basic assumptions, that overlapping processegrovide a bet-
ter model of cellular activit y than disjoint geneclusters, and
that by searding simultaneously for co-regulated genesand
for their regulatory programs, we converge to models that
are hiologically more plausible.

2. Related Work

As described above, the COPR model addressestwo main
goals: placing genesinto functional groups, and discover-
ing regulatory mechanisms for those genegroups. The rst
goal, grouping genesinto meaningful groups, is shared by
approaches sudh as clustering (e.g., [7]). Standard cluster-
ing partitions genesinto mutually exclusive groups, while
COPR placesgenesin multiple processessimultaneously.

Another approach to relaxing the assumption of mutually
exclusive clusters is \soft clustering”, which assignsproba-
bilities that each member belongsto eac one group. This
type of model is more re ectiv e of uncertainty about the
cluster assignmert of a gene, rather than its assignmen to
multiple clusters simultaneously. Other approaches, such as
biclustering [5] or context-sp eci ¢ clustering [29] allow genes
to participate in dierent groups in dierent contexts, but
in any given array, a genestill belongsto exactly one group.
In other words, ead individual expression measuremern is
explained by a gene's membership in precisely one cluster.
In the COPR model, a genecan belongto multiple processes
simultaneously, and a gene's expressionvalue in any condi-
tion is a sum of the activit y of all of the processesn which
the gene participates.

Thus, the COPR model decomposesthe expression ma-
trix asasum of processactivit y matrices. This characteristic
makes COPR more similar to singular value decomposition
(SVD) [1] or the Plaid model of Lazzeroni and Owen [19].
These approaches also decompose the expression matrix as
a sum of activities of (overlapping) components or layers,
which are roughly analogousto our processes.However, our
de nition of processedli ers signi cantly, in that we incor-
porate an explicit bias against having genesthat participate
in a large number of processes.Thus, in our learned COPR
models, eadh genetends to belong to at most two or three
processes.By contrast, SVD or Plaid often produce models
where genesbelongto a very large number of processes.The
sparser models are more biologically plausible, and contain
processeshat are more biologically coherert [26].

Finally, and most notably, none of these approaches in-
clude a model of generegulation. Including generegulation
in the COPR model both allows us to discover regulatory
relationships, and to use these discovered relationships to
actually improve the grouping of genes. The COPR model
preserted in this paper is basedon the regulatory framework
proposedin the module network framework [28], but extends
it in two signicant ways. First, it allows the use of over-
lapping processeswhereasthe module network framework
assumesdisjoint clusters. Second,it extends the notion of a
regulatory program to allow both combinatorial and linear
dependenceon the abundance of regulators.

3. Probabilistic Mo del

The COPR model is basedon the framework of Bayesian
networks [23], and on the language of prokabilistic relational
models (PRMs) [16, 10, 29], which represents the domain
in terms of the dierent biological entities that interact in
it: genes,arrays, expression measuremens, regulators, and
biological processes. Each object is also assaiated with a
set of attributes that are relevant to its interactions with the
other ertities.

Gene Expression Mo del. The rst component of the
COPR model represerts the geneexpressionand its decom-



position into the activity level of processes. This compo-
nent of COPR includes a set G of n gene objects, G =

for each genein eadh array. Each expression object e is
assaiated with a geneobject e:Gene = g, an array object
eArray = a, and a real-valued attribute e:Level denoting
the mRNA expressionlevel of e:Gene= g in e!Array = a.
As we discussed, a key property of the our approach is
that it allows genesto participate in multiple processes.To
this end, COPR follows the approach of Segal, Battle, and
Koller [26] (SBK hereafter), and explicitly includes a set of
j processes eath geneobject g is assaiated with a set of bi-

0:M, denoteswhether g is a member of processp. As pro-
cessesmay be active to various degreesin dierent arrays,
we also de ne a set of continuous activity level attributes

the degreeto which processp is active in array a. The ex-
pression level of geneg in array a is assumedto be a sum
of g's expressionlevels in eat of the processesin which it
participates, where g's expression level in processp is the
activit y of the processa:Cp,. More precisely, we assumethat
the expressionof geneg in array a is normally distributed
with a mean that is equal to the sum, over processesp in
which which g participates, of the activit y level of p:
j
P(elLeveljgM;a:C)= N( gM, aCp; 2): (1)
p=1

where 2 is the variance assa@iated with array a.

Regulatory Mo del. The secondcomponert of the COPR
model is the regulatory model. We assumethat genesin the
sameprocessare co-regulated, and therefore share the same
regulatory mechanism. Thus, we de ne a regulation pro-
gram for each process,which is then shared acrossall genes
assignedto that process. To model regulation programs,
we extend the framework of Segal et al. [28], where eath
regulation program is de ned in terms of some set of regu-
lators, and describesthe expressionof genesin the process
as a function of the mRNA expressionlevel of these regula-
tors. We therefore assumethat the model contains a set of
t candidate regulators, where for eac regulator r and eact
array a we have a continuous attribute a:R, that denotes
the mRNA expressionlevel of regulator R, in array a. We

We model the activit y level of processp in the dieren t ar-
rays as a stochastic function of the expressionlevel of some
small set of processregulators. The regulators are spec-
ied separately for eath process, allowing us to represert

regulation programs that are specic to dierent processes.

Thus, for eat processp, the COPR model species a set

COPR framework, this stochastic function takesthe form of
a regression tree [4]. A regressiontree allows us to model
two types of dependence on regulators: linear dependen-
cies, which are very common, and combinatorial regulation,
which is crucial for any realistic model of generegulation in
higher eukaryotes.

As illustrated in Fig. 1(a), a regressiontree S, for a pro-
cessp with parents Ry, is a rooted binary tree with interior

tree nodesand leaf tree nodes. Each interior tree node is la-
beledwith atest over oneof the parents, such asa:Rp;1 > 7.
Each leaf node speci es a distribution over a:C,. For a par-
ticular array a in which we obsere the expression levels

traversing the tree from the root, and taking the appropriate
branch at ead interior node: the right branch if the values

branch otherwise. We contin ue this traversal until we reach
a leaf node °. The distribution P (a:Cp j a:Rp;1;:::;a:Rp4)
is then speci ed by the distribution assaiated with *. The
leaf distribution at eac leaf * in is a linear Gaussian |

a Gaussian whose mean is a linear function of a subset of

lators Rp. Thus, if array a reaches leaf * in the tree, it
will have a Gaussian distribution N ( a; 2), where 5 =
b.o + if¥1 bi aR-, b is the weight of regulator i in
the leaf distribution of leaf *, and 2 is the variance asso-
ciated with the leaf. Thus, we represert the activity levels
both by combinatorial interactions of regulators, and by a
linear function of regulator expressionlevels. We note that
this regulation model is an extension of the model of Segal
et al.[28], which incorporated only combinatorial regulation,
and did not allow linear dependenceon the actual expression
level of the regulators.

Mo del Summary . Our overall COPR PRM model puts
together these two componerts. The probabilit y of the ex-
pression levels E:Level given the gene processmembership
variables G:M and the processactivity level A :C is as de-
scribed in our gene expression model. The probability of
A :C given the regulators is as described in the regulatory
model. To complete the description of COPR, we de ne
the gene membership attributes, g:M, to have no parents;
we simply assciate with ead processp a prior distribution

over the membership of genesin this processP (g:Mp) = Q.

parents. We assigna Gaussian distribution N ( ,; 2), not-
ing that, as these regulator attributes are always observed,
this distribution will not play a role when we learn the model
from data.

A simple example of COPR PRM for the caseof two pro-
cessesand three regulators is shown Fig. 1(a). For any set of
genesand arrays, the model de nes a probabilit y distribu-
tion over the gene processmemberships, the array activity
levels, and the expressionlevels of genesin the arrays. This
probabilit y distribution is de ned as a Bayesian network,
whose structure and parameterization is determined by the
model. An example of the instantiation of the COPR model,
for the caseof two genes,two arrays, two processes,and
three regulators, is shown in Fig. 1(b). The joint distribu-
tion de ned by our instantiation can be written in terms of
the objects, their attributes and the distributions speci ed
above:

P(G:M;A:C;A:R;E:Leve) =
j

P(g:Mi)
i=1 g2G
P(a:CijaRi,;::;aRi,)P(aRi,;::; aRiy)
azA
P (eiLevelj e:GeneM ;e:Array:C): 2)

e2E
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Figure 1: (a) A sample regression tree, predicting
dep ending on regulator levels.
instan tiation of the COPR PRM

A COPR model makes explicit the basic biological en-
tities in the domain, and the relationships between them.
Thus, we can easily read o biological conclusionsfrom the
model: The variables g:M for ead geneg specify the gene's
membership in dierent cellular processes. The regulators
of eadh processp are specied by the sets Ry, and the re-
gressiontree for processp tells us exactly how ead regulator
a ects the activit y level of the genesparticipating in process
p.

4. Learning

Learning a COPR model from microarray data alone is a
complex task. Microarray data provides the values for each
e:Levelvariable, and the valuesfor eac regulator expression
variable a:Rp; . All of the assignmens of genesto processes
are hidden, as are all activity levels. In addition, we do not
know which regulators R, control each processp, or by what
program the regulators control their target processes.The
parameters @, specifying the probabilit y of a gene belong-
ing to processp, must also be learned. Thus, from expres-
sion data alone, the goal is to group genesinto processes,
estimate processactivit y levels for each experiment, and to
learn the regulatory control programs governing the activity
of eadh process.

Overall, this problem is one of learning a probabilistic
model | structure as well as parameters| from partially

observeddata. Weaddressthis problem using a hard-assignmert

variant of the structural EM (SEM) algorithm of Friedman
[9]. Like the EM algorithm of Dempster, Laird, and Ru-
bin [6], SEM iterates over two steps: In the E-step, it nds
a \completion" of the valuesto the hidden variables given a
current model; in the M-step it re-estimatesthe model given
our current \completion" of the data. In SEM, the model
structure as well as the parameters are both learned in the
M-step.

We now describe eath of the main steps of our algorithm,
and then describe how we put them together in a single
learning algorithm.

M-step. In the M-step, we are given a complete assign-
ment to the hidden variables, and our task is to learn a
good model, structure aswell as parameters. The structure
S speci es: the structure S, of the regressiontree for each
processp, and the set of linear parents R- at eac leaf * in

~
P
A

(b) (©)
a dieren t distribution
(b) COPR PRM with
in (b), for two genes and two exp erimen ts.

over the activit y level of a pro cess,
two pro cesses and three regulators. (c) A simple

the tree Sp. The parameters specify the linear coe cien ts
and the variancesin the regressiontree, the variances 2 of
the expressionmeasuremerts for array a, and the probabil-
ity g of genemembership to processp.

To select S, we use a Bayesian model selection approach,
which explicitly accourts for our uncertainty about the pa-
rameters using probabilit y distributions over the valuesof
We then seard for a model that has high posterior probabil-
ity given the expressiondata D, integrating over all possible
values of P(SjD)/ P(S)P(DjS)=P(S) P(D|j
S; s)d s. We chooseto use a structure prior P(S) that
penalizesthe number of regulators in eac regulatory pro-
gram. Speci cally, our prior shrinks exponertially with the
number of distinct regulators. Our Bayesian scoreis simply
the logarithm of this posterior probabilit y.

We seard for a set of regressiontrees Sy that maximize
this posterior probability, given a hard assignmen to the
hidden variables. Given a xed assignmen to A:C, the
optimization task for each processp is independert, and de-
pendsonly on the activit y levelsof pin eadh array, Array:Cp.
Thus, our task for processp reducesto one of nding the
regressiontree that optimizes the Bayesian score, given the
(completed) data A :Cp.

To nd a high scoring regressiontree S,, we perform a
greedy seard over possible structures. We begin with a
single root node in the tree, which would predict the activit y
level of processp in all conditions. Then, we consider every
possible single split that could be added to the tree. A split
is a test of the form a:R; > z for any regulator expression
a:Ri and any real value z. Adding this split to the tree
would allow the model to specify two distributions, one for
activit y levels in experiments where a:R; > z, and one for
experiments where a:R;  z. Note that, while the addition
of a split can never lower a likelihood score, it can hurt the
Bayesian score. We calculate the change in score for eadch
possible split, and if any improve the score,we use the best
split to modify the tree. When no more splits can improve
the score, the tree structure and split cuto valuesare xed.

To scoreead split, we rst note that the Bayesian score
of a regressiontree can be decomposedas a sum over terms,
eadh re ecting the score of a single leaf node in the tree.
Thus, to calculate the improvemert made by a split, we
need only consider the contribution to the score of the af-
fected leaves. Scoring a leaf, unfortunately, is not trivial.



Recall that ead leaf * de nes a linear Gaussian distribu-
tions that depends on someset of linear parents R-. Given
a xed set of linear parents, we can compute the Bayesian
score of the leaf by integrating over all possible values of
the linear coe cien ts (with a Gaussian prior), as described
by Geiger et al. [13]. We selectthe set of linear parents at
ead leaf using a greedy seard, adding linear parents which
improve the Bayesian score of the leaf. We note that this
computation is performed every time a new leafis considered
as part of a split operation.

The result of this computation is a model structure, spec-
ifying the regressiontree structure Sy for every processp.
To perform the E-step e ectiv ely, however, we need a single
model, with a single set of parameters. Given the struc-
ture, we estimate the parameters using a simple maximum
likelihood computation: The probabilities g, are estimated
as the fraction of genesassignedto processp; the variances

2 assaiated with (1) and 2 assaiated with the leaf * are
estimated using their empirical estimates; and the linear co-
e cien ts at ead leaf are estimated using standard linear
regression.

E-step.  We now turn to the problem of nding the most
likely joint assignmert to G:M and A:C. This task is a
hard one: As can be seenin Fig. 1(c), these variables are all
correlated via their joint in uence on the expressionlevels,
making this inference task intractable for large models. The
problem is further complicated by the fact that it involves
both discrete and contin uous variables, a setting where even
very simple network structures areintractable [21]. Thus, we
decompose the E-step into two substeps: nding the most
likely assignment of genesto processesgiven the process
activity levels, and nding the most likely assignmen of
processactivit y levels given gene assignmerts.

The rst of thesetwo substeps| nding the assignmen
of genesto processed can be formulated as follows: given
an assignmeri to A:C and a model M , to optimize:

argmaxg .y P(G:M jM )P(A:R jM)
P(E:Levelj G:IM;A:C;M)P(A:CjAR;M) =
argmaxg .y P(G:M jM)
P(E:Levelj G:M;A:C;M): 3)

As the activation levels are given, the regulatory model is ir-
relevant. Thus, this problem is precisely identical to the one
addressedby SBK. As they show, this optimization problem
can be performed independertly for each gene. However, an
exact calculation requires a number of operations which is
exponertial in the number of processes. SBK propose an
approximate algorithm, which we adopt here. Rather than
considering every possible assignmert to g:M, we select a
smaller subset of processesto which the geneis allowed to
belong. This subsetis selectedby de ning a contin uous re-
laxation of our original maximization problem, which can
be solved using a bounded least squaresalgorithm [3]. The
resulting contin uous solution is usedto select the subset of
processesto consider for eadh gene. We experimentally se-
lected a threshold, and if the continuous \membership" of
a geneto a processis above that threshold, that processis
included in the set of candidates for that gene. In practice, a
large number of the contin uous memberships were actually
assignedto 0. Once eact gene has been assigneda candi-
date set of processes,the remaining discrete optimization

problem is solved exactly using exhaustive enumeration.

In the second part of the E-step, we compute the most
likely assignmert to the activit y levels A :C with the regula-
tory program and gene memberships G:M xed. Our goal
here is to maximize:

argmax,.c P(G:M M )P(A:RjM)
P(E:Levelj G:IM;A:.C;M)P(A.CjA:R;M) =
argmax,.c P(A:.CjA:R;M)
P(E:Levelj G:M;A:C;M): (4)

For any array a and eac processp, the regulator vari-
ablesare all observed, sothat we know precisely which path
is followed down the regressiontree for p, and the values of
the linear parents at the corresponding leaf. Thus, M and
the valuesof the regulator variables de ne a Gaussiandistri-
bution N ( pa; S) over the values of a:C,. Given the gene
processassignmeris, the variables a:C, for dierent arrays
a are conditionally independert. Hence, for eac a, we need
to optimize:

1 (eiLevel  ¢)?
argmax . ¢ log p— 5
e2Eq 2 a 23
1 a.C
+ log p——exp (aCp zpa) =
p 2 p 25
. 1 2
argmin 5. ¢ > (eiLevel )
e2E,
& 2
- (@Cp  pa)%; (5)
Pop

where: E, are all of the expression measuremens assai-
ated with the array a, and for each e 2 Ea, ¢ is the mean
of the Gaussian over the expressionlevel, as speci ed in (1).
Note that . is a linear function of the values a:C,, whose
coe cien ts are determined by the (known values of) g:Mp.
The form of (5) allows usto use a simple least squarescom-
putation to solve this minimization problem optimally and
e cien tly.

Algorithm  Summary . We initialize the algorithm by
using a standard expression clustering technique to select
an assignmer of genesto processes.The result is a model
where processesare disjoint, and eac genebelongsto pre-
cisely one process. We then nd an initial set of activity
levels using the least squares method, using a degenerate
regression tree (with only a root node) as the regulatory
model. The result of these two stepsis an initial hard as-
sighmert to the variables G:M and A :C.

With this initialization, the algorithm repeatedly executes
an M-step and an E-step, as speci ed above. At ead iter-
ation, a new regulatory model is learned using the current
hard assignmens to G:M and A:C. This regulatory model
is then used to re-estimate new values for the activity lev-
els A:C and of the gene processmemberships G:M .} The
E-step and M-step are repeated until the gene processas-
sighmerts stabilize. At that point, no further changescan
occur, and the algorithm has converged. We then have a
complete COPR model, including an assignmern of genesto

!Note that ead of these two substepsis executed only once
beforethe next M-step; asthesetwo substepsdo not achieve
a global optimum for the E-step, we could also iterate the
substepsof the E-step until convergence,or for somenumber
of steps. Our experiments suggestthat this choice makes
very little di erence.



Figure 2: Variation of training set lik eliho od as num-
ber of regulators available to the model is increased
from zero.

processesan estimate of the activit y level for eac process
in eadh array, and a learned regulatory mechanisms for each
process.

5. Exp erimental Results

We evaluated the performance of our COPR model on
yeast gene expressiondata. Our analysesincluded examin-
ing the statistical properties of COPR, evaluating our learned
models with known biological attributes of genesand pro-
cesses,and comparing COPR to other models on large ex-
pression data sets. In ead case, we applied the learning
algorithm described in Section 4, specifying a candidate set
of regulators and a number of processes.

Statistical  Validations. We rst tested whether the
COPR model, which includes both the partition of genes
into overlapping processesaswell asthe regulatory program
of eath process, resulted in improved statistical behavior
compared to approaches which do not consider regulatory
programs, such as SBK [26]. To this end, we compared sev-
eral models learned from the data set of Gasc et al. [11],
specifying 20 processesand using 1000 geneswhose expres-
sion levelsvaried in the data set. For each model, we selected
a dierent number of candidate regulators that the model

could assign as parents of the activity levels of processes.

We also compared these learned models to that obtained
from the algorithm of SBK, which in our setting is equiva-
lent to a model with no regulators and without a prior over
the activit y level variables.

As a measure of performance, we rst compared the like-
lihood that the dierent learned models assign to the ex-
pressiondata that wasusedto train the models, asthis pro-
vides a measure of how well each model explains the input
expression data. Speci cally , we evaluated the probabilit y
P(E:Levelj G:M;A:C;M ), where G:M ;A:C are the val-
uesof the hidden variables learned by the algorithm, and M
is the learned model. As shown in Fig. 2, models that usea
larger number of regulators assigna higher lik elihood to the
input expressiondata. This nding is quite surprising, as
the expressionlevel is independent of the regulatory model
given the learned activit y levels A:C. The SBK model can
settheseactivit y levelswithout constraints, attempting only
to optimize this likelihood, whereasour COPR model is con-
strained to try to t someregulatory program when select-
ing the same set of activity levels. In general, we would
expect the unconstrained model to perform better, so the
fact that the regulatory model provides higher lik elihood in-

dicates that the activity levels learned when we take into
accourt regulatory models are actually more predictiv e of
the expression levels. This behavior could result from an
improved grouping of genesinto processeswhich would al-
low the processactivity levels to more closely predict the
actual geneexpressionlevels.

However, a good t to the training expressiondata does
not necessarilyimply that the model indeed captured true
characteristics of the underlying domain. To test whether
the COPR model captured meaningful properties, we eval-
uated the model performance on held out test data, using
v e-fold cross-walidation over genes. Note that the values
of the hidden variables | the geneprocessassignmers |
are unknown for genesin the test set. We evaluated the
likelihood of the expressionlevels for the new genesby sum-
ming out over all possibleassignmeris to the processmem-
berships. Overall, the COPR model performed better than
that of SBK, assigning a higher likelihood to the held out
test data in four out of the v e cases,and achieving only a
slightly lower likelihood in the fth. The averagelikelihood
per genein the test set for the COPR model was 454:88,
comparedto 45576 for the model of SBK. A paired t-test
on these results revealed a p-value of :04 for the improve-
ment by the COPR model. Overall, these results indicate
that the COPR model is, indeed, learning signi cantly bet-
ter activit y patterns than the model of SBK.

The experiment above demonstrates the ability of COPR
to generalizeto unseengenes. We also tested whether our
COPR model can generalizeto unseenexperiments, by per-
forming a similar v e-fold cross validation scheme over ar-
rays, using all 1000genes.In this case,the activit y levels of
the test set arrays are not known. Using the expressionlev-
elsof regulators in the held out arrays, our regulatory model
can predict the activit y levels of each processin eac of these
new arrays, and thus the expression levels for genes. We
compared the COPR model's predictiv e power to a baseline
model which usesno regulatory information, and simply pre-
dicts expressionlevel to be normally distributed with mean
zero. (This very naive assumption is the best we can do
with no predictiv e information regarding activity.) COPR
outp erformed the baseline model (p = 0:02), achieving an
average log-likelihood per experiment of 268781, as com-
paredto 309742 for the baseline model. These results in-
dicate that regulatory programs learned by the COPR model
are in fact predictiv e of the expressionlevels of their target
genes.

Yeast Stress Data. To obtain a more comprehensive
model of biological processesand regulation, we applied our
COPR method to the 173 yeast microarrays of Gasc et
al. [12], which measured the response of yeast to various
conditions of stress. We learned a COPR model over 2034
genesusing 50 processes.Overall, the learned model had a
reasonable partition of genesto processeswith 1384 genes
predicted to participate in exactly one process,308 in two
processes287 in three processesand only 40 genesin four
or more processes. The learned regulation programs were
quite rich, including a total of 321 regulators out of the 466
candidate regulators from which the learning algorithm was
allowed to select.

To analyze the biological plausibility of the assignmeris
of genesto processeswe tested whether the genesin eadc
processwere known to participate in the same processac-
cording to GO database of functional annotations [2]. For
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presence of known motifs; (c) known transcription

ead processp and each GO annotation t, we usedthe hyper-
geometric distribution to assigna p-value for the enrichment
of genesin processp that are assignedto annotation t ac-
cording to GO. Of the 50 learned processes33 were highly
enriched for someknown biological function, with p < 0:001.
We compared the p-value of theseenrichments to the p-value
enrichments obtained using the model of SBK [26]. We note
that the SBK model was previously showvn to produce more
signi cantly enriched models than both standard clustering
and Plaid. Our results, summarized in Fig. 3(a), show that
the COPR algorithm learned processesvhose genesare sig-
ni can tly more enriched compared to SBK [26], where 158
were signi can tly more enriched in the COPR model.

As the COPR model also learns the regulatory program
for eath process,we expect that genesassignedto the same
processare also co-regulated. To test this hypothesis, we
compiled a list of known binding sites from Wingender et
al. [32], and assaiated ead genewith the binding site that

are contained within its 500bp upstream region sequence.

We then tested whether genesthat were assigned by the
COPR model to the processwere enriched for any of these
known binding sites, where again we usedthe hypergeomet-
ric distribution to assigna p-value to ead such test. Over-
all, 19 of the 50 processescontained geneswith someshared
binding site with p < 0:001. We also examined processen-
richment for targets of 106 transcription factors, using the
genome-wide protein-DNA binding data of Lee et al. [20].
We found that 20 of the 50 processeswere enriched for tar-
gets of sometranscription factor with p < 0:001.

A comparison to SBK, shown in Fig. 3(b) and (c), shows
that genesassignedto the sameprocessaccording to COPR
were signi cantly more enriched for motifs as well as tran-
scription factor targets compared to genesthat were as-
signed to the same processaccording to SBK. Thus, we
conclude that the inclusion of regulatory programs signif-
icantly improved our ability to detect truly coregulated sets
of genes.

A more in-depth examination of our results revealed sev-
eral caseswhere COPR processeswere a particularly good
t to current biological knowledge. In particular, eleven
processeswere enriched for a motif m and an annotation t,
where the transcription factor known to bind motif m hasa
known regulatory role in regulating processt. As one exam-
ple, process48 contained 13 genes,10 of which were known
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of SBK model to our COPR model on yeast stress data. Each graph shows a scatter
plot of the negativ e log p-value for the enric hment of pro cesses for dieren t biological
pro cesses in the SBK model (Y axis) and pro cessesin our COPR model (X axis).
factor targets.

prop erties, comparing
(@) GO annotations; (b)

to participate in glycolysis (p < 9 10 22). In addition, 10
of its member genesshared the binding site for the tran-

scription factor GCR1, which is known to control glycolysis.
From the binding data of Lee et al. [20], we also found that

this processwas enriched for targets of GCR2, which is also
involved in glycolysis control. As another example, process
16 was enriched for protein folding and heat shock genes
(p < 1:8 10 ). Importantly, genesin this processwere
also enriched for the binding site of the transcription factor

HSF, a known regulator of protein folding and heat shock

proteins. The binding data also indicated that this process
was enriched for known targets of HSF, agreeing with both

the GO and binding enrichments.

Next, we analyzed the quality of the actual regulatory
programs that we learned for each process.In terms of their
overall structure, the learned regressiontrees were plausible:
most trees had one or two splits, no tree had more than four
splits, and the majorit y of leaveshad one linear parent. Our
COPR model had multiple instances in which a regulator
was usedin more than one place in the regulation program.
In most of these cases,the reused regulator appeared as a
parent in the linear Gaussian leaf models of the regulatory
program and not in the tree splits. This nding suggests
that these two parts of the model correspond to dierent
typesof regulation, and that linear regulators can play arole
in di eren t combinatorial contexts; both of theseconclusions
are consistert with biological knowledge.

We also attempted to validate the actual regulators as-
signed in ead regulatory program. Such validation is, by
necessiy, somewhat anecdotal, as the biological knowledge
regarding the role of the regulators is very limited. Never-
theless, our analysis found ten processesn which the regu-
lator had a known function in regulating the GO function
that was enriched in the genesof the process.

Finally , there were many casesin which our learned model
suggestednovel hypothesesregarding gene regulation. For
example, one of the processeswve learned contained 16 genes
with an unknown function. However, in the motif enrich-
ment analysis, we found 7 motifs that were signi cantly en-
riched for the genesin this process(each occurring in at
least 14 of the 16 genes). Moreover, two of the regulators
assignedas part of the learned regulatory program, STE2
and GAC1, were assaiated with two of the enriched mo-
tifs. Combined with the coherert expressionlevels that we



obsened for these 16 genes,this result suggestsa novel bi-
ological processand a putativ e regulatory program for con-
trolling its activation.

Com bined Yeast Data Sets. As our COPR model
allows genesto participate in multiple processes,we can
apply it to large compendia of expressionmeasuremerts that
correspond to many di erent conditions, in order to study
both the common and the speci ¢ regulatory relationships in
these di eren t conditions. To this end, we compiled a large
compendium of 394 yeast microarrays from four dierent
studies, including measuremerns of expression during the
cell cycle [30], in responseto various stress conditions [12,
11], and in responseto di eren t genedeletion mutations [14].

From this combined data set, we learned a COPR model
over 5747 genes,using 50 processesand 464 candidate reg-
ulators. To evaluate the partition of genesto processeswe
performed the same enrichment evaluation as above, test-
ing the enrichment of genesassignedto the same process
for GO annotations [2], cis-regulatory motifs [32], and for
binding targets of 106 transcription factors [20]. The results
are shown in Fig. 4. Overall, we found 36 processesthat
were enriched for at least one GO annotation with p < :001,
27 processessigni cantly enriched for DNA binding motifs,
and 22 that were enriched for the targets of one of the 106
transcription factors assyed by Lee et al.. In total, 45 of
the 50 processeshad some signi cant enrichment from one
of the three sources.

We compared our results with those of the module net-
work framework [28], with the hypothesis that a model al-
lowing for overlapping processeswould perform better on
data compiled from dierent studies and spanning a wide
range of experimental conditions. We note that unlike our
COPR model, in the module networks framework, the reg-
ulators are also included in the gene modules, so the total
number of genesgrouped is slightly (about 10%) larger. As
shown in Fig. 4, we found that our COPR model had no-
ticeably more signi cant enrichments for GO annotations,
regulatory motifs, and known transcription factor targets.
In particular, out of 410 GO annotations enriched in either
model, 312 were more signi cantly enriched in the COPR
model than in the module networks model. Similarly, of the
32 motifs found to be enriched for either model, 28 were
more enriched in the COPR model, and of the 52 transcrip-
tion factor targets enriched in either model, 40 were more
enriched in the COPR model. These results support the
advantages of the two signi cant extensions of COPR over
the module network model: allowing genesto participate in
multiple processesand extending the regulatory model to
encompasslinear regulation.

In analyzing the learned regulatory programs, we found
nine processedn which at least one of the predicted regula-
tors had a known role in regulating the function assaiated
with the GO annotation enriched for the process. As dis-
cussed, this type of analysis is limited by our very incom-
plete knowledge of regulatory relationships in the biological
literature.

We next examined the predicted activity levels for each
array. These are interesting as they provide evidence about
cellular activity in dierent conditions; moreover, as these
levels are predicted in part by the regulatory programs, they
provide us with indirect evidence regarding the validity of
these programs. We tested the correspondence betweenthe
activit y levels and the actual conditions represerted by each

array. As we expect someprocessego be di eren tially regu-
lated in di eren t conditions (e.g., heat shock proteins should
be activated under various stress conditions), such corre-
spondencewould provide evidencethat the learned activit y
levels correspond to true regulatory patterns.

Speci cally, we compiled a list of 74 annotations for the
dierent arrays, which specify the experimental condition
that is represerted by ead array. For example, our list in-
cluded annotations for the various cell cycle phases,as well
as annotations for the dierent stress conditions to which
the yeast was subjected (e.g., heat shock, nitrogen deple-
tion). To measurehow well our activit y levels corresponded
to these annotations, we performed a student t-test for each
processp and each experiment annotation t, which measured
whether the distribution of the activation levels was di er-
ent betweenthe arrays labeled with annotation t and those
that are not labeled with it.

For all 50 processes,we found that their activation lev-
els had a high correspondencewith at least one annotation
with p < 0:025. In 19 cases,the experiment annotation cor-
responded to the signicant GO annotation of the process.
For example, the activation levels for the (GO annotated)
protein folding processhad a high correspondence to the
stress annotation. Protein folding is known to be activated
in response to various stress conditions, such as heat and
exposure to certain chemicals. A partial list of the signi -
cant assaiations between activation levels and experiment
annotations is shown in Table 1. We also compared the
experiment annotations assaiated with a processto tran-
scription factors assaiated with it via motif or transcription
factor target enrichment. Overall, we found 11 processes
where the experiment annotation matched the function of
the assaiated transcription factor.

In many cases,the genesin the process,and the activ-
ity prole assciated with the process,appear to dene a
very coherent biological unit. For example, process43 was
enriched for the targets of three mitosis regulating tran-
scription factors from the genome-wide protein-DNA bind-
ing data. This processwas also enriched for a motif related
to mitosis. The activity levels of this processwere low-
eredsigni cantly for the M-G1 phaseannotated experiments
(t-test value 3:18), and above normal for M-phase anno-
tated experiments and experiments annotated with chro-
matin modi cation. This processhas only a weak GO en-
richment for the chromatin annotation, but the other evi-
dence strongly suggeststhat it is assaiated with mitosis,
perhaps with the transition from the M phaseto the G1
phasein the cell cycle.

As another example, process47 was strongly assaiated
with GO annotations related to mating processes:\mating"
(p = 2:02x10 °), \pheromone response" (p = 9:67x10 °),
and zygote formation (p= 1:5x10 °). Correspondingly, the
activit y level prole showed increased activity for experi-
ments annotated for mating, pseudotyphal growth, and low-
ered activit y in conditions such as salt stress, where we ex-
pect mating behavior to be repressed. The regulator RMEL1,
which is assaiated with meiosis,wasincluded in the learned
program of this process. The processwas strongly assai-
ated with two other transcription factors, MCM1, which reg-
ulates DNA replication, and of STE12, which is assaiated
with pheromones,exhibiting enrichment both for the targets
of these two transcription factors in the protein-DNA bind-
ing data, and for their motif in the genes'promoter regions.
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Process| Experiment Annotation t-test | GO annotation p-value
47 mating 4:455 | mating 2202 10 °
46 hyp erosmolarity 12:083 | plasma membrane 265 10 V7
45 protein modi cation 27:160 | 26S proteasome 2:187 10
38 mito chondrion 3:527 | mito chondrial inner membrane 3:11 10 22
36 heat 4:183 | heat shock protein 876 10 %
26 peroxisome organization 9:293 | peroxisomal matrix 594 10 %
19 stationary phase 3:651 | S phase of mitotic cell cycle 191 10 %
17 chaperone activit y 5:262 | chaperone 7.06 10 %°
Table 1. A sample of activit y level correlations with experimen t annotations, paired with relevant GO

annotations.

This processhas strong support in the biological literature,
which suggeststhat MCM1 and STE12 interact in the regu-
lation of mating [22], and even suggestsa mating pathway in
which MCM1 and our predicted regulator RME1 are both
involved [8, 18, 17].

6. Conclusions and Future Work

This paper proposesthe COPR model | an approach
for discovering overlapping cellular processestheir activity
level in dierent conditions, and their regulatory programs
from geneexpressiondata. We have showvn that by guiding
the model to be consistert with regulatory programs, we ob-
tain a better explanation of the data, and processeghat are
more biologically coherert. We have alsoshown seeral cases
where the predicted regulatory programs are consistert with
current biological knowledge. In many cases,our COPR
model's predictions are remarkably coherert: A processas-
sociated with a certain cellular function is often predicted
to be active in precisely the conditions where that function
plays arole. Such coherert results involving uncharacterized
genesor regulators can suggestnovel biological hypotheses
that can be tested in the lab.

There are seweral possible extensionsto our work. First,
our useof auni ed probabilistic framework easily allows the
modular integration of additional data sources. For exam-
ple, rather than using the protein-DNA binding data of Lee
et al. [20] solely for validating our result, we can directly in-
tegrate it into our model as a noisy sensorfor regulation (as
in [25]). Another direction is the application of our frame-
work to A ymetrix microarray technology, which measures

the absolute expressionlevel of a generather than its level
relative to some control. Our approach, constrained to in-
clude only non-negative activit y levels, might provide a good
decomposition of the observed expressionlevelsinto overlap-
ping processes. Finally, it would be valuable to apply the
COPR framework to the analysis of cellular processesand
regulation in human microarray data, where we expect the
transcriptional programs to be quite complex due to tissue-
speci ¢ geneactivation, sothat genesare likely to play mul-
tiple roles.
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