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Abstract

Markov Decision ProcesseqMDPs) provide a coherent
mathematicalframewvork for planning under uncertainty
However, exact MDP solutionalgorithmsrequirethe manip-
ulation of a valuefunction which speci esa valuefor each
statein the system. Most real-world MDPs are too large

for sucha representationio be feasible,preventing the use
of exact MDP algorithms. Variousapproximatesolutional-

gorithmshave beenproposedmary of which usea linear
combinationof basisfunctionsasa compactapproximation
to thevaluefunction. Almost all of thesealgorithmsusean

approximatiorbasednthe (weighted) -norm(Euclidean
distance)this approactpreventsthe applicationof standard
corvergenceresultsfor MDP algorithms,all of which are
basedon max-norm. This papermales two contritutions.
First, it presentghe rst approximateMDP solution algo-

rithms — both value and policy iteration— that use max-

normprojection,therebydirectly optimizingthe quantityre-

quiredto obtainthe besterrorbounds.Secondjt shavs how

thesealgorithmscanbe appliedef ciently in the contet of

factoedMDPs, wherethetransitionmodelis speci edusing
adynamicBayesiametwork.

1 Intr oduction

Over the lastfew years,Markov DecisionProcesse$MDPSs)
have beenusedasthe basicsemanticgor optimal planning
for decisiontheoreticagentsin stochasticervironments. In
the MDP framework, the systems modeledvia a setof states
which evolve stochastically The key problemwith this rep-
resentations that, in virtually ary real-life domain,the state
spacds quitelarge. However, mary large MDPshave signif-
icantinternalstructure andcanbe modeledcompactlyif the
structureis exploitedin therepresentation.

Factored MDPs [Boutilier et al., 1999 are one approach
to representindarge, structuredMDPs compactly In this
framawork, a stateis implicitly describedby an assignment
to somesetof statevariables A dynamicBayesiametwork
(DBN)[DeanandKanazava, 1989 canthenallow acompact
representationf the transitionmodel, by exploiting the fact
thatthetransitionof avariableoftendepend®only onasmall
numberof othervariables. Furthermorethe momentaryre-
wardscanoftenalsobe decomposedsa sumof rewardsre-
latedto individual variablesor small clustersof variables.

Even when a large MDP can be representedompactly
e.g.,in a factoredway, solvingit exactly is still intractable:
ExactMDP solutionalgorithmsrequirethe manipulatiorof a
valuefunction, whoserepresentatiofis linear in the number
of states,which is exponentialin the numberof statevari-
ables.Oneapproaclis to approximatethe solutionusingan
approximatevaluefunctionwith acompactepresentationA
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commonchoiceis the useof linear valuefunctionsasanap-
proximationb valuefunctionsthatarea linearcombination
of basisfunctions.

This papemalkesatwofold contribution. First,we provide
anew approachor approximatelysolvingMDPsusingalin-
earvaluefunction. Previousapproacheto linearfunctionap-
proximationtypically have utilized aleastsquareg -norm)
approximatiorto the valuefunction. Leastsquaresapproxi-
mationsareincompatiblewith mostcornvergenceanalysegor
MDPs, which arebasedon max-norm. We provide the ®rst
MDP solutionalgorithmsb both valueiterationand policy
iterationb thatusealinearmax-normprojectionto approxi-
matethevaluefunction,therebydirectly optimizingthequan-
tity requiredto obtainthe besterrorbounds.

Secondwe shav how to exploit the structureof the prob-
lem in order to apply this techniqueto factored MDPs.
Our work builds on the ideas of Koller and Parr [1999;
200d, by usingfactored(linear) valuefunctions whereeach
basisfunction is restrictedto somesmall subsetof the do-
main variables. We show that, for a factoredMDP andfac-
toredvaluefunctions,variouskey operationscanbe imple-
mentedin closedform without enumeratinghe entire state
space.Thus,our max-normalgorithmscanbe implemented
ef®ciently, eventhoughthe size of the statespacegrows ex-
ponentiallyin the numberof variables.

2 Mark ov decisionprocesses

A Markov DecisionProcess(MDP) is de®nedas a 4-tuple
where: is a®nite setof  states; isaset
of actions; isareward function IR, suchthat
representsherewardobtainedoy theagentn state
aftertakingaction ; and is aMarkoviantransitionmodel
where representshe probability of going from
state tostate with action .

We will beassuminghatthe MDP hasanin®nite horizon
andthat future rewardsare discountedexponentiallywith a
discountfactor . A stationarypolicy for anMDP
is amapping , where is the actionthe agent
takesatstate . Thepolicy is associateavith avaluefunction

IR , where is the discounteccumulatve value
that the agentgetsif it startsat state . The valuefunction
for a ®xed policy is the ®xed point of a setof equationghat
de®nethevalueof a statein termsof the valueof its possible
successostates More formally, we de®ne:

De nition 2.1 The DP operator , for a xed stationary
policy is:

is the xed pointof : .1



The optimal valuefunction  is alsode®nedby a setof
equations.n this case the valueof a statemustbe the max-
imal valueachievableby ary actionat that state. More pre-
cisely, we de®ne:

De nition 2.2 TheBellmanoperator ,is:

is the xed pointof : A |
For ary valuefunction , we cande®nethepolicy obtained
by actinggreedilyrelativeto . In otherwords,ateachstate,
we take theactionthatmaximizesheone-steputility, assum-
ingthat representsurlong-termutility achiezedatthenext
state.More preciselywe de®ne

Greedy

The greedypolicy relative to the optimal value function
is the optimal policy Greedy . Thereareserveral
algorithmsto computethe optimal policy, we will focuson
thetwo mostused:valueiterationandpolicy iteration.

Valueiteration relieson the factthatthe Bellmanoperator
is a contraction B it is guaranteedo reducethe max-norm
() distancebetweenary pair of valuefunctionsby a fac-
tor of atleast .  This propertyguaranteeshat the Bell-
manoperatorhasa unique®xed point  [Puterman]1994.
Value iteration exploits this property approachinghe ®xed
point throughsuccessie applicationsof the Bellmanopera-
tor: . After a®nite numberof iterations the
greedypolicy Greedy will betheoptimalpolicy.

Policy iteration iteratesover policies. Eachiterationcon-
sistsof two phasesValue determinatiorcomputesfor apol-

icy , the valuefunction , by ®nding the ®xed point
of: . Policy improvementde®nesthe next
policy as Greedy . It canbe shawn that

this processonvergesto theoptimal policy.

3 Solving MDPs with max-norm projections

In mary domainsthestatespaces verylarge,andwe needto
performourcomputationsisingapproximatezaluefunctions.
A very popularchoiceis to approximatea valuefunctionus-
ing linear regression Here,we de®neour spaceof allowable

valuefunctions IR via asetof basisfunctions

. A linear valuefunctionover isafunc-
tion thatcanbewrittenas for some
coef®cients . We de®ne to bethelin-

earsubspacef IR  spannedy thebasisfunctions . Itis
usefulto de®nean matrix whosecolumnsarethe

basisfunctions,viewedasvectors.Our approximatevalue
functionis thenrepresentedly

Linear value functions: The idea of using linear value
functionsfor dynamicprogrammingwas proposedijnitially,

by Bellmanet al. [1963 and hasbeenfurther explored re-
cently [Tsitsiklis andVan Raoy, 1996;Koller andParr, 1999;
200d. The basicideais asfollows: in the solution algo-
rithms, whethervalue or policy iteration,we useonly value
functionswithin . Wheneerthealgorithmtakesa stepthat
resultsin a value function thatis outsidethis space,we

project the result back into the spaceby ®nding the value
functionwithin thespacewhichis closeto . Moreprecisely:

De nition 3.1 A projectionoperator is a mapping
IR . is saidto be a projectionw.r.t. a norm
if: sud that . |

Unfortunately theseexisting algorithmsall suffer from a
problemthat we might call “norm incompatibility” When
computingthe projection they all utilize the standardrojec-
tion operatomwith respecto  normoraweighted norm.
Ontheotherhand mostof thecorvergenceanderroranalyses
for MDP algorithmsutilize max-norm. This incompatibility
hasmadeit dif®cult to provide errorguarantees.

In this section,we proposea new approactthataddresses
the issueof norm compatibility Our key ideais the useof
a projectionoperatorin norm. This problemhasbeen
studiedin theoptimizationliteratureasthe problemof ®nding
theChebyshe solutionto anoverdeterminedinearsystenof
equationgCheng, 1987. The problemis de®nedas®nding

suchthat: 1)

We will usean algorithmdueto Stiefel [1964, that solves
this problemby linear programming:

Variables:

Minimize:

Subjectto: and @)

of this linear program, s the
solutionof Eq. (1) and is the projectionerror. Note
that this LP only has variables. However, thereare

constraintswhich makesit impracticalfor large state
spaceslin theremainderof this section,we will discusshow
this projectionaddressethe norm incompatibility problem.
In Section4, we will show that, in factoredMDPs, all the

constraintcanberepresente@f®ciently, leadingto a
tractablealgorithm.

Approximate Value iteration: The basicideaof approxi-
matevalueiterationis quitesimple.We de®nean  projec-
tion operator  thattakesa valuefunction and®nds
that minimizes . Thisis aninstanceof Eq. (1)
andcanbesolvedby Eq. (2). Thealgorithmalternategppli-
cationsof theBellmanoperator ~ andprojectionsteps

For the solution

and
In standardvalue iteration, we only needto performthe

®rst step. However, may not bein , sowe need
to add the secondstep, the projectionstep,to the process.
We cananalyzethis processpoundingthe overall error be-
tweenour approximatevalue function and the opti-
mal valuefunction . This analysisshavs thatthe overall
errordepend®n the single-stepmax-normprojectionerrors

- . Thus,usingthemax-norm

projection,we canminimize theseprojectionerrorsdirectly,
we omit the analysisfor lack of space.Note that,in approx-
imate valueiteration, the errorintroducedby successie ap-
proximationsmay grow unboundedly As we will shaw, this
cannothappenn approximatepolicy iteration.

Approximate Policy iteration:  As we discussedpolicy it-
erationis composedf two steps: value determinationand



policy improvement.Our algorithmperformsthe policy im-
provementstepexactly. In the valuedeterminatiorstep,the
valuefunctionis approximatedhrougha linear combination
of basisfunctions. Considerthe value determinationfor a
policy . De®ne , and

. We cannow rewrite the value
determinationstepin termsof matricesand vectors. If we
view and as -vectorsand asan
matrix, we have the equations:
This is a systemof linear equationswith one equatlonfor
eachstate,which canonly be solved exactly for small
Our goal is to provide an approximatesolution, within
More preciselywe wantto ®nd:

This minimizationis anotherinstanceof an projection
(Eq. (1)), where and , and
canbe solved usingthe linear programof Eq. (2). Thus,our
approximatepolicy iterationalternatebetweertwo steps:

Greedy
For the analysis, we de®ne the projection error for
the policy iteration case, i.e., the error resulting from
the approximate value determination step:
Unlike in approxi-

matevalueiteration,the erroris boundedn this case:
Lemma 3.2 Thele existsa constant sud that

for all iterations of thealgorithm. 1§
Finally, we de®nediscountechiccumulategbrojectionerror

as N N . Lemma3.2impliesthat

theaccumulatearrorremainsbounded:

We cannow boundtheerrorin thevaluefunctlonresultlng
from approximatepolicy iteration:
Theorem 3.3 In the approximatepolicy iteration algorithm,
the distancebetweerour approximatevaluefunctionat iter-
ation andtheoptimalvaluefunctionis boundedoy:

In words, the differencebetweenour approximatiorat it-
eration andthe optimal value function is boundedby the
sum of two terms. The ®rst term is presentin standard
policy iteration and goesto zero exponentially fast. The
secondis the discountedaccumulatedprojectionerror and,
as the theoremshaws, is bounded. This secondterm can
be minimized by choosing as the one that minimizes

Therefore, by per
forming max-normprojections,we can make the boundon
thetheoremastight aspossible.

4 Solvingfactored MDPs

4.1 Factored MDPs

Our presentatiorof factoredMDPs follows that of [Koller
andParr, 200d. In afactoredMDP, the setof statesis de-
scribedvia a setof randomvariables ,

where each takes on values in some ®nite domain
A state de®nesa value for
eachvariable . We de®nea statetransitionmodel using
a dynamicBayesiannetwork (DBN) [Deanand Kanazava,
1989. Let denotethe variable  at the currenttime
and the variableat the next step. The transition graph
of a DBN is a two-layer directedagyclic graph ~ whose
nodesare . We denotethe par
ents of in the graph by Parents For simplicity
of exposition, we assumehat Parents ; e, all
arcsin the DBN are betweenvariablesin consecutie time
slices.(Thisassumptiortanberelaxed,but ouralgorithmbe-
comessomevhatmorecomplex.) Eachnode  is associated
with a conditional probability distribution (CPD)
Parents . Thetransitionprobability is then
de®nedto be , where isthevaluein of
thevariablesin Parents
Consider for example,the problemof optimizing the be-
havior of a systemadministratormaintaininga network of
computers.Eachmachineis connectedo somesubsetof
othermachinesin onesimplenetwork, we mightconnecthe
machinesin a ring, with machine connectedo machines
and . (In this example,we assumeadditionand
subtractiorareperformedmodulo ). Eachmachineis asso-
ciatedwith abinaryrandomvariable , representingvhether

it hasfailed. Theparentof are , , . TheCPD
of  is suchthatif true, then true with high
probability; i.e., failurestendto persist. If falsg then

is anoisyor of its two otherparentsj.e.,afailurein either
of its neighborscanindependentlgausemachine to fail.

We cande®nethetransitiondynamicsof anMDP by de®n-
ing a separateDBN model for eachaction

. However, in mary casesdifferentactionshave very simi-
lar transitiondynamicspnly differingin their effecton some
small setof variables. In particular in mary casesa vari-
ablehasa default evolution model,which only changesf an
action affectsit directly [Boutilier et al., 1999. Therefore,
asin [Koller andParr, 200d, we usethe notion of a default
transition model . For eachaction , we de-
®ne to be the variablesin the next state
whoselocal probabilitymodelis differentfrom , i.e.,those
variables  suchthat Parents
Parents

In our systemadministratoexample,we have anaction
for rebootingeachone of the machinesanda default action

for doing nothing. The transitionmodeldescribedabore
correspondso the“do nothing” action,whichis alsothe de-
faulttransitionmodel. Thetransitionmodelfor s different
from onlyin thetransitionmodelfor thevariable , which
is now true with somesmall ®xed probability, regard-
lessof the statusof the neighboringmachines.

Finally, we needto provide a compactrepresentatiorof
the reward function. We assumehat the reward functionis
factoredadditively into a setof localizedreward functions,
eachof which only depend®n a smallsetof variables.

De nition 4.1 Afunction isrestrictecto a domain

if IR. If isrestrictedto and , we
will use asshorthandor whee isthepart ofthe
instantiation thatcorresponddo variablesin



Let be a setof functions,whereeach s re-
strictedto variablecluster . Thereward
functionfor state is de®nedto be IR. In our

example,we might have a reward function associatedvith
eachmachine , whichdepend®n

Factorizationmay allow usto representarge MDPs very
compactly However, we muststill addresghe problemof
solvingtheseMDPs. Solutionalgorithmsrely on the ability
to representaluefunctionsandpolicies,the representations
which requiresthe samenumberof parameterasthe size of
thespace Onemightbetemptedo believe thatfactoredran-
sition dynamicsandrewardswould resultin afactoredvalue
function, which cantherebybe represented¢ompactly Un-
fortunately evenin factoredMIDPs, the valuefunctionrarely
hasary internalstructurelKoller andParr, 1999.

Koller andParr[1999 suggesthattherearemary domains
whereour valuefunctionmight be “close” to structuredj.e.,
well-approximatedusing a linear combinationof functions
eachof which refersonly to a small numberof variables.
More precisely they de®nea valuefunctionto be afactored
(linear) valuefunctionif it is a linear function over the ba-
sis , Whereeach s restrictedto somesubsef
variables . In our example,we might have basisfunctions
whosedomainsarepairsof neighboringmachinese.g.,one
basisfunction which is anindicatorfunction for eachof the
four combinationof valuesfor the pair of failurevariables.

As shown by Koller andParr [1999;200d, factoredvalue
functions provide the key to performing ef®cient computa-
tionsovertheexponential-sizedtatesetsthatwe havein fac-
toredMDPs. Thekey insightis thatrestricteddomainfunc-
tions(includingour basisfunctions)allow certainbasicoper
ationsto beimplementedrery ef®ciently. In theremaindeiof
this sectionwe will shaw thatthis key insightalsoappliesin
the context of ouralgorithm.

4.2 Factored Max-norm Projection

The key computationaktepin both of our algorithmsis the
solutionof Eq. (1) usingthelinearprogramin Eq.(2). In our
setting,thevectors and arevectorsin IR, where is
our statespaceIn thecaseof factoredMIDPs, our statespace
is a setof vectors which areassignmentso the statevari-
ables . We canview both and as
functionsof thesestatevariablesandhencealsotheir differ-
ence.Thus,we cande®nea function such
that . Note thatwe have executeda
representatioshift; we areviewing asafunctionof
whichis parameterizetly
The size of the statespaceis exponentialin the number
of variables. Hence,our goal in this sectionis to optimize
Eq. (1) without explicitly consideringeachof the exponen-
tially mary states. The key is to usethe fact that has
afactoredrepresentationMore precisely hasthe form
, where isasubsebf . Forexample,we

might have which takesvalue in stateswhere
true and falseand otherwise. Similarly, the
vector in our caseis alsoa sumof restricteddomainfunc-

asasum , where
. In the future, we some-

tions. Thus,we canexpress
may or may not dependon

timesdropthesuperscript whenit is clearfrom context.
We tacklethe problemof a factoredsolutionto the LP in

Eqg.(2) in two steps.

Maximizing over the state space: First, assumethat

and are given, and that our goal is simply to compute
, i.e., to ®nd the state
overwhich is maximized.Recallthat

We can maximize sucha function  using non-serial dy-

namicprogramming[BerteleandBrioschi, 1973 or costnet-

works[Dechter 1999. Theideais virtually identicalto vari-

ableeliminationin a Bayesiametwork. We review this con-

structionhere,asit is akey componentn our solutionLP.
Ourgoalis to compute

where is the instantiationof the variablesin  in the
assignment . Thekey ideais, ratherthansummingall func-
tions and then doing the maximization,we maximize over
variablesoneatatime. Whenmaximizingover , only sum-
mandsinvolving  participatein the maximization. For ex-
ample,assume

We thereforewishto compute:

We can®rst computethe maximumover ; thefunctions
and areirrelevant,sowe canpushthemout. We get

Theresultof theinternalmaximizationdepend®nthevalues

of ; i.e., we canintroducea new function

whosevalue at the point is the value of the internal
expressionOur problemnow reducego computing

having onefewer variable. Next, we eliminateanothervari-
able,say , with theresultingexpressiorreducingto:

where
Finally, we de®ne

Theresultatthis pointis anumberwhichis thedesiredmax-
imum over .

In general the variableeliminationalgorithm maintainsa
set  of functions,which initially . Thealgo-
rithm thenrepeatghefollowing steps:

1. Selectanuneliminatedvariable ;
2. Takeall whosedomaincontains
3. De®neanew function andintroduceit

into . Thedomainof is .

The computationalcost of this algorithmis linear in the
numberof new “function values”introducedin the elimina-
tion process.More precisely considerthe computationof a
new function whosedomainis . To computethisfunction,
we needto compute differentvalues. The costof
thealgorithmis linearin the overall numberof thesevalues,
introducedthroughoutthe algorithm. As shovn in [Dechter
1999, this costis exponentialin the inducedwidth of the
undirectedgraphde®nedoverthevariables , with
anedgebetween and if they appeatogetheiin oneof
theoriginal functions



FactoredLP: Now, considerour original problemof mini-
mizing over .AsinEq.(2),
wewantto constructlinearprogramwhich performsthisop-
timization. However, we wanta compactLP, that avoids an
explicit enumeratiorof the constraintdor the exponentially
mary states.The ®rst key insightis that we canreplacethe
entiresetof constraint® for all states B
by theequialentconstraint , Orequi-
alently, . Thesecondkey insightis thatthis
new constrainttanbeimplementedisinga constructiorthat
followsthestructureof variableeliminationin costnetworks.
(An identicalconstructiorappliesto thecomplementargon-
straints: .

Considerany function usedwithin  (includingtheorig-
inal 's), andlet beits domain. For any assignment
to , weintroducea variableinto the linear programwhose
valuerepresents . For theinitial functions , weinclude
the constraintthat . As is linearin , this
constraints linearin the LP variables.Now, considera new
function introducednto byeliminatingavariable . Let

bethefunctionsextractedrom ,andlet bethe
domainof theresulting . We introducea setof constraints:

where is the domainof and denotesthe
value of the instantiation restrictedto . Let be
thelastfunction generatedn the elimination,andrecall that
its domainis empty Hence,we have only a singlevariable
. We introducethe additionalconstraint .
To understanahis construction,considerour simple ex-
ample above, and assumewe want to expressthe fact that
We ®rst introducea set of variables
for everyinstantiatiorof values to thevariables
. Thus,if and arebothbinary, we would have
four suchvariables. We would then introducea constraint
de®ningthe value of appropriately For example,for

our above, we would have and . We
would have similar variablesandconstraintfor each and
eachvalue in . Note that eachof the constraintsis a
simpleequalityconstraintinvolving numericalconstantsand
perhapgheweightvariables .
Next, we introducevariablesfor eachof the intermediate
expressions.For example,we would have a setof variables
; for eachof them,we would have a setof constraints

onefor eachvalue of . Wewouldhave asimilar setof
constraintfor in termsof and . Notethat
eachconstrainis a simplelinearinequality

It is easyto showv that minimizing “drivesdown” the
valueof eachvariable |, sothat

We can then prove, by induction, that
to . Our constraintson

must be equal
ensurethat it is

greaterthanthis value,which is the maximumof

over the entire statespace. The LP, subjectto thosecon-

straintswill minimize , guaranteeintghatwe ®ndthevector
thatachievesthelowestvaluefor this expression.
Returningto our originalformulation,we havethat

is in onesetof constraintand in theother

Henceour new setof constraintds equivalentto the original

set: and . Minimizing ®ndsthe
thatminimizesthe norm,asrequired.

4.3 Factored solution algorithms

The factoredmax-normprojectionalgorithm describedore-
viously is the key to applying our max-normsolutionalgo-
rithmsin the contet of factoredViDPs.

Approximatevalueiteration: Letusbegin by considering
the valueiterationalgorithm. As describedabove, the algo-
rithm repeatedlyappliestwo steps. It ®rst appliesthe Bell-

manoperatorto obtain . Let be the
stationarypolicy Greedy . Notethat Cor-
respondgo the maximizing policy usedin the Bellmanop-
eratorat iteration , i.e., for iteration . Thus,

we cancompute by ®rst computing
andthenperforminga badprojectionoperatiorfor this ®xed

policy, i.e., . Assumefor the
momentthat is afactoredtransitionmodel;we discuss
the computationof the greedypolicy andthe resultingtran-
sition modelbelow. As discussedy Koller andParr [1999,
the backprojectionoperationcanbe performedef®ciently if
the transitionmodelandthe valuefunctionareboth factored
appropriately Furthermorethe resultingfunction is
alsofactoredalthoughthefactorsinvolve largerdomains.
To recaptheir constructionbrie y, let  be a restricted
domain function with domain ; our goal is to compute
. We de®nethe badk-projectionof  through asthe
setof parentsof in the transitiongraph
Parents . It is easyto show that:
, where is the value of in
Thus, we seethat is a function whosedomainis re-
strictedto . Notethatthe costof the computationde-
pendslinearly on , whichdependon (the
domainof ) andonthecompleity of theprocesslynamics.

Therefore, is composedf the sumof two factored
functions:the reward function whichis assumedo be
factoredandthebackprojectedasisfunctions which
arealsofactoredaswe have just shavn. Finally, the second
stepin approximatevalueiterationis to computethe projec-

tion ,l.e,,®nd that minimizes
As both and are
factoredwe canperformthis computatiorusingthefactored
LP discussedh the previoussection.

Approximate policy iteration: Policy iteration also iter-

atesthroughtwo steps.The policy improvementstepsimply
computeghe greedypolicy relative to . We discussthis

stepbelow. The approximatevaluedeterminatiorstepcom-
putes:



is factored we canconcludethat
is alsoa matrix whosecolumnscorre-
spondto restricted-domairfiunctions. The target
correspondso the reward function, which is assumedo be
factored.Thus,we canagainapplyour factored_P.

In our discussionso far, we assumedhat we have some
mechanisnior computingthegreedypolicy Greedy ,
andthatthis policy hasa compactrepresentatiomnda fac-
toredtransitionmodel. As showvn in [Koller andParr, 2004,
thegreedypolicy relative to afactoredvaluefunctionhasthe
form of adecisionlist. More preciselythepolicy canbewrit-
tenin theform , Whereeach
is an assignmenbf valuesto somesmall subset  of vari-
ables,andeach is anaction. The optimalactionto take in
state istheaction correspondindgo the®rstevent in
thelist with which is consistent.

Koller andParr shav the greedypolicy canberepresented
compactlyusingsucha decisionlist, andprovide anef®cient
algorithmfor computingit. Unfortunately asthey discuss,
the resultingtransitionmodelis usually not factored. Thus,
we cannotsimply applyourfactored_P constructionassug-
gestedabove. However, we canadapit to dealwith thisissue.

Thebasicideais to introducecostnetworkscorresponding
to eachbranchin thedecisionlist. Let  bethesetof states

for which is the®rst eventin the decisionlist for which

is consistent.Recallthatour LP constructiorde®nesa set
of constraintsthat imply that for each
state . Insteadwe will have a separatesetof constraintfor
the statesin eachsubset . For eachstatein , we know
thataction istaken.Hence we canapplyour construction
above using b atransitionmodelwhich is factoredby
assumptio® in placeof thenon-factored

The only issueis to guaranteeghat the costnetwork con-
straintsderivedfrom this transitionmodelareappliedonly to
statedn . Speci®callywe mustguarante¢hatthey areap-
pliedonly to statexonsistentvith , but notto stateghatare
consistentvith some  for . To guaranteg¢he ®rst con-
dition, we simply instantiatethe variablesin to take the
valuesspeci®edn . Thatis, our costnetwork now consid-
ersonly thevariablesin , andcomputes
the maximumonly over the statesconsistentwith
To guaranteghe secondcondition,we ensurethatwe do not
imposeary constrainton statesassociateavith previousde-
cisions. This is achiesed by addingindicators  for each
previous decision , with weight Thesewill cause
the constraintsassociatedvith  to betrivially satis®edby
statesn  for . Note thateachof theseindicatorsis
arestricteddomainfunctionof ~ andcanbehandledn the
samefashionasall othertermsin the factoredLP. Thus,for
adecisionlist of size , our factoredLP containsconstraints
from  costnetworks.

It is instructive to compareour max-normpolicy iteration
algorithm with  -projection policy iteration algorithm of
Koller and Parr [2004 in termsof computationakostsper
iterationandimplementatiorcompleity. Computingthe
projectionrequires(amongotherthings)a seriesof dot prod-
uctoperationdetweerbasisfunctionsandbackprojectedba-
sis functions Theseexpressionsare easyto
computeif refersto the transitionmodel of a particular

Again, assuminghat
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action . However, if the policy is representeds a de-
cision list, asis the result of the policy improvementstep,
thenthis stepbecomesnuchmore complicated.In particu-
lar, for every pointin the decisionlist, for every pair of basis
functions and , andfor eachassignmento the variablesn

, it requireghesolutionof acounting
problemwhichis  -completein general.Although, Koller
andParr shav thatthis computationcanbe performedusing
a BayesianNetwork (BN) inference,the algorithm still re-
quiresa BN inferencefor eachone of thoseassignmentsit
eachpointof thedecisionlist. This makesthealgorithmvery
dif®cult to implementef®ciently in practice.

The max-norm projection, on the other hand, relies on
solving a linear programat every iteration. The size of the
linear programdependsn the costnetworks generated As
we discuss,two costnetworks are neededfor eachpoint in
the decisionlist. The compleity of eachof thesecostnet-
worksis approximateljthe sameasoneof the BN inferences
in the countingproblemfor the  projection. Overall, for
eachpoint in the decisionlist, we have a total of two of
these“inferences”, as opposedto one for eachassignment
of for every pair of basisfunctions

and . Thus,the max-normpolicy iteration algorithmis
substantiallyjesscomplex computationallythantheapproach
basedon -projection. Furthermorethe useof linear pro-
grammingallows usto rely on existing LP packagegsuchas
CPLEX), which arevery highly optimized.

5 Experimental Results

Thefactoredrepresentationf avaluefunctionis mostappro-
priatein certaintypesof systemsSystemghatinvolve mary
variables put wherethe stronginteractionshetweerthe vari-
ablesarefairly sparsesothatthedecouplingof thein uence
betweenvariablesdoesnot induce an unacceptabldoss in
accurag. As arguedby HerbertSimon[1981] in “Architec-
ture of Complity”, mary complex systemshave a “nearly
decomposabldjierarchicstructure”,with the subsystemsf
suchsystemsnteractingonly weakly betweerthem. We se-
lectedto try our algorithmonaproblemthatwe believe char
acterizeghistype of structure.

The problemrelatesto a systemadministratorwho hasto
maintaina network of computerswe experimentedvith var
ious network architecturesshovn in Fig. 1. Machinesfail
randomly anda faulty machineincreaseshe probability that
its neighboringmachineswill fail. At every time step,the
SysAdmincango to onemachineandrebootit, causingit to
beworking in the next time stepwith high probability. Each
machinerecevesa rewardof 1 whenworking (exceptin the
ring, whereonemachinerecevesarewardof 2, to introduce
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someasymmetry)azerorewardis givento faulty machines,
andthe discountfactoris . Note that the additive
structureof the reward function makesit unsuitablefor the
tree-structuredepresentationsedby Boutilier etal. [1999.

The basisfunctionsincluded independenindicatorsfor
eachmachinewith valuel if it is working and zero other
wise (each arestricteddomainfunctionof a singlevariable),
andthe constanbasiswhosevalueis 1 for all states.

We implementedhefactoredpolicy andvalueiterational-
gorithmsin Matlab, using CPLEX asthe LP solwer. In our
experimentsmostof thetimewasspentin Matlabgenerating
theLP constraintsCPLEX s aremarkablyef®cientandreli-
ablesolver, allowing evenlargeLPsto besolvedvery quickly.
We presenbnly resultsfor policy iteration. Thetime periter-
ationwasaboutequalfor policy andvalueiteration,but pol-
icy iterationcorvergedin mary feweriterations,only about4
or 5 iterationsin themodelswe tested.

To evaluatethecomplexity of thealgorithm,testswereper
formedwith increasingnumberof statesthatis, increasing
numberof machineonthenetwork. Fig. 2 shovstherunning
time for increasingproblemsizes,for variousarchitectures.
The simplestoneis the “Star”, wherethe backprojectiorof
eachbasisfunctionhasdomainrestrictedo two variablesand
thelargestfactorin the costnetwork hasdomainrestrictedto
two variables.The mostdif®cult onewasthe “Bidirectional
Ring”, wherefactorscontain®ve variables.

Note, the numberof stateds growing exponentially(indi-
catedby the log scalein Fig. 2), but runningtimesincrease
only logarithmicallyin the numberof statesj.e., polynomi-
ally in thenumberof variables.Thisisillustratedby Fig. 3(a),
wherewe ®t a 3rd order polynomial to the running times
for the “unidirectionalring”. Note, the problemsize grows
guadraticallywith the numberof variables:addinga machine
to thenetwork alsoaddsthe possibleactionof ®xing thatma-
chine. For this problem,the computationcost of our algo-
rithm empiricallygrows approximatelyas

For further evaluation, we measuredhe error in our ap-

number of variables

(b)
Figure 3: (a) Fitting a polynomialto the running time of the unidirectionalring; (b) Relative error to optimal value function
projection;(c) For large models measuringBellmanerror after corvergence.
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proximatevalue function relative to the true optimal value
function . Notethatit is only possibleto compute  for
smallproblemsjn our casewe wereonly ableto goupto 10
machinesFor comparisonye alsoevaluatedtheerrorin the
approximatevalue function producedby the  -projection
algorithm of Koller and Parr. As we discussedabove, the
projectionsin factoredMDPs by Koller and Parr [2004
are dif®cult andtime consuming;hence ,we wereonly able
to comparethe two algorithmsfor smallerproblems,where
anequialent -projectioncanbeimplementedisinganex-
plicit statespacdormulation.Resultsor bothalgorithmsare
presentedn Fig. 3(b), showving the relative error of the ap-
proximatesolutionsto the true value function for increasing
problemsizes.Theresultsindicatethat, for larger problems,
the max-normformulationgenerates betterapproximation
of thetrue optimalvaluefunction  thanthe -projection.
Here,we usedtwo typesof basisfunctions: the samesingle
variablebasisandpairwisebasiswhichalsoincludesindica-
torsfor neighboringpairsof machinesAs expectedpairwise
basisgeneratedbetterapproximations.

For thesesmall problems,we canalsocomparethe actual
valueof the policy generatedby our algorithmto thevalueof
theoptimalpolicy. Here,thevalueof the policy generatedy
our algorithmis muchcloserto the valueof the optimal pol-
icy thanthe errorimplied by the differencebetweenour ap-
proximatevaluefunctionand . For example,for the“Star”
architecturewith onesenerandup to 6 clients,our approxi-
mationwith singlevariablebasisfunctionshadrelative error
of , butthepolicy we generatethadthesamevalueasthe
optimalpolicy. In this case the samewastrue for the policy
generatedy the  projection. In an“Unidirectional Ring”
with 8 machinesndpairwisebasistherelative errorbetween
our approximationrand  wasabout , but the resulting
policy only hada lossover the optimal policy. For the
sameproblem,the  approximatiorhasavaluefunctioner-
ror of , andatrue policy losswas . In otherwords,
bothmethodsnducepoliciesthat have lower errorsthanthe



errorsin the approximatevalue function (at leastfor small
problems).However, our algorithmcontinuesto outperform
the  algorithm,evenrelative to actualpolicy loss.

For thelargemodelswe cannolongercomputethecorrect
valuefunction,sowe cannotevaluateour resultsby comput-
ing . However, the Bellmanerror, de®nedas

, can be usedto provide

a bound: [williams and

Baird, 1993. Thus,we usethe Bellmanerrorto evaluateour
answerdor larger models. Fig. 3(c) shavs thatthe Bellman
errorincreasesery slowly with the numberof statest

Finally, we canlook atthe actualpoliciesgeneratedh our
experiments First, we notedthatthesetendedo beshort,the
lengthof the®nal decisionlist policy grew approximatelyin-
earlywith the numberof machines.Furthermorethe policy
itself is oftenfairly intuitive. In the“Ring andStar” architec-
ture,for example thedecisionlist says:If theseneris faulty,
®x thesener; else,if anothemachineis faulty, ®x it.

6 Conclusions

In this paper we presentedhewn algorithmsfor approximate
valueandpolicy iteration. Unlike previous approachesour
algorithmsdirectly minimize the error, and therefore
have better theoretical performanceguaranteeghan algo-
rithmsthatoptimizethe -norm.

We have shown that the error can be minimized us-
ing linearprogrammingandprovidedanapproacHor repre-
sentingthis LP compactlyfor factoredMIDPs, allowing these
algorithmsto be appliedef®ciently evenfor MDPs with ex-
ponentiallylarge statespaces Our algorithmsaremore ef®-
cientandsubstantiallyeasierto implementthanpreviousal-
gorithmsbasednthe -projection.

We have presentedesultson a structuredoroblem,repre-
sentinga simpli®ed versionof a maintenanceask. Our re-
sults shaw that our methodsscaleeffectively to very large
factoredMDPs, andthat our approactcanexploit problem-
speci®c structureto ef®ciently generateapproximatesolu-
tionsto complex problems.

Thesuccessf ouralgorithmdepend®nour ability to cap-
ture the mostimportantstructurein the valuefunction using
alinearfactoredapproximationThisability, in turn,depends
on the choiceof the basisfunctionsandon the propertiesof
the domain. The algorithm currently requiresthe designer
to specify the factoredbasisfunctions. This is a limitation
comparedo otheralgorithms(e.g.,[Deardenand Boutilier,
1997), whicharefully automatedHowever, ourexperiments
indicatethat a few simplerulesare often quite successfuin
designingabasis.First, we ensurahattherewardfunctionis
representabl®y our basis. A simple basisthat, in addition,
containsa separateaetof indicatorsfor eachvariableis often
successfulWe canalsoaddindicatorsover pairsof variables;
mostsimply, we canchooseheseaccordingo the DBN tran-
sition model,wherean indicatoris addedbetweernvariables

INote that computingthe Bellman error involves a maximiza-
tion over the statespace.Thus,the compleity of this computation
grows exponentiallywith the numberof variables. However, this
maximizationcan be performedby a costnetwork usingthe same
constructiorasin our max-normprojection.

andeachoneof thevariablesin Parents  , thusrepre-

sentingone-stepn uences. This procedurecanbe extended,
addingmore basisto representmorein uencesasrequired.
Thus,the structureof the DBN givesusindicationsof how to
chooseahebasisfunctions.Othersourcef prior knowledge
canalsobeincludedfor furtherspecifyingthe basis.

Thequality of our approximatioralsodependstronglyon
the structureof the domain. As we discussedbove, our ap-
proximationis mostsuccessfuih systemsvherevariablesare
tightly coupledto only asmallnumberof othervariables We
believe that, for systemsof this type, an approximationasa
factoredinearvaluefunctioncanbevery accurate.

Therearemary possiblesxtensiongo thiswork. In partic-
ular, we hopeto extendour algorithmsto utilize othertypes
of structurein the representation Oneinterestingdirection
involvesfactoredaction models,wheremultiple actionsare
taken simultaneously Anotherinvolvesthe useof asymme-
tries (context-speci®city)in thevaluefunction,asin thework
of DearderandBoutilier [1997, providing acomplementary
sourceof structureto thefactorizationusedin ourwork.
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