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Abstract

Most real-world datais storedin relationalform. In
contrast,moststatisticallearningmethodswork with
“at” datarepresentationdprcing us to convert our
datainto aform thatlosesmuchof therelationalstruc-
ture. The recentlyintroducedframewvork of proba-
bilistic relational models(PRMs) allows us to repre-
sent probabilistic models over multiple entities that
utilize the relationsbetweenthem. In this paper we
proposethe use of probabilisticmodelsnot only for
the attributesin a relationalmodel, but for the rela-
tional structureatself. We proposeéwo mechanisméor
modelingstructumral uncertainty refeenceuncertainty
andexistencaincertainty We describeheappropriate
conditionsfor usingeachmodeland presentearning
algorithmsfor each. We presentexperimentalresults
shawing that the learnedmodelscan be usedto pre-
dict relationalstructureand, morewer, the obsered
relationalstructurecanbe usedto provide betterpre-
dictionsfor theattributesin the model.

1. Intr oduction

Relationaimodelsarethemostcommonrepresentatioof
structureddata. Enterprisebusinessdata,medicalrecords,

andscienti ¢ datasetsreall storedin relationaldatabases.

A relationalmodel captureshe setof entitiesin our uni-
verse their propertiesandtherelationshipdetweerthem.
Recently therehasbeengrowing interestin extractingin-
formation, such as patternsand regularities, from these
hugeamountsof data(Lavrac& Dzeroski,1994).
Bayesiannetworkshave beenshowvn to provide a good
representatiolanguagedor statisticabpatternsn real-world
domains By learningaBayesiametwork from data(Heck-
erman,1998),we canobtaina deepeunderstandingf our
domainand the statisticaldependencies it. A learned
Bayesiannetwork can also be usedfor reachingconclu-

sionsaboutattributeswhosevaluesmaybe unobsered.

Unfortunately Bayesiametworks aredesignedor mod-
elingattribute-basediomainswherewe have asingletable
of 1ID instancesThey cannotbe usedfor modelingricher
relationaldatasets.Probabilisticrelationalmodelf PRMSs)
are a recentdevelopment(Koller & Pfeffer, 1998; Poole,
1993) that extend the standardattribute-basedBayesian
network representationo incorporatea muchricher rela-
tional structure Thesemodelsallow propertiesof anentity
to dependprobabilisticallyon propertiesof otherrelated
entities. The modelrepresentsa genericdependencéor
a classof objects,which is theninstantiatedor particular
setsof entitiesand relationsbetweenthem. Friedmanet
al. (1999)adaptthe machineryfor learningBayesiannet-
works from at datato the task of learning PRMs from
structuredrelationaldata.

The PRM framework focuseson modelingthe distribu-
tion over the attributesof the objectsin the model. It takes
therelationalstructurdtself — therelationallinks between
entities— to be backgroundknowledge,determinedout-
sidethe probabilisticmodel. This assumptionmplies that
themodelcannotbe usedto predicttherelationalstructure
itself. Thus,for example,we cannotuseit to predictthat
there exists a money-launderingrelation betweena bank
andadrugcartel. A moresubtlepointis thattherelational
structureis informative in andof itself. For example,the
links from andto a web pageare very informative about
thetypeof webpage(Cravenetal., 1998),andthecitation
links betweerpapersarevery informative aboutthe paper
topics(Cohn& Hofmann,2001).

In this paper we provide a framework for specifyingand
learninga probabilisticmodel of the relational structure.
This concept,called structural uncertainty was rst in-
troducedby Koller and Pfeffer (1998). In this paper we
extendtheir notionof refeenceuncertaintyto makeit suit-
ablefor alearningframework; we alsointroduceanew type



of structuraluncertainty called existenceuncertainty We
present framawork for learningthesemodelsfrom arela-
tional databaseandpresenempiricalresultsonreal-world
datashaving thatthesemodelscanbe usedto predictrela-
tional structureaswell asuseanobseredrelationalstruc-
tureto provide betterpredictionsaboutattribute values.

2. Probabilistic Relational Models

A probabilistic relational model(PRM) speci es a tem-
plate for a probability distribution over a database.The
templatedescribeghe relational schemafor the domain,
andtheprobabilisticdependencidsetweerattributesin the
domain.A PRM, togethemvith a particulardatabasef ob-
jectsandrelations,de nes a probability distribution over
theattributesof the objectsandtherelations.

Relational Schema A schemdor arelationalmodelde-
scribesa setof classes . Eachclassis
associatedvith a setof descriptiveattributesanda setof
refeenceslots® Thesetof descriptve attributesof a class
is denoted . Attribute  of class is denoted
, andits domainof valuesis denoted . We
assumeherethat domainsare nite, however thisis nota
fundamentalimitation of our approach.For example,the
classmight have the descriptie attributesGender
with domain male,female .
The setof referenceslotsof aclass is denoted
We use to denotethereferenceslot of . Eachref-
erenceslot is typed: the domaintype of
andtherangetype , Where
in . A slot denotesa function from
to . For example,we might have a class
with thereferenceslotsActorwhoserangeis theclass
andMovie whoserangeis theclass
It is usefulto distinguishbetweeranentityandarelation-
ship, asin entity-relationshipdiagrams. In our language,
classesreusedto represenbothentitiesandrelationships.
Thus, a relationshipsuchas Role, which relatesactorsto
movies, is alsorepresentedsa class,with referenceslots
to the classActor andthe classMovie. We use  to de-
notethesetof classeshatrepresenentities,and  to de-
notethosethatrepresentelationships We usethe generic
termobjectto referbothto entitiesandto relationships.
The semantic®f thislanguages straightforward. An in-
stantiation speci esthe setof objectsin eachclass ,
andthevaluesfor eachattributeandeachreferenceslotsof
eachobject. For example,Figure 1 shavs aninstantiation
of our simplemovie schemalt speci esa particularsetof
actorsmoviesandroles,alongwith valuesfor eachof their
attributesandreferences.

is someclass

Thereis adirectmappingbetweerour notionof classandthe
tablesin arelationaldatabasedescriptve attributescorrespondo
standardableattributes,andreferenceslotscorrespondo foreign
keys (key attributesof anothettable).

ACTOR

[ ROLE
fgriendger ;23:;8 [ role T movie T actor [ role-type |
bing male rl ml fred hero
r2 ml ginger | heroine
MOVIE r3 ml bing villain
[ name | genre | r4 m2 bing hero
fame | genrs 5 m2 ginger | love-interest

ml drama

m2 comedy
Figurel. An instantiationof the relationalschemafor a simple
movie domain.

As discussedn the introduction, our goal in this paper
is to constructprobabilisticmodelsover instantiations.To
do so, we needto provide enoughbackgrouncknowledge
to circumscribethe set of possibleinstantiations. Fried-
manetal. (1999)assumehatthe entirerelationalstructure
is given as backgrouncknowledge. In otherwords, they
assumedhatthey aregivenarelationalskeleton , which
speci esthesetof objectsn all classesaswell asall there-
lationshipghathold betweerthem(in otherwords,it spec-
i es thevaluesfor all of thereferenceslots).In our simple
movie example, the relational skeletonwould containall
of theinformationexceptfor the genderof the actors,the
genreof themovies,andthe natureof therole.

Probabilistic Model for Attrib utes A probabilisticre-
lational model  speci es a probability distribution over
all instantiations of therelationalschema.lt consistsof
the qualitatve dependeng structure, , andthe parame-
ters associatedvith it, . The dependeng structureis

de ned by associatingvith eachattribute asetof par-
entsPa . Eachparentof hasthe form
where is eitheremptyor a singleslot . (PRMsalso

allow dependenciesnlongerslotchains but we have cho-
sento omit thosefor simplicity of presentation.Yo under
standthe semanticof this dependenceajotethat is
amultisetof values in . We usethe notion of
aggregationfrom databaséheoryto de ne thedependence
on a multiset; thus, will dependprobabilistically on
someaggreateproperty . In this paper we usethe
medianfor ordinal attributes,andthe mode(mostcommon
value)for others.When is single-\alued,bothreduceto
adependencen thevalueof

Thequantitatve partof the PRM speci esthe parameter
izationof themodel.Givenasetof parentdor anattribute,
we cande ne alocal probabilitymodelby associatingvith
it aconditionalprobability distribution (CPD). For eachat-
tributewe have a CPDthatspeci es Pa

De nition 1 A probabilisticrelationalmodel(PRM) for
arelationalschema is de ned asfollows. For eachclass
andeachdescriptive attribute , we have
asetof parentsPa , andaconditionalprobability dis-
tribution (CPD) thatrepresents Pa N |
Givenarelationalskeleton

,aPRM speciesadis-



tribution over a setof instantiations consistentvith

Pa 1)
where arethe objectsof eachclassasspeci ed by
therelationalskeleton  (in generalwe will usethenota-
tion to referto thesetobjectsof eachclassasde ned

by ary type of domainskeleton).

For this de nition to specifya coherenprobability distri-
bution over instantiationswe mustensurethat our proba-
bilistic dependencieareagyclic, sothatarandomvariable
doesnot depend directly or indirectly, on its own value.
Moreover, we wantto guaranteghatthis will be the case
for any skeleton. For this purpose,we use a class de-
pendencygraph whichdescribesll possibledependencies
amongattributes. In this graph,we have an (intra-object)
edge if is a parentof L f
is a parentof , and , we have an (inter-
object)edge If the dependenggraphof
is agyclic, thenit de nes a legal modelfor ary relational
skeleton (Friedmanetal., 1999).

3. Structural Uncertainty

In the modeldescribedn the previous section,all rela-
tions betweenattributes are determinedby the relational
skeleton ; only the descriptve attributesare uncertain.
Thus, Eq. (1) determinesthe probabilistic model of the
attributes of objects, but doesnot provide a model for
the relationsbetweenobjects. In this section,we extend
our probabilisticmodelto allow for structural uncertainty
Here,we donottreattherelationalstructureasbackground
knowledge, but chooseto model it explicitly within the
probabilisticframavork. Clearly, thereare mary waysto
represenaprobabilitydistribution overtherelationalstruc-
ture. In this paperwe exploretwo simpleyet naturalmod-
els: RefeenceUncertaintyandExistenceJncertainty

Reference Uncertainty In this model, we assumethat
the objectsare prespeci ed, but relations among them,
i.e., referenceslots, are subjectto randomchoices. Thus,

ratherthan being given a full relationalskeleton , we
assumethat we are given an object skeleton The
object skeleton speci es only the objects in each

class , but not the values of the reference
slots. In our example above, the object skeletonwould
specify only the set of movies, actors,and roles in the
database: fred, ginger, bing ,

, and In this
case,we mustspecify a probabilisticmodelfor the value
of thereferenceslots . Thedomainof a referenceslot

is the setof keys (uniqueidenti ers) of the objectsin

theclass to which refers. Thus,we needto specify
aprobability distribution over the setof all objectsin

A naive approachis to simply have the PRM specify

Type ml m2
megaplex | 0.1 0.9
art theater [ 0.7 0.3

Type
Locatio}

P Movie

Theater

Figure2. A simpleexampleof referencauncertainty

a probability distribution directly over This ap-
proachhastwo major aws. Most obviously, this distribu-
tion would requirea parametefor eachobjectin . More
importantly we wantour dependeng modelto be general
enoughto apply over all possibleobject skeletons ; a
distribution de nedin termsof theobjectswithin aspeci ¢
objectskeletonwould not applyto others.

We achieve a generalandcompactepresentatioby par
titioning the class into subsetsaccordingto the values
of someof its attributes. We assumehatthe value of
is chosenby rst selectinga partition, andthen selecting
an objectwithin that partition uniformly. For example,as
shawvn in Figure 2, we can partition the classMovie by
Gene, indicatingthat a movie theater rst selectswhich
genreof movie it wantsto shav, andthenuniformly among
the movieswith the selectedyenre.The decisionon genre
might depencbn thetype of theater

We malkethisintuition preciseby de ning, for eachslot
a setof partition attributes . In the
above example, Shows Gene . We now
needto specifythe distribution thatthe referencevalue of

falls into one partition versusanother We accomplish
this by introducing  asa new attribute of , calleda
selectorattribute it takesonavalue in the spaceof pos-
sibleinstantiations . Eachpossiblevalue

determinesa subsebf from whichthevalueof (the
referent)will be selected.We use  to representhere-
sulting partition of

We now represena probabilisticmodeloverthevaluesof

by specifyinghow likely it is to referenceobjectsin one
subsetin the partition versusanother We de ne a prob-
abilistic modelfor the selectorattribute . This model
is the sameasthat of ary otherattribute: it hasa setof
parentsanda CPD. Thus,the CPDfor  would specify
a probability distribution over possibleinstantiations. As
for descriptive attributes,we allow the distribution of the
slot to dependon otheraspectof the domain. For exam-
ple, anindependenmovie theatermay be morelikely to
shaw foreignmovieswhile a megaplex may preferto show
thrillers. Thus,the CPD of Movie Might have asa
parent Type The choiceof valuefor  deter
minesthe partition  from whichthereferencevalueof
is chosenthe choiceof referencevaluefor is uniformly
distributedwithin this set.



De nition 2: A probabilisticrelationalmodel  with ref-

erenceuncertaintyhasthe samecomponentsasin De ni-

tion 1. In addition,for eachreferenceslot with
, we have:

asetof attributes ;

anew selectorattribute  within ~ which takeson
valuesin the cross-producspace ;

asetof parentandaCPDfor . I
To de ne the semantic®f this extensionwe mustde ne

the probability of referenceslotsaswell asdescriptve at-
tributes:

Pa
Pa
(2)
wherewe take toreferto theinstantiation of theat-
tributes for theobject  in theinstantiation

. Notethatthelasttermin Eq. (2) depend®n in three
ways: theinterpretatiorof ~ , the valuesof the attributes
within theobject , andthesizeof
As above, we must guaranteethat dependenciesare
aoyclic for every objectskeleton.We accomplishthis goal
by extendingourde nition of classdependenggraph.The
graphhasa nodefor eachdescriptve or selectorattribute
andthefollowing edges:

For ary descriptve or selectorattribute andary
of its parents we introducean edgefrom

to , Where

For ary descriptve or selectorattribute , andany of
its parents we addanedgefrom to

For eachslot , andeach (for

), we addanedge

The rst classof edgedn this de nition is identicalto the
de nition of dependeng graphabove, exceptthatit deals
with selectoraswell asdescriptve attributes. Edgesof the
secondypere ect thefactthatthespeci c choiceof parent
for anodedepend®nthereferencevalueof theparentsiot.
Edgesof the third type representhe dependeng of a slot
ontheattributesof theassociategartition. To seewhy this
is required,we obsene that our choiceof referencevalue
for dependson the valuesof the partition attributes

of all of the differentobjectsin . Thus,
theseattributes must be determinedbefore is deter
mined. In our example,as Shows  Gene ,

thegenresof all moviesmustbe determinedeforewe can
selectthevalueof thereferenceslot Shows

Onceagain,we canshaw thatif this dependenggraphis
agyclic, it de nesacoherenprobabilisticmodel.

Theorem3: Let bea PRM with relational uncertainty
andacyclicdependencgraph. Let  bean objectslele-
ton. Then and uniquelyde ne a probability distribu-
tion overinstantiations thatextend viaEq.(2).

ExistenceUncertainty Thereferencauncertaintymodel
of the previous sectionassumeshatthe numberof objects
isknown. Thus,if we consideladivisionof objectsnto en-
tities andrelations thenumberof objectsin classe®f both
typesare x ed. In this section,we considermodelswhere
the numberof relationshipobjectsis not x edin advance.
Considera simplecitationdomainwith anentity classPa-
per andarelationclassCite. In thiscasewe mightassume
thatthe setof paperds partof our backgroundknowledge,
but we wantto provide an explicit modelfor the presence
or absenceof citations. More generally we assumethat
we aregivenonly anentityskeleton , whichspeci esthe
setof objectsin our domainonly for the entity classeslin
our exampleof Figure1, the entity skeletonwould include
only thesetof actorsandmovies. We call theentity classes
determinedandthe othersundeterminedWe notethatre-
lationshipclassegypically representnary-mary relation-
ships; they have at leasttwo referenceslots, which refer
to determinectlasses.For example,our Cite classwould
have referenceslotsCiting-PaperandCited-Raper.

Our basicapproachis to allow objectswhoseexistence
is uncertain— the objectsin the undeterminedclasses.
Oneway of achiering this effectis by introducinginto the
modelall of theentitiesthatcanpotentiallyexistin it; with
eachof them we associatea specialbinary variable that
tells uswhetherthe entity actuallyexists or not. Note that
this constructionis purely conceptualwe never explicitly
constructa model containingnon-eistentobjects. In our
exampleabove, the domainof the Cite classin a givenin-
stantiation is Each“potential”
object in this domainis associatedvith a

binary attribute thatspeci eswhetherpaper did or
did notcitein paper
De nition 4: We de ne anundeterminectlass asfol-

lows. Let be the set of referenceslotsof
and let In ary instantiation , we re-
quirethat For

,weuse to denotehecor-
respondingobjectin . Each hasa specialexistence
attribute whosevaluesare true false . For

uniformity of notation,we introducean attribute for all

classesfor classeghataredeterminedthe valueis de-

ned to bealwaystrue. We requirethatall of thereference
slotsof a determinedclass have arangetype which is

alsoadeterminedlass.l

Theexistenceattributefor anundeterminedlassis treated
in thesamewayasadescriptveattributein ourdependeng
model,in thatit canhave parentsandchildren,andis asso-
ciatedwith a CPD.In our citationdomain,it is reasonable



to assumehattheexistenceof acitationmaydependnthe
topic of the citing paperandthetopic of the cited paper(it
is morelik ely thatcitationswill exist betweerpaperswith
thesametopic). Ourde nitions aresuchthatthesemantics
of the modeldoesnot change. By de ning the existence
eventsto be attributes, and incorporatingthem appropri-
atelyinto the probabilisticmodel,we have setthingsup so
thatEq. (1) appliesunchanged.

We must,however, placesomerestrictionson our model
to ensurethatour de nitions leadto a coherenfprobability
model. For example,if the rangetype of a slot of anun-
determinedclassrefersto itself ( ) then
the set is de ned circularly, in termsof itself. We
say that an undeterminectlass is coheentif it satis-
es the following restrictions: (1) An attribute can-
not be an ancestorof . (2) An objectcanonly ex-
ist if all the objectsit refersto exist, i.e., for every slot

, false false . (3
Dependenciesan only “passthrough” objectsthat exist.
More precisely for ary slot of range-type , we de-
ne the usableslot ~ asfollows: for ary , we
dene ~ true . We allow only ~ to
beusedasa parentin thedependengmodel

We canuseour classdependeng graphto capturemost
of theserequirements. For every , we introducean

edgefrom to . For every slot whose
rangetypeis , we have an edgefrom to . For
every attribute andevery Pa , we have

an edgefrom to . As before,we require
thatthe attribute dependeng graphis agyclic. It turnsout
thatour requirementaresufcient to guaranteghatevery
undeterminedlassis coherentandto allow our extended
languagedo beviewedasa standardPRM.

Theorem5: Let bea PRMwith undeterminectlasses
andanacyclicclassdependencgraph.Let  beanentity
skeleton.ThenthePRMand  uniquelyde nearelational

skeleton overall classesand a probability distribution

overinstantiations thatextends viaEqg.(1).

Notethatafull instantiation alsodeterminesheexistence
attributesfor undeterminealassesHence the probability
distribution inducedby the PRM alsospeci esthe proba-
bility thata certainentity will existin themodel.

We notethat real-world databasedo not specifythe de-
scriptive attributesof entitiesthat do not exist. However,
sincewe only allow dependenciesn objectsthatexist (for
which true), then noneistent objectsare leaves
in the model and can be ignoredin the computationof

. Theonly contribution of anoneistententity
to the probability of aninstantiation is the probability
that false

Example: Word models Our two modelsof structural
uncertaintyinducesimpleyet intuitive modelsfor link ex-
istence. We illustrate this by shaving a naturalconnec-

tion to the two mostcommonmodelsof word appearance
in documents. Supposeour domain containstwo entity
classes:Document, representinghe setof documentsn
our corpus,andWords, representinghe words contained
in our dictionary Documentsmay have descriptve at-
tributes suchas Topic; dictionary entrieswould have the
attribute Word, which is theword itself, andmayalsohave
additionalattributessuchasthetypeof word. Therelation-
shipclassAppearance representtheappearancef words
in documentsit hastwo slotsinDoc andHasWrd. In this
schemastructuraluncertaintycorresponds$o a probabilis-
tic modelof theappearancef wordsin documents.

In existence uncertainty the class Appearance is an
an undeterminedtlass;the potential objectsin this class
correspondo document-verd pairs , andthe asser
tion true meanghatthe particular
dictionaryentry  appeardn the particulardocument .
Now, supposehat hasthe parentsAppear-
ance.InDoc.Topic and Appearance.HasWrd.Word. This
implies, that, for eachword andtopic , we have a pa-
rameter  whichistheprobabilitythataword appears
in adocumenbf topic . Furthermorethedifferentevents

are conditionally independengiven
thetopic . It is easyto seethatthis modelis equivalent
to the model often called binary naive Bayesmodel(Mc-
Callum & Nigam, 1998), wherethe classvariableis the
topic andthe conditionallyindependenteaturesarebinary
variablescorrespondindo the appearancef differentdic-
tionaryentriesin thedocument.

Whenusingreferenceuncertainty we can considerser-
eral modeling alternatves. The most straightforvard
modelis to view a documentas a bag of words. Now,
Appearance also includes an attribute that designates
the position of the word in the document. Thus, a
documentof  words has related Appearance ob-
jects. We can provide a probabilistic model of word
appearancdy using referenceuncertaintyover the slot
Appearance.HasWord.  In particulay if we choose

HasWrd Word, thenwe
have a multinomial distribution over the wordsin the dic-
tionary. If we setAppearance.InDoc.Topic asthe parent
of the selectorvariable Hasverd, thenwe get
a different multinomial distribution over words for each
topic. Theresultis a modelwherea documents viewed
asa sequencef independensamplesrom a multinomial
distribution over the dictionary wherethe sampledistribu-
tion depend®nthe documentopic. Thisdocumenimodel
is calledthe multinomial Naive Bayesianmodel(McCal-
lum & Nigam,1998).

Thus, for this simple PRM structure,the two forms of
structuraluncertaintyleadto modelsthat are well-studied
within the statisticalNLP community However, the lan-
guageof PRMsallows usto represeninorecomplex struc-
tures:Both the existenceandreferencauncertaintycande-



pendon propertieof wordsratherthanon the exactiden-
tity of the word; they canalsodependon otherattributes,
suchastheresearclareaof thedocuments author

4.Learning PRMs

In the previous sectionswe discussedhree variantsof
PRM modelsthatdiffer in their expressive power. Ouraim
is to learn suchmodelsfrom data: givena schemaandan
instanceconstructa PRM thatdescribeshe dependencies
betweenobjectsin the schema. We stressthat, all three
PRM model variantsare learnedusing the sametype of
training data: a completeinstantiationthat describesa set
of objects,their attribute valuesandtheir referenceslots.
However, in eachvariant, we attemptto learn somevhat
different structurefrom this data. For basic PRMs, we
learnthe probability of attributesgivenotherattributes;for
PRMswith referenceuncertaintywe alsoattemptto learn
the rulesthatgovernthe choiceof slot referencesandfor
PRMswith existenceuncertainty we attemptto learnthe
probability of existenceof relationshipobjects.

We separatethe learning probleminto two questions:
evaluating the “goodness”of a candidatestructure,and
searchinghespaceof legal candidatestructures.

Model Scoring For scoring candidatestructures, we
adaptBayesianmodelselection(Heckerman,1998). We
computethe posteriorprobability of a structure given
aninstantiation . Using Bayesrule we have that

. This scoreis composef
two main parts: the prior probability of , andthe proba-
bility of the instantiationassuminghe structureis . By
makingfairly reasonablassumptionaboutthe prior prob-
ability of structuresand parametersthis term can be de-
composednto a productof terms. Eachterm in the de-
composedorm measuresion well we predictthe values

of giventhe valuesof its parents.Moreover, theterm
for dependsonly on the sufcient statistics
C , thatcountthe numberof entitieswith

andPa

The extensionof the Bayesianscoreto PRMswith exis-
tenceuncertaintyis straightforvard. The only new issueis
how to computesufcient statisticsthatinclude existence
attributes without explicitly enumeratingll the non-
existententity. We performthis computationby counting,
for eachpossibleinstantiationof Pa , the numberof
potentialobjectswith thatinstantiationandsubtractinghe
actualnumberof objects with thatparentinstantiation.

The extensionrequiredto dealwith referencauncertainty
is alsonot a dif cult one.Oncewe x thesetpartitionat-
tributes ,aCPDfor compactlyde nesadistribution
overvaluesof . Thus,scoringthesuccesi predictingthe
valueof canbedoneefciently usingstandardBayesian
methodsusedfor attribute uncertainty(e.g. usinga stan-
dardDirichlet prior overvaluesof ).

Model Search To nd a high-scoringstructure,we use
a simple searchprocedurethat considersoperatorssuch
asadding,deleting,or reversingedgesin the dependeng
model The procedureperformsgreedy hill-climbing
searchusingthe Bayesiarscoreto evaluatestructures.

No extensiondo thesearchalgorithmarerequiredo han-
dle existenceuncertainty We simply introducethe new at-
tributes , andintegratetheminto the searchspaceas
usual. As usual,we enforcecoherencaisingthe classde-
pendenyg graphdescribedabove.

The extensionfor incorporatingreferenceuncertaintyis
more subtle. Initially, the partition of the rangeclassfor
a slot is not givenin the model. Therefore we must
alsosearchfor the appropriateset of attributes . We
introducetwo new operatorsre ne and abstract, which
modify the partitionby addinganddeletingattributesfrom

. Initially, is emptyfor each . There ne op-
eratoraddsan attribute into ; the abstract operator
deletesone. Thesenewly introducedoperatorsaretreated
by thesearchalgorithmin exactlythesameway asthestan-
dardedge-manipulatiomperatorsthe changen the score
is evaluatedfor eachpossibleoperatoy andthe algorithm
selectghebestoneto execute.

We note that, as usual,the decompositiorof the score
canbe exploited to substantiallyspeedup the search. In
generalthescorechangeesultingfrom anoperator isre-
evaluatedonly after applyingan operator thatmodi es
the parentor partition setof an attribute that maodi es.
This is alsotrue whenwe consideroperatorghat modify
the parentof selectorattributesandexistenceattributes.

5. Results

We evaluatedthe methodson several real-life datasets,
comparingstandardPRMs, PRMs with referenceuncer
tainty (RU), and PRMs with existenceuncertainty(EU).
Our experimentsusedthe Bayesianscorewith a uniform
Dirichlet parameteprior with equivalentsamplesize

, anda uniform distribution over structures.

We rst testedvhethettheadditionalexpressve poweral-
lows usto bettercaptureregularitiesin thedomain.Toward
this end,we evaluatedthe lik elihoodof testdatagivenour
learnedmodels. Unfortunately we cannotdirectly com-
parelikelihoods,sincethe PRMsinvolve differentsetsof
probabilisticevents. Instead we comparethe two variants
of PRMswith structuraluncertaintyEU andRU, to “base-
line” modelswhichincorporatdink probabilities but make
the“null” assumptiorthatthelink structures uncorrelated
with the descriptve attributes. For referenceuncertainty
the baselinehas for eachslot. For existenceun-
certainty it forces to have no parentsn themodel.

We evaluatedthesedifferent variantson a datasetthat
combinesinformation about movies and actorsfrom the



n 1
:
Actor

Figure3. The PRM learnedusingexistenceuncertainty

InternetMovie Databas& andinformationaboutpeoples
ratings of movies from the Each Movie datasef where
eachpersons demographiénformationwasextendedwith
censusinformation for their zipcode. From these,we
constructed ve classeqwith approximatesizesshawn):
Movie (1600), Actor (35,000); Role (50,000), Person
(25,000),andVote (300,000).

We modeleduncertaintyaboutthe link structureof the
classesRole (relatingactorsto movies)andVote (relating
peopleto maovies). This wasdoneeitherby modelingthe
probability of the existenceof suchobjects,or modeling
the referencauncertaintyof the slotsof theseobjects. We
trained on nine-tenthsof the dataand evaluatedthe log-
likelihood of the held-outtestset. Both modelsof struc-
tural uncertaintysigni cantly outperformtheir “baseline”
counterpartsln particular we obtaineda log-likelihoodof

for the EU model, as comparecdto

for the baselineEU model. For RU, we obtaineda log-

likelihoodof ascomparedo for the
baselinenodel. Thus,we seethatthe modelwherethe re-

lational structureis correlatedwith the attribute valuesis

substantiallymore predictive thanthe baselinemodelthat
takesthemto beindependentalthoughary particularlink

is still a low-probability event, our structuraluncertainty
modelsaremuchmorepredictive of its presence.

Figure 3 shavs the EU modellearned. We learnedthat
the existenceof a votedepend®n the ageof thevoterand
themovie genre andthe existenceof arole depend®nthe
genderof the actorandthe movie genre.In the RU model
( gure omitteddueto spaceconstraints)yve partitioneach
of the movie referenceslotson genreattributes;we parti-
tion the actorreferenceslot on the actor's gender,andwe
partition the personreferenceof voteson age,genderand
education. An examinationof the modelsshaws, for ex-
ample, that youngervotersare muchmorelikely to have
votedon actionmovies andthat male actionmoviesroles
aremorelik ely to exist thanfemaleroles.

Next, we consideredhe conjecturehatby modelinglink

2 ¢ 1990-2000nternetMovie Databasé.imited.
3http://www research.digital.com/SRC/Eachiie.

Tablel. Predictionaccurag of topic/catgory attribute of docu-
mentsin the CoreandWebKB datasetsAccuraciesandreported
standardleviationsarebasedon a 10-fold crossvalidation.

| | Cora | WebKB |
baseline 75 20|74 25
RU Citing | 81 1.7| 78 2.3
RUCited | 79 13| 77 15
EU 85 09|82 13

structurewe canimprove the predictionof descriptve at-
tributes. Here,we hide someattribute of a test-setobject,
andcomputethe probability over its possiblevaluesgiven
the valuesof otherattributeson the one hand,or the val-
uesof otherattributesandthe link structureon the othetr
We testedon two similar domains:Cora(McCallumetal.,
2000)andWebKB (Cravenetal., 1998). The Coradataset
contains4000machindearningpaperseachwith a seven-
valued Topic attribute, and 6000 citations. The WebKB
datasetcontainsapproximately4000 pagesfrom several
ComputerSciencalepartmentsyith a ve-valuedattribute
representingheir “type”, and 10,000links betweenweb
pages. In both datasetsve also have accesgo the con-
tent of the document(webpage/paperhich we summa-
rize usinga setof attributesthatrepresenthe presencef
differentwordson the page(a binary Naive Bayesmodel).
After stemmingandremoving stopwordsandrarewords,
thedictionarycontainsl400wordsin theCoradomain,and
800wordsin the WebKB domain.

In both domainswe comparedhe performanceof mod-
elsthatuseonly wordappearancmformationto predictthe
catgyory of thedocumentwith modelsthatalsousedprob-
abilistic informationaboutthe link from one documento
another We x edthe dependengstructureof the models,
usingbasicallythe samestructurefor bothdomains.n the
CoraEU model,the existenceof a citationdepend®n the
topic of the citing paperand the cited paper We evalu-
atedtwo symmetricaRU models.In the rst, we partition
the citing paperby topic, inducinga distribution over the
topicof Citation.Citing. Theparentof theselectowariable
is Citation.Cited Topic. The secondnodelis symmetrical,
usingreferencaincertaintyover the cited paper

Tablel shaws predictionaccurag on both datasets.We
seethatbothmodelsof structuraluncertaintysigni cantly
improve the accurag scores,although existenceuncer
tainty seemgo be superior Interestingly the variantof the
RU modelthatmodelsreferencaincertaintyovertheciting
paperbasednthetopicsof paper<ited(or thefrom web-
pagebasedon the catgyoriesof pagesto which it points)
outperformghecitedvariant. However, in all casesthead-
dition of citation/hyperlinkinformationhelpsresohe am-
biguouscasedhat aremisclassi edby the baselinemodel
that considerswords alone. For example, paper#506 is
a ProbabilisticMethodspaper but is classi ed basedon
its wordsasa GeneticAlgorithms paper(with probability

). However, the papercitestwo ProbabilisticMethods



papersandis cited by threeProbabilisticMethodspapers,
leadingboththe EU andRU modelsto classifyit correctly
Paper#1272containswordssuchasrule, theori,re n, in-
duct, decis,andtree. The baselinemodel classi esit as
a Rule Learning paper(probability 0.96). However, this
papercites one Neural Networks and one Reinforcement
Learningpaperandis citedby sevenNeuralNetworks, ve
Case-Base®easoningfourteenRule Learning,threeGe-
netic Algorithms, andseventeenTheorypapers.The Cora
EU modelassignst probability 0.990f beinga Theorypa-
per, which is the correcttopic. The rst RU modelassigns
it aprobability0.560f beingRuleLearningpaperwhereas
thesymmetricRU modelclassi esit correctly We explain
thisphenomenoby thefactthatmostof theinformationin
this caseis in thetopicsof citing papersijt appearshatRU
modelscanmake betteruseof informationin theparentof
the selectovariablethanin the partitioningvariables.

6. Discussionand Conclusions

In this paper we presenttwo representationfor struc-
tural uncertainty: referenceuncertaintyand existenceun-
certainty Referenceuncertaintymodelsthe processby
which referenceslotsare selectedrom a givenset. Exis-
tenceuncertaintyprovidesa modelfor whethera relation
exists betweentwo objects. We have shovn how to in-
tegratethemwith our learningframework, and presented
resultsshaving that they allow interestingpatternsto be
learned. The ability to learn probabilistic modelsof re-
lational structurehas mary applications. It allows us to
predictwhethertwo objectswith givenpropertiesaremore
likely to be relatedto eachother More surprisingly the
link structurealso allows us to predictattribute valuesof
interest. For example,we canbetterpredictthe topic of a
paperby usingthefactthatit citescertaintypesof papers.

Several recentworks in the literature examinelearning
fromrelationaldata.Kleinberg (1998)learnsaglobalprop-
erty of arelationgraph(“authority” of webpagespasecdn
local connectvity. This approachdoesnot generalizebe-
yond the training data,and ignoresattributesof the pages
(e.g.,words). SlatteryandMitchell (2000)integrateKlein-
bemy's authorityrecognitionmodulewith a rst-order rule
learnerto performclassi cationthatalsoutilizes the rela-
tional structurein the testset. Their approachs intended
purelyfor classi cation,andis notastatisticalmodelof the
domain.Furthermoretheir approachs notbasedn asin-
gle coherenframework, sothattheresultsof two different
modulesarecombinedprocedurally

A stochastiaelationalmodel recentlyde ned by Cohn
andHofmann(2001)introducesa latent (hidden)variable
that describeghe “class” of eachdocument.Their model
assumeshat word occurrencesand links to other docu-
mentsare independengiven the document class. This
modelis similar to a PRM model with referenceuncer
tainty, but differsfromit in severalimportantways.First, it

usesa multinomialdistribution over speci c citations,pre-
ventingthe modelfrom generalizingo a differenttestset.
Secondgachpaperis assumedo beindependentsothere
is no ability to reachconclusionsboutthe topic of a cited
paperfrom thatof aciting paper Finally, dependencielse-
tweenthe wordsappearingn the documentandthe pres-
enceor absencef a citationcannotberepresented.

The ability to learn probabilistic models of relational
structureis an exciting new direction for machinelearn-
ing. Our treatmenthereonly scratcheshe surfaceof this
area.In particular althoughuseful,neitherof therepresen-
tationsproposedor structuraluncertaintyis entirely satis-
fying asa generatie model. Furthermorebothmodelsare
restrictedo consideringhe probabilisticmodelof asingle
relational“link” in isolation. Thesesimplemodelscanbe
seenasthe naive Bayesof structuraluncertainty;in prac-
tice, relationalpatternsnvolve multiple links, e.g.,thecon-
ceptsof hubsandauthorities. In future work, we hopeto
provide a uni ed framework for representingindlearning
probabilisticmodelsof relational“ ngerprints” involving
multiple entitiesandlinks.
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