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Abstract
Most real-world datais storedin relationalform. In
contrast,moststatisticallearningmethodswork with
“�at” datarepresentations,forcing us to convert our
datainto aform thatlosesmuchof therelationalstruc-
ture. The recently introducedframework of proba-
bilistic relational models(PRMs)allows us to repre-
sent probabilistic modelsover multiple entities that
utilize the relationsbetweenthem. In this paper, we
proposethe useof probabilisticmodelsnot only for
the attributesin a relationalmodel, but for the rela-
tionalstructureitself. Weproposetwo mechanismsfor
modelingstructural uncertainty: referenceuncertainty
andexistenceuncertainty. Wedescribetheappropriate
conditionsfor usingeachmodelandpresentlearning
algorithmsfor each. We presentexperimentalresults
showing that the learnedmodelscanbe usedto pre-
dict relationalstructureand, moreover, the observed
relationalstructurecanbe usedto provide betterpre-
dictionsfor theattributesin themodel.

1. Intr oduction
Relationalmodelsarethemostcommonrepresentationof

structureddata.Enterprisebusinessdata,medicalrecords,
andscienti�c datasetsareall storedin relationaldatabases.
A relationalmodelcapturesthe setof entitiesin our uni-
verse,theirproperties,andtherelationshipsbetweenthem.
Recently, therehasbeengrowing interestin extractingin-
formation, such as patternsand regularities, from these
hugeamountsof data(Lavrac& Dzeroski,1994).

Bayesiannetworkshave beenshown to provide a good
representationlanguagefor statisticalpatternsin real-world
domains.By learningaBayesiannetwork fromdata(Heck-
erman,1998),wecanobtainadeeperunderstandingof our
domainand the statisticaldependenciesin it. A learned
Bayesiannetwork can also be usedfor reachingconclu-

sionsaboutattributeswhosevaluesmaybeunobserved.
Unfortunately, Bayesiannetworksaredesignedfor mod-

elingattribute-baseddomains,wherewehaveasingletable
of IID instances.They cannotbeusedfor modelingricher
relationaldatasets.Probabilisticrelationalmodels(PRMs)
area recentdevelopment(Koller & Pfeffer, 1998; Poole,
1993) that extend the standardattribute-basedBayesian
network representationto incorporatea muchricher rela-
tionalstructure.Thesemodelsallow propertiesof anentity
to dependprobabilisticallyon propertiesof other related
entities. The model representsa genericdependencefor
a classof objects,which is theninstantiatedfor particular
setsof entitiesand relationsbetweenthem. Friedmanet
al. (1999)adaptthe machineryfor learningBayesiannet-
works from �at data to the task of learningPRMs from
structuredrelationaldata.

The PRM framework focuseson modelingthe distribu-
tion over theattributesof theobjectsin themodel.It takes
therelationalstructureitself — therelationallinks between
entities— to be backgroundknowledge,determinedout-
sidetheprobabilisticmodel. This assumptionimplies that
themodelcannotbeusedto predicttherelationalstructure
itself. Thus,for example,we cannotuseit to predictthat
thereexists a money-launderingrelation betweena bank
anda drugcartel.A moresubtlepoint is thattherelational
structureis informative in andof itself. For example,the
links from andto a web pagearevery informative about
thetypeof webpage(Cravenet al., 1998),andthecitation
links betweenpapersarevery informative aboutthepaper
topics(Cohn& Hofmann,2001).

In this paper, we providea framework for specifyingand
learninga probabilisticmodel of the relationalstructure.
This concept,called structural uncertainty, was �rst in-
troducedby Koller andPfeffer (1998). In this paper, we
extendtheirnotionof referenceuncertaintyto makeit suit-
ablefor alearningframework;wealsointroduceanew type



of structuraluncertainty, calledexistenceuncertainty. We
presenta framework for learningthesemodelsfrom arela-
tionaldatabase,andpresentempiricalresultsonreal-world
datashowing thatthesemodelscanbeusedto predictrela-
tionalstructure,aswell asuseanobservedrelationalstruc-
tureto providebetterpredictionsaboutattributevalues.

2. Probabilistic Relational Models
A probabilistic relational model(PRM) speci�esa tem-

plate for a probability distribution over a database.The
templatedescribesthe relationalschemafor the domain,
andtheprobabilisticdependenciesbetweenattributesin the
domain.A PRM,togetherwith aparticulardatabaseof ob-
jectsandrelations,de�nes a probability distribution over
theattributesof theobjectsandtherelations.

Relational Schema A schemafor a relationalmodelde-
scribesa setof classes,
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. Eachclassis
associatedwith a setof descriptiveattributesanda setof
referenceslots.1 Thesetof descriptiveattributesof a class

�

is denoted���

���

. Attribute � of class
�

is denoted
��	

� , and its domainof valuesis denoted���

��	

�

�

. We
assumeherethat domainsare�nite, however this is not a
fundamentallimitation of our approach.For example,the

������� �

classmight have the descriptive attributesGender,
with domain ! male,female" .

Thesetof referenceslotsof a class
�

is denoted#��

���

.
We use

�$	 %

to denotethereferenceslot
%

of
�

. Eachref-
erenceslot

%

is typed: the domaintype of &('*),+

%*-.�/�

andtherangetype 021*354*67+

%7-8�:9

, where
9

is someclass
in

�

. A slot
%

denotesa function from &;'7),+

%7-,�<�

to 021=35476*+

%*->�?9

. For example,we might have a class
@A�CB D

with thereferenceslotsActorwhoserangeis theclass
������� �

andMovie whoserangeis theclassE

�=F*G D

.
It is usefulto distinguishbetweenanentityandarelation-

ship, as in entity-relationshipdiagrams. In our language,
classesareusedto representbothentitiesandrelationships.
Thus,a relationshipsuchasRole, which relatesactorsto
movies, is alsorepresentedasa class,with referenceslots
to theclassActor andtheclassMovie. We use

�IH

to de-
notethesetof classesthatrepresententities,and

�IJ

to de-
notethosethat representrelationships.We usethegeneric
termobjectto referbothto entitiesandto relationships.

Thesemanticsof this languageis straightforward.An in-
stantiationK speci�es the setof objectsin eachclass

�

,
andthevaluesfor eachattributeandeachreferenceslotsof
eachobject. For example,Figure1 shows aninstantiation
of our simplemovie schema.It speci�esa particularsetof
actors,moviesandroles,alongwith valuesfor eachof their
attributesandreferences.

1Thereis adirectmappingbetweenournotionof classandthe
tablesin arelationaldatabase:descriptiveattributescorrespondto
standardtableattributes,andreferenceslotscorrespondto foreign
keys (key attributesof anothertable).

ACTOR
name gender

fred male
ginger female
bing male

MOVIE
name genre

m1 drama
m2 comedy

ROLE
role movie actor role-type

r1 m1 fred hero
r2 m1 ginger heroine
r3 m1 bing villain
r4 m2 bing hero
r5 m2 ginger love-interest

Figure1. An instantiationof the relationalschemafor a simple
movie domain.

As discussedin the introduction,our goal in this paper
is to constructprobabilisticmodelsover instantiations.To
do so,we needto provide enoughbackgroundknowledge
to circumscribethe set of possibleinstantiations. Fried-
manetal. (1999)assumethattheentirerelationalstructure
is given asbackgroundknowledge. In otherwords, they
assumethatthey aregivena relationalskeleton, LNM , which
speci�esthesetof objectsin all classes,aswell asall there-
lationshipsthatholdbetweenthem(in otherwords,it spec-
i�es thevaluesfor all of thereferenceslots).In our simple
movie example,the relationalskeletonwould containall
of the informationexceptfor thegenderof theactors,the
genreof themovies,andthenatureof therole.

Probabilistic Model for Attrib utes A probabilisticre-
lational model O speci�es a probability distribution over
all instantiationsK of the relationalschema.It consistsof
the qualitative dependency structure,P , and the parame-
ters associatedwith it, Q*R . The dependency structureis
de�nedby associatingwith eachattribute

�$	

� asetof par-
entsPa�

�$	

�

�

. Eachparentof
��	

� hasthe form
�$	 S5	 T

where
S

is either empty or a single slot
%

. (PRMs also
allow dependenciesonlongerslotchains, but wehavecho-
sento omit thosefor simplicity of presentation.)To under-
standthesemanticsof this dependence,notethat U

	 S5	

� is
a multisetof valuesV in ���

��	 S5	

�

�

. We usethenotionof
aggregationfrom databasetheoryto de�ne thedependence
on a multiset; thus, U

	

� will dependprobabilisticallyon
someaggregateproperty W8�XV

�

. In this paper, we usethe
medianfor ordinalattributes,andthemode(mostcommon
value)for others.When V is single-valued,bothreduceto
a dependenceon thevalueof U

	 S5	 T

.
Thequantitativepartof thePRMspeci�estheparameter-

izationof themodel.Givenasetof parentsfor anattribute,
wecande�ne alocalprobabilitymodelby associatingwith
it aconditionalprobabilitydistribution(CPD). For eachat-
tributewehavea CPDthatspeci�es Y��

��	

�[Z Pa�

�$	

�

�\�

.

De�nition 1: A probabilisticrelationalmodel(PRM) O for
a relationalschemaP is de�ned asfollows. For eachclass

�?]��

andeachdescriptiveattribute �

]

���

���

, we have
asetof parentsPa�

�$	

�

�

, andaconditionalprobabilitydis-
tribution (CPD) thatrepresentsY_^`�

�$	

�[Z Pa�

�$	

�

�\�

.

Givena relationalskeleton LAM , a PRM O speci�esa dis-



tributionovera setof instantiationsK consistentwith L M :

Y�� K Z L M

�

O

� �

�

�������	��

�

�

�

���������

Y�� U

	

�[Z Pa� U

	

�

�\�

(1)

where LCM �

� �

aretheobjectsof eachclassasspeci�ed by
therelationalskeleton LAM (in generalwe will usethenota-
tion L �

���

to referto thesetobjectsof eachclassasde�ned
by any typeof domainskeleton).

For thisde�nition to specifyacoherentprobabilitydistri-
bution over instantiations,we mustensurethatour proba-
bilistic dependenciesareacyclic, sothata randomvariable
doesnot depend,directly or indirectly, on its own value.
Moreover, we want to guaranteethat this will be the case
for any skeleton. For this purpose,we use a class de-
pendencygraph, whichdescribesall possibledependencies
amongattributes. In this graph,we have an (intra-object)
edge

�$	 T�� �$	

� if
�$	 T

is a parentof
��	

� . If
�$	 % 	 T

is a parentof
�$	

� , and
9 �

021=3C4*6*+

%*-

, we have an(inter-
object)edge

9 	 T�� ��	

� . If thedependency graphof P

is acyclic, thenit de�nes a legal model for any relational
skeletonL

M (Friedmanet al., 1999).

3. Structural Uncertainty
In the modeldescribedin the previous section,all rela-

tions betweenattributesare determinedby the relational
skeleton L M ; only the descriptive attributesare uncertain.
Thus, Eq. (1) determinesthe probabilistic model of the
attributes of objects, but does not provide a model for
the relationsbetweenobjects. In this section,we extend
our probabilisticmodelto allow for structural uncertainty.
Here,wedonot treattherelationalstructureasbackground
knowledge,but chooseto model it explicitly within the
probabilisticframework. Clearly, therearemany waysto
representaprobabilitydistributionovertherelationalstruc-
ture. In this paper, weexploretwo simpleyetnaturalmod-
els: ReferenceUncertaintyandExistenceUncertainty.

ReferenceUncertainty In this model, we assumethat
the objects are prespeci�ed, but relations among them,
i.e., referenceslots,aresubjectto randomchoices.Thus,
rather than being given a full relationalskeleton LAM , we
assumethat we are given an object skeleton L�� . The
object skeletonspeci�es only the objects L��=�

� �

in each
class

� ] �

, but not the values of the reference
slots. In our exampleabove, the object skeletonwould
specify only the set of movies, actors,and roles in the
database:L �

�

��� ��� �
�2�

! fred,ginger, bing" , L
�

� E

�*F=G D
�I�

!����

�

��� " , and L
�

�

@A�5B D
� �

!����

�

���

�

�� 

�

�"!

�

�$# " . In this
case,we mustspecifya probabilisticmodel for the value
of thereferenceslots

�$	 %

. Thedomainof a referenceslot
��	 %

is thesetof keys (uniqueidenti�ers) of theobjectsin
theclass

9

to which
�$	 %

refers.Thus,we needto specify
a probabilitydistributionover thesetof all objectsin

9

.
A naive approachis to simply have the PRM specify
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Movie.Genre = fo reign Movie.Genre = th ri ller

M1
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Type
Location

� � � � 	 � 

Type
Location M1 M2

2.0 8.0
M1 M2

2.0 8.0
M1 M2

2.0 2.0 8.0 8.0

m1 m2
1.0 9.0

Type

7.0 3.0
megaplex

art theater

m1 m2
1.0 9.0

Type

7.0 3.0
megaplex

art theater

m1 m2
1.0 9.01.0 1.0 9.0 9.0

Type

7.0 3.07.0 7.0 3.0 3.0
megaplex

art theater

Figure2. A simpleexampleof referenceuncertainty

a probability distribution directly over L*�7�

9 �

. This ap-
proachhastwo major�a ws. Most obviously, this distribu-
tion would requirea parameterfor eachobjectin

9

. More
importantly, we wantour dependency modelto begeneral
enoughto apply over all possibleobject skeletons L�� ; a
distributionde�ned in termsof theobjectswithin aspeci�c
objectskeletonwould notapplyto others.

We achievea generalandcompactrepresentationby par-
titioning the class

9

into subsetsaccordingto the values
of someof its attributes.We assumethat thevalueof

�$	 %

is chosenby �rst selectinga partition, andthenselecting
an objectwithin thatpartitionuniformly. For example,as
shown in Figure 2, we can partition the classMovie by
Genre, indicating that a movie theater�rst selectswhich
genreof movie it wantsto show, andthenuniformly among
themovieswith theselectedgenre.Thedecisionon genre
might dependon thetypeof theater.

Wemakethisintuition preciseby de�ning, for eachslot
%

,
a setof partition attributes Y,+-�".0/1.0/02"3�+

%*-
4

���

9 �

. In the
above example, Y,+-��.0/5.0/02"3�+ Shows

- �

! Genre" . We now
needto specifythedistribution that the referencevalueof

%

falls into onepartition versusanother. We accomplish
this by introducing V76 as a new attribute of

�

, called a
selectorattribute; it takeson a value 8 in thespaceof pos-
sible instantiations� � Y,+-�".0/5.0/52"3�+

%7- �

. Eachpossiblevalue
8 determinesa subsetof

9

from which thevalueof
%

(the
referent)will be selected.We use

9*9

to representthe re-
sultingpartitionof L

�
�

9>�

.
Wenow representaprobabilisticmodeloverthevaluesof

%

by specifyinghow likely it is to referenceobjectsin one
subsetin the partition versusanother. We de�ne a prob-
abilistic model for the selectorattribute V:6 . This model
is the sameas that of any other attribute: it hasa set of
parentsanda CPD.Thus, the CPD for V:6 would specify
a probability distribution over possibleinstantiations.As
for descriptive attributes,we allow the distribution of the
slot to dependon otheraspectsof thedomain. For exam-
ple, an independentmovie theatermay be more likely to
show foreignmovieswhile amegaplex maypreferto show
thrillers. Thus, the CPD of ;=<

�">
	

V Movie might have asa
parent ?@<

D�A ��D=�
	

Type. The choiceof valuefor V
6 deter-

minesthepartition
9

9

from which thereferencevalueof
%

is chosen;thechoiceof referencevaluefor
%

is uniformly
distributedwithin this set.



De�nition 2: A probabilistic relationalmodel O with ref-
erenceuncertaintyhasthesamecomponentsasin De�ni-
tion 1. In addition,for eachreferenceslot

% ]

#��

���

with
0;1=35476*+

%7-N� 9

, we have:

� a setof attributesY,+-��.0/5.0/02"3�+

%*-74

���

9>�

;
� a new selectorattribute V 6 within

�

which takeson
valuesin thecross-productspace� � Y,+-�".0/1.0/02"3�+

%*- �

;
� a setof parentsandaCPDfor V 6 .

To de�ne thesemanticsof this extension,we mustde�ne
theprobabilityof referenceslotsaswell asdescriptive at-
tributes:

Y�� K Z L �

�

O

���

�

������� ��

�

�

�

��� �����

Y�� U

	

� Z Pa� U

	

�

� �

�

6

�

J

������� ���	��
	��


6������

Y�� U

	

V 6

�

8N+ U

	 %*-

Z Pa� U

	

V 6

�
�

Z

9 9

Z

(2)

wherewetake 8A+ U

	 %7-

to referto theinstantiation8 of theat-
tributesY,+ �".0/5.0/02"3�+

%7-

for theobject U

	 %

in theinstantiation
K . Note that thelast termin Eq. (2) dependson K in three
ways: the interpretationof U

	 %

, thevaluesof theattributes
�

+

%7-

within theobject U

	 %

, andthesizeof
9

9

.
As above, we must guaranteethat dependenciesare

acyclic for everyobjectskeleton.We accomplishthis goal
by extendingourde�nition of classdependency graph.The
graphhasa nodefor eachdescriptive or selectorattribute

��	

� andthefollowing edges:

� For any descriptive or selectorattribute
�$	 �

andany
of its parents

�$	 S5	 T

we introduceanedgefrom
9 	 T

to
�$	 �

, where
9[�

0;1=35476*+

S -

.
� For any descriptiveor selectorattribute

�

, andany of
its parents

�$	 % 	 T

weaddanedgefrom
��	

V
6 to

��	 �

.
� For eachslot

�$	 %

, andeach
9 	 T ]

Y,+-�".0/1.0/02"3�+

%*-

(for
9 �

021*354*6 +

%7-

), weaddanedge
9 	 T �?�$	

V
6 .

The �rst classof edgesin this de�nition is identicalto the
de�nition of dependency graphabove, exceptthat it deals
with selectoraswell asdescriptiveattributes.Edgesof the
secondtypere�ect thefactthatthespeci�c choiceof parent
for anodedependsonthereferencevalueof theparentslot.
Edgesof the third type representthedependency of a slot
ontheattributesof theassociatedpartition.To seewhy this
is required,we observe that our choiceof referencevalue
for U

	 %

dependson the valuesof the partition attributes
Y,+-�".0/5.0/02"3�+

�$	 %7-

of all of thedifferentobjectsin
9

. Thus,
theseattributes must be determinedbefore U

	 %

is deter-
mined. In our example,as Y,+-�".0/5.0/02"3�+ Shows

-8�

! Genre" ,
thegenresof all moviesmustbedeterminedbeforewecan
selectthevalueof thereferenceslot Shows.

Onceagain,we canshow thatif thisdependency graphis
acyclic, it de�nesa coherentprobabilisticmodel.

Theorem3: Let O be a PRM with relational uncertainty
andacyclicdependencygraph. Let L*� bean objectskele-
ton. Then O and L=� uniquelyde�ne a probability distribu-
tion over instantiationsK thatextendL*� via Eq.(2).

ExistenceUncertainty Thereferenceuncertaintymodel
of theprevioussectionassumesthatthenumberof objects
is known. Thus,if weconsideradivisionof objectsinto en-
titiesandrelations,thenumberof objectsin classesof both
typesare�x ed. In this section,we considermodelswhere
thenumberof relationshipobjectsis not �x ed in advance.
Considera simplecitationdomainwith anentity classPa-
per andarelationclassCite. In thiscase,wemightassume
thatthesetof papersis partof ourbackgroundknowledge,
but we want to provide anexplicit modelfor thepresence
or absenceof citations. More generally, we assumethat
wearegivenonly anentityskeletonL�� , whichspeci�esthe
setof objectsin our domainonly for theentity classes.In
our exampleof Figure1, theentity skeletonwould include
only thesetof actorsandmovies.Wecall theentityclasses
determinedandtheothersundetermined. We notethat re-
lationshipclassestypically representmany-many relation-
ships; they have at leasttwo referenceslots, which refer
to determinedclasses.For example,our Cite classwould
havereferenceslotsCiting-PaperandCited-Paper.

Our basicapproachis to allow objectswhoseexistence
is uncertain— the objects in the undeterminedclasses.
Oneway of achieving this effect is by introducinginto the
modelall of theentitiesthatcanpotentiallyexist in it; with
eachof them we associatea specialbinary variablethat
tells uswhethertheentity actuallyexistsor not. Notethat
this constructionis purelyconceptual;we never explicitly
constructa modelcontainingnon-existentobjects. In our
exampleabove, thedomainof theCite classin a givenin-
stantiationK is K2���

A��=D=�
���

K2���

A��=D=�
�

. Each“potential”
object U

� �
G ��D

�"!

� �

!$#

�

in this domainis associatedwith a
binaryattribute U

	 %

thatspeci�eswhetherpaper!

�

did or
did not cite in paper!�# .

De�nition 4: We de�ne an undeterminedclass
�

asfol-
lows. Let

%5����	
	�	 � %'&

be the set of referenceslots of
�

,
and let

9)( �

021*354*67+

%'( -

. In any instantiationK , we re-
quirethat K2�

� � �

K2�

9����*�,+-+�+

K2�

9�&*��	

For �.!

� ��	
	�	 �

!

& �2]

K;�

9
�

�)��+�+-+

K2�

9
&

�

, weuse
�

+ !

�
��	�	
	 �

!

&
-

to denotethecor-
respondingobject in

�

. Each
�

hasa specialexistence
attribute

��	 %

whosevaluesare � �

% � �

! true
�

false" . For
uniformity of notation,we introducean

%

attribute for all
classes;for classesthataredetermined,the

%

valueis de-
�ned to bealwaystrue. Werequirethatall of thereference
slotsof a determinedclass

�

have a rangetype which is
alsoadeterminedclass.

Theexistenceattributefor anundeterminedclassis treated
in thesamewayasadescriptiveattributein ourdependency
model,in thatit canhaveparentsandchildren,andis asso-
ciatedwith a CPD.In our citationdomain,it is reasonable



to assumethattheexistenceof acitationmaydependonthe
topic of theciting paperandthetopic of thecitedpaper(it
is morelikely thatcitationswill exist betweenpaperswith
thesametopic). Ourde�nitions aresuchthatthesemantics
of the modeldoesnot change.By de�ning the existence
eventsto be attributes,and incorporatingthem appropri-
atelyinto theprobabilisticmodel,we havesetthingsupso
thatEq.(1) appliesunchanged.

We must,however, placesomerestrictionson our model
to ensurethatour de�nitions leadto a coherentprobability
model. For example,if the rangetype of a slot of an un-
determinedclassrefersto itself ( 021*354*67+

�$	 %=- � �

) then
the set K2�

���

is de�ned circularly, in termsof itself. We
say that an undeterminedclass

�

is coherent if it satis-
�es the following restrictions: (1) An attribute

�$	

� can-
not be an ancestorof

�$	 %

. (2) An object can only ex-
ist if all the objectsit refers to exist, i.e., for every slot

% ]

#��

���

, Y�� U

	 % �

false Z8U

	 %A	 %��

false
���

� . (3)
Dependenciescanonly “passthrough” objectsthat exist.
More precisely, for any slot

9 	 %

of range-type
�

, we de-
�ne the usableslot

%

as follows: for any !

]

K;�

9 �

, we
de�ne !

	 %>�

!
U

]

!

	 %��

U

	 %[�

true" . We allow only
%

to
beusedasa parentin thedependency model P .

We canuseour classdependency graphto capturemost
of theserequirements.For every

��	

� , we introducean
edgefrom

�$	 %

to
�$	

� . For every slot
%�]

#��

���

whose
rangetype is

9

, we have an edgefrom
9 	 %

to
�$	 %

. For
everyattribute

�$	

� andevery
�$	 % 	 T ]

Pa�

�$	

�

�

, wehave
an edgefrom 021=35476*+

%*- 	 %

to
�$	

� . As before,we require
that theattributedependency graphis acyclic. It turnsout
thatour requirementsaresuf�cient to guaranteethatevery
undeterminedclassis coherent,andto allow our extended
languageto beviewedasa standardPRM.

Theorem5: Let O be a PRM with undeterminedclasses
andanacyclicclassdependencygraph.Let L

� beanentity
skeleton.ThenthePRMand L

� uniquelyde�nea relational
skeleton L

M over all classes,anda probability distribution
over instantiationsK thatextendsL

� via Eq.(1).

Notethatafull instantiationK alsodeterminestheexistence
attributesfor undeterminedclasses.Hence,theprobability
distribution inducedby the PRM alsospeci�es theproba-
bility thata certainentitywill exist in themodel.

We notethat real-world databasesdo not specifythede-
scriptive attributesof entitiesthat do not exist. However,
sinceweonly allow dependenciesonobjectsthatexist (for
which U

	 % �

true), then nonexistent objectsare leaves
in the model and can be ignored in the computationof

Y�� K Z L
�

�

O

�

. Theonly contributionof anonexistententity
U to theprobabilityof an instantiationK is theprobability
that U

	 % �

false.

Example: Word models Our two modelsof structural
uncertaintyinducesimpleyet intuitive modelsfor link ex-
istence. We illustrate this by showing a naturalconnec-

tion to the two mostcommonmodelsof word appearance
in documents. Supposeour domaincontainstwo entity
classes:Document, representingthe setof documentsin
our corpus,andWords, representingthewordscontained
in our dictionary. Documentsmay have descriptive at-
tributessuchas Topic; dictionary entrieswould have the
attributeWord, which is theword itself, andmayalsohave
additionalattributessuchasthetypeof word. Therelation-
shipclassAppearance representstheappearanceof words
in documents;it hastwo slotsInDoc andHasWord. In this
schema,structuraluncertaintycorrespondsto a probabilis-
tic modelof theappearanceof wordsin documents.

In existenceuncertainty, the class Appearance is an
an undeterminedclass; the potentialobjectsin this class
correspondto document-word pairs �

� ���.�

, andthe asser-
tion

� � �=D�A=� A�����D

�

� ���(� 	 % �

true meansthat theparticular
dictionary entry

�

appearsin the particulardocument
�

.
Now, supposethat

� ���=D�A*� A�� ��D 	 %

hastheparentsAppear-
ance.InDoc.TopicandAppearance.HasWord.Word. This
implies, that, for eachword

�

andtopic . , we have a pa-
rameter�
	

� � whichis theprobabilitythataword
�

appears
in a documentof topic . . Furthermore,thedifferentevents

� ���=D�A*� A�����D

�

�
���.� 	 %

are conditionally independentgiven
the topic . . It is easyto seethat this model is equivalent
to the modeloften calledbinary naiveBayesmodel(Mc-
Callum & Nigam, 1998), wherethe classvariableis the
topicandtheconditionallyindependentfeaturesarebinary
variablescorrespondingto theappearanceof differentdic-
tionaryentriesin thedocument.

Whenusingreferenceuncertainty, we canconsidersev-
eral modeling alternatives. The most straightforward
model is to view a documentas a bag of words. Now,
Appearance also includes an attribute that designates
the position of the word in the document. Thus, a
documentof 3 words has 3 related Appearance ob-
jects. We can provide a probabilistic model of word
appearanceby using referenceuncertaintyover the slot
Appearance.HasWord. In particular, if we choose

Y,+-�".0/5.0/02"3�+

� ���=D�A*� A�� ��D
	

HasWord
-����

� ��

	

Word, thenwe
have a multinomial distribution over thewordsin thedic-
tionary. If we setAppearance.InDoc.Topic asthe parent
of the selectorvariable

� � �=D�A=� A�����D
	

V HasWord, thenwe get
a different multinomial distribution over words for each
topic. The result is a modelwherea documentis viewed
asa sequenceof independentsamplesfrom a multinomial
distribution over thedictionary, wherethesampledistribu-
tion dependson thedocumenttopic. Thisdocumentmodel
is called the multinomialNaive Bayesianmodel(McCal-
lum & Nigam,1998).

Thus, for this simple PRM structure,the two forms of
structuraluncertaintyleadto modelsthat arewell-studied
within the statisticalNLP community. However, the lan-
guageof PRMsallowsusto representmorecomplex struc-
tures:Both theexistenceandreferenceuncertaintycande-



pendon propertiesof wordsratherthanon theexact iden-
tity of the word; they canalsodependon otherattributes,
suchastheresearchareaof thedocument'sauthor.

4. Learning PRMs
In the previous sectionswe discussedthreevariantsof

PRMmodelsthatdiffer in their expressivepower. Ouraim
is to learn suchmodelsfrom data:givena schemaandan
instance,constructa PRM thatdescribesthedependencies
betweenobjectsin the schema. We stressthat, all three
PRM model variantsare learnedusing the sametype of
trainingdata: a completeinstantiationthatdescribesa set
of objects,their attribute valuesand their referenceslots.
However, in eachvariant, we attemptto learn somewhat
different structurefrom this data. For basic PRMs, we
learntheprobabilityof attributesgivenotherattributes;for
PRMswith referenceuncertainty, we alsoattemptto learn
therulesthatgovernthechoiceof slot references;andfor
PRMswith existenceuncertainty, we attemptto learnthe
probabilityof existenceof relationshipobjects.

We separatethe learning problem into two questions:
evaluating the “goodness”of a candidatestructure,and
searchingthespaceof legal candidatestructures.

Model Scoring For scoring candidatestructures,we
adaptBayesianmodelselection(Heckerman,1998). We
computethe posteriorprobability of a structure P given
an instantiationK . Using Bayesrule we have that Y�� P Z

K

�

L

���

Y�� K[Z P

�

L

�

Y�� P Z L

�

. This scoreis composedof
two mainparts: theprior probabilityof P , andtheproba-
bility of the instantiationassumingthe structureis P . By
makingfairly reasonableassumptionsabouttheprior prob-
ability of structuresandparameters,this term canbe de-
composedinto a productof terms. Eachterm in the de-
composedform measureshow well we predict the values
of

��	

� giventhevaluesof its parents.Moreover, theterm
for Y��

�$	

� Z��

�

dependsonly on the suf�cient statistics
C
��

�

+ 8

�

�

-

, thatcountthenumberof entitieswith U

	

�

�

8

andPa� U

	

�

� �

� .
Theextensionof theBayesianscoreto PRMswith exis-

tenceuncertaintyis straightforward.Theonly new issueis
how to computesuf�cient statisticsthat includeexistence
attributes U

	 %

without explicitly enumeratingall the non-
existententity. We performthis computationby counting,
for eachpossibleinstantiationof Pa�

��	 % �

, thenumberof
potentialobjectswith thatinstantiation,andsubtractingthe
actualnumberof objectsU with thatparentinstantiation.

Theextensionrequiredto dealwith referenceuncertainty
is alsonot a dif�cult one. Oncewe �x thesetpartitionat-
tributes

�

+

%7-

, aCPDfor V
6 compactlyde�nesadistribution

overvaluesof
%

. Thus,scoringthesuccessin predictingthe
valueof

%

canbedoneef�ciently usingstandardBayesian
methodsusedfor attribute uncertainty(e.g. usinga stan-
dardDirichlet prior overvaluesof

%

).

Model Search To �nd a high-scoringstructure,we use
a simple searchprocedurethat considersoperatorssuch
asadding,deleting,or reversingedgesin the dependency
model P . The procedureperformsgreedyhill-climbing
search,usingtheBayesianscoreto evaluatestructures.

No extensionsto thesearchalgorithmarerequiredto han-
dle existenceuncertainty. We simply introducethenew at-
tributes

�$	 %

, andintegratetheminto thesearchspace,as
usual.As usual,we enforcecoherenceusingtheclassde-
pendency graphdescribedabove.

The extensionfor incorporatingreferenceuncertaintyis
moresubtle. Initially, the partition of the rangeclassfor
a slot

�$	 %

is not given in the model. Therefore,we must
alsosearchfor the appropriatesetof attributes

�

+

%*-

. We
introducetwo new operatorsre�ne and abstract, which
modify thepartitionby addinganddeletingattributesfrom

�

+

%7-

. Initially,
�

+

%7-

is empty for each
%

. The re�ne op-
eratoraddsan attribute into

�

+

%7-

; the abstract operator
deletesone. Thesenewly introducedoperatorsaretreated
by thesearchalgorithmin exactlythesamewayasthestan-
dardedge-manipulationoperators:thechangein thescore
is evaluatedfor eachpossibleoperator, andthe algorithm
selectsthebestoneto execute.

We note that, as usual, the decompositionof the score
canbe exploited to substantiallyspeedup the search. In
general,thescorechangeresultingfrom anoperator� is re-
evaluatedonly after applyingan operator�

�

thatmodi�es
the parentor partition setof an attribute that � modi�es.
This is alsotrue whenwe consideroperatorsthat modify
theparentof selectorattributesandexistenceattributes.

5. Results
We evaluatedthe methodson several real-life datasets,

comparingstandardPRMs, PRMs with referenceuncer-
tainty (RU), and PRMs with existenceuncertainty(EU).
Our experimentsusedthe Bayesianscorewith a uniform
Dirichlet parameterprior with equivalentsamplesize �

�

� , andauniform distributionoverstructures.
We�rst testedwhethertheadditionalexpressivepoweral-

lowsusto bettercaptureregularitiesin thedomain.Toward
this end,we evaluatedthelikelihoodof testdatagivenour
learnedmodels. Unfortunately, we cannotdirectly com-
parelikelihoods,sincethe PRMsinvolve differentsetsof
probabilisticevents.Instead,we comparethetwo variants
of PRMswith structuraluncertainty, EU andRU, to “base-
line” modelswhichincorporatelink probabilities,but make
the“null” assumptionthatthelink structureis uncorrelated
with the descriptive attributes. For referenceuncertainty,
thebaselinehas

�

+

%7-8�
	

for eachslot. For existenceun-
certainty, it forcesU

	 %

to havenoparentsin themodel.
We evaluatedthesedifferent variantson a datasetthat

combinesinformation aboutmovies and actorsfrom the
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Figure3. ThePRMlearnedusingexistenceuncertainty.

InternetMovie Database2 andinformationaboutpeople's
ratings of movies from the Each Movie dataset,3 where
eachperson'sdemographicinformationwasextendedwith
censusinformation for their zipcode. From these, we
constructed� ve classes(with approximatesizesshown):
Movie (1600), Actor (35,000); Role (50,000), Person
(25,000),andVote (300,000).

We modeleduncertaintyaboutthe link structureof the
classesRole (relatingactorsto movies)andVote (relating
peopleto movies). This wasdoneeitherby modelingthe
probability of the existenceof suchobjects,or modeling
the referenceuncertaintyof theslotsof theseobjects.We
trainedon nine-tenthsof the dataand evaluatedthe log-
likelihoodof the held-outtestset. Both modelsof struc-
tural uncertaintysigni�cantly outperformtheir “baseline”
counterparts.In particular, we obtaineda log-likelihoodof

�

� �

�

�

�

! ! for the EU model, as comparedto �

� �� 

�������

for the baselineEU model. For RU, we obtaineda log-
likelihoodof �

�	!

�5���

�

# ascomparedto �

��# �

�

�

�

�

for the
baselinemodel.Thus,we seethatthemodelwherethere-
lational structureis correlatedwith the attribute valuesis
substantiallymorepredictive thanthe baselinemodelthat
takesthemto beindependent:althoughany particularlink
is still a low-probability event, our structuraluncertainty
modelsaremuchmorepredictiveof its presence.

Figure3 shows the EU model learned. We learnedthat
theexistenceof a votedependson theageof thevoterand
themovie genre,andtheexistenceof aroledependson the
genderof theactorandthemovie genre.In theRU model
(�gure omitteddueto spaceconstraints),we partitioneach
of the movie referenceslotson genreattributes;we parti-
tion theactorreferenceslot on theactor's gender;andwe
partition thepersonreferenceof voteson age,genderand
education.An examinationof the modelsshows, for ex-
ample,that youngervotersaremuchmore likely to have
votedon actionmoviesandthat maleactionmovies roles
aremorelikely to exist thanfemaleroles.

Next, weconsideredtheconjecturethatby modelinglink
2 c

	

1990-2000InternetMovie DatabaseLimited.
3http://www.research.digital.com/SRC/EachMovie.

Table1. Predictionaccuracy of topic/category attribute of docu-
mentsin theCoreandWebKBdatasets.Accuraciesandreported
standarddeviationsarebasedona 10-foldcrossvalidation.

Cora WebKB
baseline 75 
 2.0 74 
 2.5
RU Citing 81 
 1.7 78 
 2.3
RU Cited 79 
 1.3 77 
 1.5
EU 85 
 0.9 82 
 1.3

structurewe canimprove the predictionof descriptive at-
tributes. Here,we hidesomeattributeof a test-setobject,
andcomputetheprobabilityover its possiblevaluesgiven
the valuesof otherattributeson the onehand,or the val-
uesof otherattributesandthe link structureon the other.
We testedon two similar domains:Cora(McCallumet al.,
2000)andWebKB (Cravenet al., 1998).TheCoradataset
contains4000machinelearningpapers,eachwith a seven-
valuedTopic attribute, and 6000 citations. The WebKB
datasetcontainsapproximately4000 pagesfrom several
ComputerSciencedepartments,with a� ve-valuedattribute
representingtheir “type”, and 10,000links betweenweb
pages. In both datasetswe also have accessto the con-
tentof thedocument(webpage/paper),which we summa-
rize usinga setof attributesthat representthepresenceof
differentwordson thepage(a binaryNaive Bayesmodel).
After stemmingandremoving stopwordsandrarewords,
thedictionarycontains1400wordsin theCoradomain,and
800wordsin theWebKB domain.

In bothdomains,we comparedtheperformanceof mod-
elsthatuseonlywordappearanceinformationtopredictthe
categoryof thedocumentwith modelsthatalsousedprob-
abilistic informationaboutthe link from onedocumentto
another. We �x edthedependency structureof themodels,
usingbasicallythesamestructurefor bothdomains.In the
CoraEU model,theexistenceof a citationdependson the
topic of the citing paperand the cited paper. We evalu-
atedtwo symmetricalRU models.In the�rst, we partition
the citing paperby topic, inducinga distribution over the
topicof Citation.Citing. Theparentof theselectorvariable
is Citation.Cited.Topic. Thesecondmodelis symmetrical,
usingreferenceuncertaintyover thecitedpaper.

Table1 shows predictionaccuracy on bothdatasets.We
seethatbothmodelsof structuraluncertaintysigni�cantly
improve the accuracy scores,althoughexistenceuncer-
taintyseemsto besuperior. Interestingly, thevariantof the
RU modelthatmodelsreferenceuncertaintyovertheciting
paperbasedon thetopicsof paperscited(or thefrom web-
pagebasedon the categoriesof pagesto which it points)
outperformsthecitedvariant.However, in all cases,thead-
dition of citation/hyperlinkinformationhelpsresolve am-
biguouscasesthataremisclassi�edby thebaselinemodel
that considerswords alone. For example,paper#506 is
a ProbabilisticMethodspaper, but is classi�ed basedon
its wordsasa GeneticAlgorithmspaper(with probability

�

	

#$! ). However, thepapercitestwo ProbabilisticMethods



papers,andis citedby threeProbabilisticMethodspapers,
leadingboththeEU andRU modelsto classifyit correctly.
Paper#1272containswordssuchasrule, theori, re�n, in-
duct, decis,and tree. The baselinemodel classi�es it as
a Rule Learningpaper(probability 0.96). However, this
papercitesone NeuralNetworks andone Reinforcement
Learningpaper, andis citedby sevenNeuralNetworks,� ve
Case-BasedReasoning,fourteenRuleLearning,threeGe-
neticAlgorithms,andseventeenTheorypapers.TheCora
EU modelassignsit probability0.99of beingaTheorypa-
per, which is thecorrecttopic. The�rst RU modelassigns
it aprobability0.56of beingRuleLearningpaper, whereas
thesymmetricRU modelclassi�esit correctly. We explain
thisphenomenonby thefactthatmostof theinformationin
thiscaseis in thetopicsof citing papers;it appearsthatRU
modelscanmakebetteruseof informationin theparentsof
theselectorvariablethanin thepartitioningvariables.

6. Discussionand Conclusions
In this paper, we presenttwo representationsfor struc-

tural uncertainty:referenceuncertaintyandexistenceun-
certainty. Referenceuncertaintymodels the processby
which referenceslotsareselectedfrom a givenset. Exis-
tenceuncertaintyprovidesa model for whethera relation
exists betweentwo objects. We have shown how to in-
tegratethemwith our learningframework, andpresented
resultsshowing that they allow interestingpatternsto be
learned. The ability to learn probabilisticmodelsof re-
lational structurehasmany applications. It allows us to
predictwhethertwo objectswith givenpropertiesaremore
likely to be relatedto eachother. More surprisingly, the
link structurealsoallows us to predictattribute valuesof
interest.For example,we canbetterpredictthe topic of a
paperby usingthefactthatit citescertaintypesof papers.

Several recentworks in the literatureexaminelearning
from relationaldata.Kleinberg(1998)learnsaglobalprop-
ertyof arelationgraph(“authority” of webpages)basedon
local connectivity. This approachdoesnot generalizebe-
yond the trainingdata,andignoresattributesof thepages
(e.g.,words).SlatteryandMitchell (2000)integrateKlein-
berg's authorityrecognitionmodulewith a �rst-order rule
learnerto performclassi�cationthatalsoutilizes the rela-
tional structurein the testset. Their approachis intended
purelyfor classi�cation,andis notastatisticalmodelof the
domain.Furthermore,their approachis notbasedonasin-
glecoherentframework, sothattheresultsof two different
modulesarecombinedprocedurally.

A stochasticrelationalmodel recentlyde�ned by Cohn
andHofmann(2001)introducesa latent (hidden)variable
that describesthe “class” of eachdocument.Their model
assumesthat word occurrencesand links to other docu-
mentsare independentgiven the document's class. This
model is similar to a PRM model with referenceuncer-
tainty, but differsfrom it in severalimportantways.First, it

usesa multinomialdistribution overspeci�c citations,pre-
ventingthemodelfrom generalizingto a differenttestset.
Second,eachpaperis assumedto beindependent,sothere
is no ability to reachconclusionsaboutthetopic of a cited
paperfrom thatof aciting paper. Finally, dependenciesbe-
tweenthe wordsappearingin the documentandthe pres-
enceor absenceof a citationcannotberepresented.

The ability to learn probabilistic models of relational
structureis an exciting new direction for machinelearn-
ing. Our treatmenthereonly scratchesthe surfaceof this
area.In particular, althoughuseful,neitherof therepresen-
tationsproposedfor structuraluncertaintyis entirelysatis-
fying asa generativemodel.Furthermore,bothmodelsare
restrictedto consideringtheprobabilisticmodelof asingle
relational“link” in isolation. Thesesimplemodelscanbe
seenasthe naive Bayesof structuraluncertainty;in prac-
tice,relationalpatternsinvolvemultiple links,e.g.,thecon-
ceptsof hubsandauthorities.In future work, we hopeto
provide a uni�ed framework for representingandlearning
probabilisticmodelsof relational“�ngerprints” involving
multiple entitiesandlinks.

Acknowledgments This work was supportedby ONR
contractN66001-97-C-8554underDARPA's HPKB pro-
gram. N. Friedmanwasalsosupportedby IsraelScience
Foundationgrant244/99andanAlon Fellowship.

References
Cohn, D., & Hofmann,T. (2001). The missinglinkÐa proba-

bilistic modelof documentcontentandhypertext connectivity.
Proc.NIPS13. To appear.

Craven,M., DiPasquo,D., Freitag,D., McCallum,A., Mitchell,
T., Nigam,K., & Slattery, S. (1998). Learningto extractsym-
bolic knowledgefrom theworld wideweb. Proc.AAAI.

Friedman,N., Getoor, L., Koller, D., & Pfeffer, A. (1999).Learn-
ing probabilisticrelationalmodels.Proc.IJCAI.

Heckerman,D. (1998).A tutorial on learningwith Bayesiannet-
works. In M. I. Jordan(Ed.), Learningin graphical models.
Cambridge,MA: MIT Press.

Kleinberg, J. (1998).Authoritativesourcesin ahyperlinkedenvi-
ronment.Proc.SODA.

Koller, D., & Pfeffer, A. (1998). Probabilisticframe-basedsys-
tems.Proc.AAAI.

Lavrac,N., & Dzeroski,S. (1994).Inductive logic programming:
Techniquesandapplications.

McCallum,A., & Nigam,K. (1998).A comparisonof eventmod-
els for naive Bayestext classi®cation.AAAI-98Workshopon
Learningfor Text Categorization.

McCallum, A., Nigam, K., Rennie,J., & Seymore, K. (2000).
Automatingthe constructionof internetportalswith machine
learning.InformationRetrieval, 3, 127–163.

Poole,D. (1993).ProbabilisticHornabductionandBayesiannet-
works. Arti®cial Intelligence, 64, 81–129.

Slattery, S.,& Mitchell, T. (2000). Discovering testsetregulari-
tiesin relationaldomains.Proc.ICML.


