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Abstract

Markov Decision Processes(MDPs) provide a coherent
mathematicalframework for planning under uncertainty.
However, exactMDP solutionalgorithmsrequirethemanip-
ulationof a valuefunction, which speci�esa valuefor each
statein the system. Most real-world MDPs are too large
for sucha representationto be feasible,preventing the use
of exactMDP algorithms.Variousapproximatesolutional-
gorithmshave beenproposed,many of which usea linear
combinationof basisfunctionsasa compactapproximation
to thevaluefunction. Almost all of thesealgorithmsusean
approximationbasedon the(weighted)

���

-norm(Euclidean
distance);this approachpreventstheapplicationof standard
convergenceresultsfor MDP algorithms,all of which are
basedon max-norm. This papermakes two contributions.
First, it presentsthe �rst approximateMDP solution algo-
rithms — both value andpolicy iteration— that usemax-
normprojection,therebydirectly optimizingthequantityre-
quiredto obtainthebesterrorbounds.Second,it shows how
thesealgorithmscanbe appliedef�ciently in the context of
factoredMDPs, wherethetransitionmodelis speci�edusing
a dynamicBayesiannetwork.

1 Intr oduction
Over thelastfew years,Markov DecisionProcesses(MDPs)
have beenusedasthe basicsemanticsfor optimal planning
for decisiontheoreticagentsin stochasticenvironments. In
theMDP framework, thesystemis modeledvia asetof states
which evolve stochastically. Thekey problemwith this rep-
resentationis that, in virtually any real-life domain,thestate
spaceis quitelarge.However, many largeMDPshavesignif-
icant internalstructure,andcanbemodeledcompactlyif the
structureis exploitedin therepresentation.

Factored MDPs [Boutilier et al., 1999] areoneapproach
to representinglarge, structuredMDPs compactly. In this
framework, a stateis implicitly describedby an assignment
to somesetof statevariables. A dynamicBayesiannetwork
(DBN)[DeanandKanazawa,1989] canthenallow acompact
representationof the transitionmodel,by exploiting the fact
thatthetransitionof avariableoftendependsonly onasmall
numberof othervariables.Furthermore,the momentaryre-
wardscanoftenalsobedecomposedasa sumof rewardsre-
latedto individualvariablesor smallclustersof variables.

Even when a large MDP can be representedcompactly,
e.g., in a factoredway, solving it exactly is still intractable:
ExactMDP solutionalgorithmsrequirethemanipulationof a
valuefunction,whoserepresentationis linear in thenumber
of states,which is exponentialin the numberof statevari-
ables.Oneapproachis to approximatethesolutionusingan
approximatevaluefunctionwith acompactrepresentation.A

commonchoiceis theuseof linear valuefunctionsasanap-
proximationÐ valuefunctionsthatarea linearcombination
of basisfunctions.

Thispapermakesatwofold contribution. First,weprovide
anew approachfor approximatelysolvingMDPsusinga lin-
earvaluefunction.Previousapproachesto linearfunctionap-
proximationtypically haveutilizeda leastsquares( ��� -norm)
approximationto thevaluefunction. Leastsquaresapproxi-
mationsareincompatiblewith mostconvergenceanalysesfor
MDPs, which arebasedon max-norm. We provide the ®rst
MDP solutionalgorithmsÐ both valueiterationandpolicy
iterationÐ thatusea linearmax-normprojectionto approxi-
matethevaluefunction,therebydirectlyoptimizingthequan-
tity requiredto obtainthebesterrorbounds.

Second,we show how to exploit thestructureof theprob-
lem in order to apply this techniqueto factored MDPs.
Our work builds on the ideas of Koller and Parr [1999;
2000], by usingfactored(linear) valuefunctions, whereeach
basisfunction is restrictedto somesmall subsetof the do-
main variables.We show that, for a factoredMDP andfac-
toredvaluefunctions,variouskey operationscanbe imple-
mentedin closedform without enumeratingthe entirestate
space.Thus,our max-normalgorithmscanbe implemented
ef®ciently, eventhoughthesizeof thestatespacegrows ex-
ponentiallyin thenumberof variables.

2 Mark ov decisionprocesses
A Markov DecisionProcess(MDP) is de®nedas a 4-tuple
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where:
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is a ®nite setof �
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� states;



is a set
of actions;




is a reward function
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IR, suchthat
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representstherewardobtainedby theagentin state
�

after takingaction
�

; and
�

is a Markovian transitionmodel
where
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representsthe probability of going from
state

�

to state
�

"

with action
�

.
We will beassumingthat theMDP hasanin®nite horizon

andthat future rewardsarediscountedexponentiallywith a
discountfactor $&%(' )

	+*#�

. A stationarypolicy , for anMDP
is a mapping,
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, where ,

�0�1�

is theactiontheagent
takesatstate

�

. Thepolicy is associatedwith avaluefunction
243

% IR 5 675 , where
243

�0�#�

is thediscountedcumulative value
that the agentgetsif it startsat state

�

. The valuefunction
for a ®xedpolicy is the®xedpoint of a setof equationsthat
de®nethevalueof astatein termsof thevalueof its possible
successorstates.More formally, we de®ne:
De�nition 2.1 The DP operator, 8
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The optimal valuefunction
2��

is alsode®nedby a setof
equations.In this case,thevalueof a statemustbethemax-
imal valueachievableby any actionat that state.More pre-
cisely, wede®ne:
De�nition 2.2 TheBellmanoperator, 8
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For any valuefunction

2

, wecande®nethepolicy obtained
by actinggreedilyrelative to

2

. In otherwords,ateachstate,
wetaketheactionthatmaximizestheone-steputility, assum-
ing that

2

representsourlong-termutility achievedatthenext
state.Moreprecisely, we de®ne
Greedy
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The greedypolicy relative to the optimal valuefunction
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is the optimal policy ,
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. Thereareseveral
algorithmsto computethe optimal policy, we will focuson
thetwo mostused:valueiterationandpolicy iteration.

Valueiteration relieson thefactthat theBellmanoperator
is a contraction Ð it is guaranteedto reducethe max-norm
( ��� ) distancebetweenany pair of valuefunctionsby a fac-
tor of at least $ . This propertyguaranteesthat the Bell-
manoperatorhasa unique®xedpoint

2��

[Puterman,1994].
Value iterationexploits this property, approachingthe ®xed
point throughsuccessive applicationsof theBellmanopera-
tor:
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. After a ®nite numberof iterations,the
greedypolicy Greedy
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will betheoptimalpolicy.
Policy iteration iteratesover policies. Eachiterationcon-

sistsof two phases.Valuedeterminationcomputes,for apol-
icy ,
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, the valuefunction
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. Policy improvementde®nesthenext
policy as ,
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. It canbe shown that
this processconvergesto theoptimalpolicy.

3 Solving MDPs with max-norm projections
In many domains,thestatespaceis verylarge,andweneedto
performourcomputationsusingapproximatevaluefunctions.
A verypopularchoiceis to approximatea valuefunctionus-
ing linear regression. Here,we de®neour spaceof allowable
valuefunctions
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. A linear valuefunctionover
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is a func-
tion
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thatcanbewrittenas
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earsubspaceof IR 5 675 spannedby thebasisfunctions
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whosecolumnsarethe
C

basisfunctions,viewedasvectors.Our approximatevalue
functionis thenrepresentedby




B .
Linear value functions: The idea of using linear value
functionsfor dynamicprogrammingwasproposed,initially,
by Bellman et al. [1963] and hasbeenfurther explored re-
cently [Tsitsiklis andVanRoy, 1996;Koller andParr, 1999;
2000]. The basic idea is as follows: in the solution algo-
rithms, whethervalueor policy iteration,we useonly value
functionswithin / . Whenever thealgorithmtakesastepthat
resultsin a value function

2

that is outsidethis space,we
project the result back into the spaceby ®nding the value
functionwithin thespacewhichis closeto

2

. Moreprecisely:

De�nition 3.1 A projection operator E is a mapping E

�

IR
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Unfortunately, theseexisting algorithmsall suffer from a

problemthat we might call “norm incompatibility.” When
computingtheprojection,they all utilize thestandardprojec-
tion operatorwith respectto ��� normor aweighted��� norm.
Ontheotherhand,mostof theconvergenceanderroranalyses
for MDP algorithmsutilize max-norm.This incompatibility
hasmadeit dif®cult to provideerrorguarantees.

In this section,we proposea new approachthataddresses
the issueof norm compatibility. Our key idea is the useof
a projectionoperatorin ��� norm. This problemhasbeen
studiedin theoptimizationliteratureastheproblemof ®nding
theChebyshev solutionto anoverdeterminedlinearsystemof
equations[Cheney, 1982]. Theproblemis de®nedas®nding
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We will usean algorithmdue to Stiefel [1960], that solves
this problemby linearprogramming:
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For the solution
�
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of this linear program, B

�

is the
solutionof Eq. (1) and

V

is the �
� projectionerror. Note

that this LP only has
C�< *

variables. However, thereare
b

G �

�

� constraints,which makesit impracticalfor largestate
spaces.In theremainderof this section,we will discusshow
this projectionaddressesthe norm incompatibility problem.
In Section4, we will show that, in factoredMDPs, all the

b

G �

�

� constraintscanberepresentedef®ciently, leadingto a
tractablealgorithm.
Approximate Value iteration: The basicideaof approxi-
matevalueiterationis quitesimple.Wede®nean �c� projec-
tion operatorE�d that takesa valuefunction
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and®nds B

that minimizes F
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. This is an instanceof Eq. (1)
andcanbesolvedby Eq. (2). Thealgorithmalternatesappli-
cationsof theBellmanoperator8
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andprojectionstepsE�d :
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In standardvalue iteration, we only needto perform the

®rst step. However,
2
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may not be in / , so we need
to add the secondstep, the projectionstep, to the process.
We cananalyzethis process,boundingthe overall error be-
tweenour approximatevalue function




B

����!

and the opti-
mal valuefunction
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. This analysisshows that the overall
errordependson thesingle-stepmax-normprojectionerrors
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. Thus,usingthemax-norm

projection,we canminimize theseprojectionerrorsdirectly,
we omit theanalysisfor lack of space.Notethat, in approx-
imatevalueiteration,theerror introducedby successive ap-
proximationsmaygrow unboundedly. As we will show, this
cannothappenin approximatepolicy iteration.
ApproximatePolicy iteration: As wediscussed,policy it-
erationis composedof two steps: valuedeterminationand



policy improvement.Our algorithmperformsthepolicy im-
provementstepexactly. In thevaluedeterminationstep,the
valuefunctionis approximatedthrougha linearcombination
of basisfunctions. Considerthe value determinationfor a
policy ,
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determinationstepin termsof matricesandvectors. If we
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This is a systemof linear equationswith one equationfor
eachstate,which can only be solved exactly for small �

�

� .
Our goal is to provide an approximatesolution, within / .
More precisely, we wantto ®nd:
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This minimization is anotherinstanceof an ��� projection
(Eq. (1)), where S
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and U
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, and
canbesolvedusingthe linearprogramof Eq. (2). Thus,our
approximatepolicy iterationalternatesbetweentwo steps:
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For the analysis, we de®ne the projection error for
the policy iteration case, i.e., the error resulting from
the approximate value determination step:
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. Unlike in approxi-
matevalueiteration,theerroris boundedin this case:
Lemma 3.2 Thereexistsa constant
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for all iterations 
 of thealgorithm.
Finally, wede®nediscountedaccumulatedprojectionerror

as
�

����!

9

�

����!

<

$

�

�����A�"!

W

�

����!

9

) . Lemma3.2impliesthat

theaccumulatederrorremainsbounded:
�

����!������

�.�����

'

!

����� .
Wecannow boundtheerrorin thevaluefunctionresulting

from approximatepolicy iteration:
Theorem3.3 In theapproximatepolicy iteration algorithm,
thedistancebetweenour approximatevaluefunctionat iter-
ation 
 andtheoptimalvaluefunctionis boundedby:
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In words,the differencebetweenour approximationat it-
eration 
 and the optimal value function is boundedby the
sum of two terms. The ®rst term is presentin standard
policy iteration and goesto zero exponentially fast. The
secondis the discountedaccumulatedprojectionerror and,
as the theoremshows, is bounded. This secondterm can
be minimized by choosing B
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as the one that minimizes
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. Therefore,by per-
forming max-normprojections,we canmake the boundon
thetheoremastight aspossible.

4 Solving factored MDPs
4.1 Factored MDPs
Our presentationof factoredMDPs follows that of [Koller
andParr, 2000]. In a factoredMDP, the setof statesis de-
scribedvia a setof randomvariables�
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where each
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\ takes on values in some ®nite domain
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eachvariable
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\ . We de®nea statetransitionmodel * using
a dynamicBayesiannetwork(DBN) [Deanand Kanazawa,
1989]. Let

�

\ denotethe variable
�

\ at the current time
and
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the variableat the next step. The transition graph
of a DBN is a two-layer directedacyclic graph +-, whose
nodesare
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arcsin the DBN arebetweenvariablesin consecutive time
slices.(Thisassumptioncanberelaxed,but ouralgorithmbe-
comessomewhatmorecomplex.) Eachnode
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with a conditional probability distribution (CPD)
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Consider, for example,the problemof optimizing the be-

havior of a systemadministratormaintaininga network of
4 computers.Eachmachineis connectedto somesubsetof
othermachines.In onesimplenetwork,wemightconnectthe
machinesin a ring, with machine

`

connectedto machines
` <�*

and
`

P

*

. (In this example,we assumeadditionand
subtractionareperformedmodulo 4 ). Eachmachineis asso-
ciatedwith abinaryrandomvariable5

\ , representingwhether
it hasfailed.Theparentsof 5
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are 5

\ , 5

\

�A� , 5

\

� � . TheCPD
of 5
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is suchthat if 5
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9

true, then 5
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9

true with high
probability; i.e., failurestendto persist. If 5

\

9

false, then
5
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\

is anoisyor of its two otherparents;i.e.,a failurein either
of its neighborscanindependentlycausemachine

`

to fail.
Wecande®nethetransitiondynamicsof anMDP by de®n-

ing a separateDBN model *

�

976

+

�

	��

�98 for eachaction
�

. However, in many cases,differentactionshave verysimi-
lar transitiondynamics,only differing in their effectonsome
small set of variables. In particular, in many casesa vari-
ablehasa default evolution model,which only changesif an
actionaffects it directly [Boutilier et al., 1999]. Therefore,
asin [Koller andParr, 2000], we usethenotionof a default
transitionmodel *;:

9<6

+=:

	��

:

8 . For eachaction
�

, we de-
®ne >�?)@�ACB.D�'

�&	

1E�

"

to be the variablesin the next state
whoselocalprobabilitymodelis differentfrom *

: , i.e., those
variables

�
"

\

suchthat
�

�

�&�
"

\

� Parents�

�&�
"

\

�;�GF 9 �

:

�.�
"

\

�

Parents:

�.�
"

\

�;�

.
In oursystemadministratorexample,wehaveanaction

�

\

for rebootingeachoneof themachines,anda default action
H

for doing nothing. The transitionmodeldescribedabove
correspondsto the“do nothing” action,which is alsothede-
fault transitionmodel.Thetransitionmodelfor

�

\ is different
from

H

only in thetransitionmodelfor thevariable5
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, which
is now 5

"

\

9

true with somesmall®xedprobability, regard-
lessof thestatusof theneighboringmachines.

Finally, we needto provide a compactrepresentationof
the reward function. We assumethat the reward function is
factoredadditively into a set of localizedreward functions,
eachof whichonly dependsona smallsetof variables.
De�nition 4.1 A function I is restrictedto a domain JQ1K�

if I
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% IR. In our
example,we might have a reward function associatedwith
eachmachine
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, whichdependson 5

\ .
Factorizationmay allow us to representlarge MDPs very

compactly. However, we must still addressthe problemof
solving theseMDPs. Solutionalgorithmsrely on theability
to representvaluefunctionsandpolicies,therepresentations
which requiresthesamenumberof parametersasthesizeof
thespace.Onemightbetemptedto believethatfactoredtran-
sition dynamicsandrewardswould resultin a factoredvalue
function, which cantherebybe representedcompactly. Un-
fortunately, evenin factoredMDPs,thevaluefunctionrarely
hasany internalstructure[Koller andParr, 1999].

Koller andParr[1999] suggestthattherearemany domains
whereour valuefunctionmight be“close” to structured,i.e.,
well-approximatedusing a linear combinationof functions
eachof which refersonly to a small numberof variables.
More precisely, they de®nea valuefunction to bea factored
(linear) valuefunction if it is a linear function over the ba-
sis

6
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, whereeach
6

\ is restrictedto somesubsetof
variablesJ

\ . In our example,we might have basisfunctions
whosedomainsarepairsof neighboringmachines,e.g.,one
basisfunction which is an indicatorfunction for eachof the
four combinationsof valuesfor thepair of failurevariables.

As shown by Koller andParr [1999;2000], factoredvalue
functionsprovide the key to performingef®cient computa-
tionsovertheexponential-sizedstatesetsthatwehavein fac-
toredMDPs. Thekey insight is that restricteddomainfunc-
tions(includingourbasisfunctions)allow certainbasicoper-
ationsto beimplementedveryef®ciently. In theremainderof
this section,we will show thatthis key insightalsoappliesin
thecontext of ouralgorithm.

4.2 Factored Max-norm Projection

The key computationalstepin both of our algorithmsis the
solutionof Eq.(1) usingthelinearprogramin Eq.(2). In our
setting,thevectorsU and S�B arevectorsin IR 5 675 , where
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is
ourstatespace.In thecaseof factoredMDPs,ourstatespace
is a setof vectors' which areassignmentsto thestatevari-
ables�
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functionsof thesestatevariables,andhencealsotheir differ-
ence.Thus,we cande®nea function 5
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representationshift; we areviewing 5
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asa functionof � ,
which is parameterizedby B .

The size of the statespaceis exponentialin the number
of variables. Hence,our goal in this sectionis to optimize
Eq. (1) without explicitly consideringeachof the exponen-
tially many states. The key is to usethe fact that 5

N

has
a factoredrepresentation.More precisely, S�B hasthe form

;
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@

=

I
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=

�

O
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�

, where O

= is a subsetof � . For example,we
might have I

"

�

�&�

�

	��

�

�

which takesvalue
*

in stateswhere
�

�

9

true and
�

�

9

falseand ) otherwise.Similarly, the
vector U in our caseis alsoa sumof restricteddomainfunc-
tions.Thus,wecanexpress5

N

asasum
;

=

I

N

=

�

O

=

�

, where
I

N

= may or may not dependon B . In the future, we some-

timesdropthesuperscriptB whenit is clearfrom context.
We tackletheproblemof a factoredsolutionto the LP in

Eq.(2) in two steps.
Maximizing over the state space: First, assumethat U

and S�B are given, and that our goal is simply to compute
�����

\

���

S�B

�

\

P ]

\

� 9 �������

5

�

'

�

, i.e., to ®nd the state '

over which 5 is maximized.Recallthat 5

9 ;��
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I

=

�

O

=

�

.
We can maximize sucha function 5 using non-serial dy-
namicprogramming[BerteleandBrioschi,1972] or costnet-
works[Dechter, 1999]. Theideais virtually identicalto vari-
ableeliminationin a Bayesiannetwork. We review this con-
structionhere,asit is akey componentin oursolutionLP.

Ourgoalis to compute
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where O

=

' '

	

is the instantiationof thevariablesin O

= in the
assignment' . Thekey ideais, ratherthansummingall func-
tions and then doing the maximization,we maximizeover
variablesoneata time. Whenmaximizingover (�� , only sum-
mandsinvolving (�� participatein themaximization.For ex-
ample,assume
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We thereforewish to compute:
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We can®rst computethemaximumover (�� ; thefunctions I
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and I
� areirrelevant,sowe canpushthemout. We get
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Theresultof theinternalmaximizationdependsonthevalues
of (

�

	

(
� ; i.e., we canintroducea new function �
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whosevalueat the point ( �

	

(�� is the valueof the internal
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expression.Ourproblemnow reducesto computing
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having onefewer variable. Next, we eliminateanothervari-
able,say
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� , with theresultingexpressionreducingto:
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Finally, we de®ne
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Theresultat thispoint is anumber, which is thedesiredmax-
imum over (

�

	 C+C C+	

(
� .

In general,thevariableeliminationalgorithmmaintainsa
set � of functions,which initially

4

I
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	 C C+C 	

I

�

:

. The algo-
rithm thenrepeatsthefollowing steps:
1. Selectanuneliminatedvariable

�

� ;
2. Takeall �

�

	+C C+CD	

�	 &%!� whosedomaincontains
�

� .
3. De®nea new function �

9<�����
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= andintroduceit
into � . Thedomainof � is #
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.
The computationalcost of this algorithm is linear in the

numberof new “function values”introducedin theelimina-
tion process.More precisely, considerthecomputationof a
new function � whosedomainis O . To computethis function,
we needto compute �

#%$

�

' O

	

� differentvalues.The costof
thealgorithmis linear in theoverall numberof thesevalues,
introducedthroughoutthealgorithm. As shown in [Dechter,
1999], this cost is exponentialin the inducedwidth of the
undirectedgraphde®nedoverthevariables

�

�

	 C+C CD	 �"!

, with
anedgebetween

�

� and
�

� if they appeartogetherin oneof
theoriginal functions I

= .



FactoredLP: Now, considerouroriginalproblemof mini-
mizing F S�BQP U�F

�

9 �������

� 5

N

�

'

�

� over B . As in Eq.(2),
wewanttoconstructalinearprogramwhichperformsthisop-
timization. However, we want a compactLP, thatavoids an
explicit enumerationof the constraintsfor theexponentially
many states.The ®rst key insight is that we canreplacethe
entiresetof constraintsÐ

V Y �

S�B

�

\

P ]

\ for all states
`

Ð
by theequivalentconstraint

V Y �����

\

�;�

S�B

�

\

P ]

\

�

, or equiv-
alently,

V Y �L�����

5

N

�

'

�

. Thesecondkey insightis thatthis
new constraintcanbeimplementedusinga constructionthat
followsthestructureof variableeliminationin costnetworks.
(An identicalconstructionappliesto thecomplementarycon-
straints:

V Y

]

\

P

�

S�B

�

\ .)
Considerany function � usedwithin � (includingtheorig-

inal I

\ 's), and let O be its domain. For any assignment
Q

to O , we introducea variableinto the linearprogramwhose
valuerepresents�

�

� . For theinitial functions I

N

\

, we include
theconstraintthat �

���

�

9

I

N

\

�.Q��

. As I

N

\

is linear in B , this
constraintis linear in theLP variables.Now, considera new
function � introducedinto � byeliminatingavariable

�

� . Let
�

�

	+C C C 	

�	 bethefunctionsextractedfrom � , andlet O bethe
domainof theresulting� . We introducea setof constraints:
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where O

= is the domainof �

= and
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denotesthe
valueof the instantiation

�RQ 	

(
�

�

restrictedto O

= . Let �

!

be
the last functiongeneratedin theelimination,andrecall that
its domainis empty. Hence,we have only a singlevariable

�

� �

. We introducetheadditionalconstraint
V_Y

�

� �

.
To understandthis construction,considerour simple ex-

ampleabove, and assumewe want to expressthe fact that
V Y2�������

5

N

�

'
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. We ®rst introducea set of variables
�

�

�

�	��
 �
� for every instantiationof values(

�

	

(-� to thevariables
�

�

	 �

� . Thus,if
�

� and
�

� arebothbinary, we would have
four suchvariables. We would then introducea constraint
de®ningthevalueof �

�

�

����
 �
� appropriately. For example,for

our I

� above, we would have �

�

�

�
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) and �
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� . We
would have similar variablesandconstraintsfor eachI

= and
eachvalue

Q

in O

= . Note that eachof the constraintsis a
simpleequalityconstraintinvolving numericalconstantsand
perhapstheweightvariablesB .

Next, we introducevariablesfor eachof the intermediate
expressions.For example,we would have a setof variables

�

�
�

��� 
 ��� ; for eachof them,we wouldhaveasetof constraints
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onefor eachvalue (�� of
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� . We would have a similar setof
constraintfor �
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 ��� . Notethat
eachconstraintis a simplelinearinequality.

It is easyto show that minimizing
V

“drives down” the
valueof eachvariable�
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� , sothat
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We can then prove, by induction, that �

�
�

must be equal
to

����� �
;

=
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=

�

'

�

. Our constraintson
V

ensurethat it is

greaterthanthis value,which is themaximumof
;

=

I

N

=

�

'

�

over the entire statespace. The LP, subjectto thosecon-
straints,will minimize

V

, guaranteeingthatwe®ndthevector
B thatachievesthelowestvaluefor this expression.

Returningto ouroriginal formulation,wehavethat
;

=

I

N

=

is S�B PZU in onesetof constraintsand U PZS�B in theother.
Henceour new setof constraintsis equivalentto theoriginal
set:

VZY

S�B P U and
VZY

UDP^S�B . Minimizing
V

®ndsthe
B thatminimizesthe ��� norm,asrequired.

4.3 Factored solution algorithms
The factoredmax-normprojectionalgorithmdescribedpre-
viously is the key to applyingour max-normsolutionalgo-
rithmsin thecontext of factoredMDPs.
Approximatevalue iteration: Let usbegin by considering
the valueiterationalgorithm. As describedabove, thealgo-
rithm repeatedlyappliestwo steps. It ®rst appliesthe Bell-

manoperatorto obtain
2

�#��� �,!

9

8

�




B
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. Let ,

�#��!

be the
stationarypolicy ,

����!

9

Greedy
� 


B

����!

�

. Note that ,

����!

cor-
respondsto the maximizingpolicy usedin the Bellmanop-
eratorat iteration 
 , i.e., 8

3
%-'.)

9

8

�

for iteration 
 . Thus,

we cancompute
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�#��� �,!

9

8

�
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by ®rst computing,

����!

andthenperformingabackprojectionoperationfor this®xed

policy, i.e.,
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. Assume,for the
moment,that

�

3

%-'.)

is a factoredtransitionmodel;we discuss
the computationof thegreedypolicy andthe resultingtran-
sition modelbelow. As discussedby Koller andParr [1999],
the backprojectionoperationcanbe performedef®ciently if
thetransitionmodelandthevaluefunctionarebothfactored
appropriately. Furthermore,the resultingfunction

2

�#��� �,!

is
alsofactored,althoughthefactorsinvolvelargerdomains.

To recaptheir constructionbrie�y , let I be a restricted
domain function with domain L ; our goal is to compute

�

,
I . We de®nethe back-projectionof L through * as the

setof parentsof L

"

in the transitiongraph +=, ; �3,

�

L

"
� 9

#��
A�����A Parents,
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. It is easyto show that:
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, where
Q

is the valueof �
,

�

L

�

in ' .
Thus,we seethat

� �

,
I

�

is a function whosedomainis re-
strictedto � ,

�

L

�

. Note that thecostof thecomputationde-
pendslinearly on �

#%$

� �

�
,

�

L

���

� , which dependson L (the
domainof I ) andonthecomplexity of theprocessdynamics.

Therefore,
2

�#��� �,!

is composedof thesumof two factored
functions:therewardfunction
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which is assumedto be
factored,andthebackprojectedbasisfunctions
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which
arealsofactored,aswe have just shown. Finally, thesecond
stepin approximatevalueiterationis to computetheprojec-

tion
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. As both
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and
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are

factored,wecanperformthis computationusingthefactored
LP discussedin theprevioussection.
Approximate policy iteration: Policy iteration also iter-
atesthroughtwo steps.Thepolicy improvementstepsimply
computesthegreedypolicy relative to ,

����!

. We discussthis
stepbelow. Theapproximatevaluedeterminationstepcom-
putes:
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Again,assumingthat
�

3
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is factored,we canconcludethat
S
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is alsoa matrix whosecolumnscorre-
spondto restricted-domainfunctions. The target U

9 


3 %-'.)

correspondsto the reward function, which is assumedto be
factored.Thus,we canagainapplyour factoredLP.

In our discussionso far, we assumedthat we have some
mechanismfor computingthegreedypolicy Greedy

� 


B

����!

�

,
andthat this policy hasa compactrepresentationanda fac-
toredtransitionmodel.As shown in [Koller andParr, 2000],
thegreedypolicy relative to a factoredvaluefunctionhasthe
form of adecisionlist. Moreprecisely, thepolicy canbewrit-
tenin theform
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8 , whereeach
�

\

is an assignmentof valuesto somesmall subset�

\ of vari-
ables,andeach

�

\ is anaction.Theoptimalactionto take in
state' is theaction

�

= correspondingto the®rst event
�

= in
thelist with which ' is consistent.

Koller andParr show thegreedypolicy canberepresented
compactlyusingsucha decisionlist, andprovideanef®cient
algorithmfor computingit. Unfortunately, as they discuss,
the resultingtransitionmodel is usuallynot factored.Thus,
wecannotsimplyapplyour factoredLP construction,assug-
gestedabove.However, wecanadaptit todealwith thisissue.

Thebasicideais to introducecostnetworkscorresponding
to eachbranchin thedecisionlist. Let

�

\ bethesetof states
' for which

�

\ is the®rst event in thedecisionlist for which
' is consistent.Recallthatour LP constructionde®nesa set
of constraintsthat imply that

V Y/���

S�B

�

\

P5]

\

�

for each
state

`

. Instead,we will have a separatesetof constraintsfor
the statesin eachsubset

�

\ . For eachstatein
�

\ , we know
thataction

�

\ is taken.Hence,we canapplyour construction
above using

�

�

� Ð a transitionmodelwhich is factoredby
assumptionÐ in placeof thenon-factored

�

3

%-'.)

.
The only issueis to guaranteethat the costnetwork con-

straintsderivedfrom this transitionmodelareappliedonly to
statesin

�

\ . Speci®cally, we mustguaranteethatthey areap-
pliedonly to statesconsistentwith

�

\ , but notto statesthatare
consistentwith some

�

= for �

�

`

. To guaranteethe®rst con-
dition, we simply instantiatethe variablesin �

\ to take the
valuesspeci®edin

�

\ . That is, our costnetwork now consid-
ersonly thevariablesin
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P��

\ , andcomputes
the maximumonly over the statesconsistentwith �

\

9��

\ .
To guaranteethesecondcondition,we ensurethatwe do not
imposeany constraintsonstatesassociatedwith previousde-
cisions. This is achieved by addingindicators �

= for each
previous decision

�

= , with weight P




. Thesewill cause
the constraintsassociatedwith

�

\ to be trivially satis®edby
statesin

�

= for �

�

`

. Note that eachof theseindicatorsis
a restricteddomainfunctionof �

= andcanbehandledin the
samefashionasall othertermsin the factoredLP. Thus,for
a decisionlist of size � , our factoredLP containsconstraints
from

b

� costnetworks.
It is instructive to compareour max-normpolicy iteration

algorithm with � � -projection policy iteration algorithm of
Koller and Parr [2000] in termsof computationalcostsper
iterationandimplementationcomplexity. Computingthe �

�

projectionrequires(amongotherthings)aseriesof dotprod-
uctoperationsbetweenbasisfunctionsandbackprojectedba-
sis functions
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\
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=

8 . Theseexpressionsare easyto
computeif

�

3

refersto the transitionmodelof a particular

Server

Bidirectional Ring Ring and Star

Server

Star

Server

3 Legs
Ring of Rings

Figure1: Network topologiestested.

action
�

. However, if the policy , is representedas a de-
cision list, as is the result of the policy improvementstep,
thenthis stepbecomesmuchmorecomplicated.In particu-
lar, for everypoint in thedecisionlist, for everypair of basis
functions

`

and � , andfor eachassignmentto thevariablesin
#%$

� � 6

\

�

#

#%$

� � �

�

6

=

�

, it requiresthesolutionof acounting
problemwhich is �

�

-completein general.Although,Koller
andParr show that this computationcanbeperformedusing
a BayesianNetwork (BN) inference,the algorithm still re-
quiresa BN inferencefor eachoneof thoseassignmentsat
eachpointof thedecisionlist. Thismakesthealgorithmvery
dif®cult to implementef®ciently in practice.

The max-normprojection, on the other hand, relies on
solving a linear programat every iteration. The sizeof the
linear programdependson the costnetworksgenerated.As
we discuss,two costnetworks areneededfor eachpoint in
the decisionlist. The complexity of eachof thesecostnet-
worksis approximatelythesameasoneof theBN inferences
in the countingproblemfor the ��� projection. Overall, for
eachpoint in the decisionlist, we have a total of two of
these“inferences”,as opposedto one for eachassignment
of

#)$

� � 6

\

�

#

#%$

� ���

�

6

=

�

for every pair of basisfunctions
`

and � . Thus, the max-normpolicy iteration algorithm is
substantiallylesscomplex computationallythantheapproach
basedon �

� -projection. Furthermore,the useof linear pro-
grammingallowsusto rely onexistingLP packages(suchas
CPLEX),whichareveryhighly optimized.

5 Experimental Results
Thefactoredrepresentationof avaluefunctionis mostappro-
priatein certaintypesof systems:Systemsthatinvolvemany
variables,but wherethestronginteractionsbetweenthevari-
ablesarefairly sparse,sothatthedecouplingof thein�uence
betweenvariablesdoesnot inducean unacceptableloss in
accuracy. As arguedby HerbertSimon[1981] in “Architec-
ture of Complexity”, many complex systemshave a “nearly
decomposable,hierarchicstructure”,with thesubsystemsof
suchsystemsinteractingonly weaklybetweenthem. We se-
lectedto try ouralgorithmonaproblemthatwebelievechar-
acterizesthis typeof structure.

Theproblemrelatesto a systemadministratorwho hasto
maintainanetwork of computers;weexperimentedwith var-
ious network architectures,shown in Fig. 1. Machinesfail
randomly, anda faultymachineincreasestheprobabilitythat
its neighboringmachineswill fail. At every time step,the
SysAdmincango to onemachineandrebootit, causingit to
beworking in thenext time stepwith high probability. Each
machinereceivesa rewardof 1 whenworking (exceptin the
ring, whereonemachinereceivesa rewardof 2, to introduce
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someasymmetry),a zerorewardis givento faulty machines,
andthe discountfactor is $

9

)

C ���

. Note that the additive
structureof the reward function makes it unsuitablefor the
tree-structuredrepresentationusedby Boutilier etal. [1999].

The basis functions included independentindicatorsfor
eachmachine,with value1 if it is working andzeroother-
wise(each,a restricteddomainfunctionof a singlevariable),
andtheconstantbasis,whosevalueis 1 for all states.

We implementedthefactoredpolicy andvalueiterational-
gorithmsin Matlab, usingCPLEX asthe LP solver. In our
experiments,mostof thetimewasspentin Matlabgenerating
theLP constraints;CPLEXis a remarkablyef®cientandreli-
ablesolver, allowingevenlargeLPsto besolvedveryquickly.
Wepresentonly resultsfor policy iteration.Thetimeperiter-
ationwasaboutequalfor policy andvalueiteration,but pol-
icy iterationconvergedin many fewer iterations,only about4
or 5 iterationsin themodelswe tested.

To evaluatethecomplexity of thealgorithm,testswereper-
formedwith increasingnumberof states,that is, increasing
numberof machinesonthenetwork. Fig.2 showstherunning
time for increasingproblemsizes,for variousarchitectures.
The simplestoneis the “Star”, wherethe backprojectionof
eachbasisfunctionhasdomainrestrictedto two variablesand
thelargestfactorin thecostnetwork hasdomainrestrictedto
two variables.Themostdif®cult onewasthe “Bidirectional
Ring”, wherefactorscontain®vevariables.

Note,thenumberof statesis growing exponentially(indi-
catedby the log scalein Fig. 2), but runningtimesincrease
only logarithmicallyin thenumberof states,i.e., polynomi-
ally in thenumberof variables.Thisis illustratedby Fig.3(a),
where we ®t a 3rd order polynomial to the running times
for the “unidirectionalring”. Note, the problemsizegrows
quadraticallywith thenumberof variables:addingamachine
to thenetwork alsoaddsthepossibleactionof ®xing thatma-
chine. For this problem,the computationcostof our algo-
rithm empiricallygrowsapproximatelyas �
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For further evaluation,we measuredthe error in our ap-

proximatevalue function relative to the true optimal value
function

2��

. Note that it is only possibleto compute
2��

for
smallproblems;in ourcase,wewereonly ableto goupto 10
machines.For comparison,we alsoevaluatedtheerrorin the
approximatevalue function producedby the �

� -projection
algorithm of Koller and Parr. As we discussedabove, the

�
� projectionsin factoredMDPs by Koller andParr [2000]

aredif®cult andtime consuming;hence,we wereonly able
to comparethe two algorithmsfor smallerproblems,where
anequivalent � � -projectioncanbeimplementedusinganex-
plicit statespaceformulation.Resultsfor bothalgorithmsare
presentedin Fig. 3(b), showing the relative error of the ap-
proximatesolutionsto the truevaluefunction for increasing
problemsizes.Theresultsindicatethat,for largerproblems,
the max-normformulationgeneratesa betterapproximation
of thetrueoptimalvaluefunction

2��

thanthe �
� -projection.

Here,we usedtwo typesof basisfunctions: thesamesingle
variablebasis,andpairwisebasis,whichalsoincludesindica-
torsfor neighboringpairsof machines.As expected,pairwise
basisgeneratedbetterapproximations.

For thesesmallproblems,we canalsocomparetheactual
valueof thepolicy generatedby ouralgorithmto thevalueof
theoptimalpolicy. Here,thevalueof thepolicy generatedby
our algorithmis muchcloserto thevalueof theoptimalpol-
icy thantheerror implied by thedifferencebetweenour ap-
proximatevaluefunctionand

2��

. For example,for the“Star”
architecturewith oneserver andup to 6 clients,our approxi-
mationwith singlevariablebasisfunctionshadrelative error
of

*

b��

, but thepolicy wegeneratedhadthesamevalueasthe
optimalpolicy. In this case,thesamewastruefor thepolicy
generatedby the � � projection. In an“UnidirectionalRing”
with 8 machinesandpairwisebasis,therelativeerrorbetween
our approximationand

2��

wasabout
*

)

�

, but the resulting
policy only hada 	

�

lossover the optimal policy. For the
sameproblem,the ��� approximationhasavaluefunctioner-
ror of

*

b
�

, anda true policy losswas
�

�

. In otherwords,
bothmethodsinducepoliciesthathave lower errorsthanthe



errorsin the approximatevalue function (at leastfor small
problems).However, our algorithmcontinuesto outperform
the � � algorithm,evenrelative to actualpolicy loss.

For thelargemodels,wecannolongercomputethecorrect
valuefunction,sowe cannotevaluateour resultsby comput-
ing F
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. However, the Bellmanerror, de®nedas
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a bound: F
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[Williams and
Baird,1993]. Thus,we usetheBellmanerrorto evaluateour
answersfor largermodels.Fig. 3(c) shows that theBellman
errorincreasesveryslowly with thenumberof states.1

Finally, we canlook at theactualpoliciesgeneratedin our
experiments.First,wenotedthatthesetendedto beshort,the
lengthof the®naldecisionlist policy grew approximatelylin-
earlywith thenumberof machines.Furthermore,thepolicy
itself is oftenfairly intuitive. In the“Ring andStar”architec-
ture,for example,thedecisionlist says:If theserver is faulty,
®x theserver;else,if anothermachineis faulty, ®x it.

6 Conclusions
In this paper, we presentednew algorithmsfor approximate
valueandpolicy iteration. Unlike previous approaches,our
algorithmsdirectly minimize the �

� error, and therefore
have better theoreticalperformanceguaranteesthan algo-
rithmsthatoptimizethe �

� -norm.
We have shown that the ��� error canbe minimized us-

ing linearprogramming,andprovidedanapproachfor repre-
sentingthisLP compactlyfor factoredMDPs,allowing these
algorithmsto be appliedef®ciently even for MDPs with ex-
ponentiallylargestatespaces.Our algorithmsaremoreef®-
cientandsubstantiallyeasierto implementthanpreviousal-
gorithmsbasedon the ��� -projection.

We have presentedresultson a structuredproblem,repre-
sentinga simpli®edversionof a maintenancetask. Our re-
sults show that our methodsscaleeffectively to very large
factoredMDPs,andthat our approachcanexploit problem-
speci®cstructureto ef®ciently generateapproximatesolu-
tionsto complex problems.

Thesuccessof ouralgorithmdependsonourability to cap-
ture themostimportantstructurein thevaluefunctionusing
a linearfactoredapproximation.Thisability, in turn,depends
on thechoiceof thebasisfunctionsandon thepropertiesof
the domain. The algorithm currently requiresthe designer
to specify the factoredbasisfunctions. This is a limitation
comparedto otheralgorithms(e.g., [DeardenandBoutilier,
1997]), whicharefully automated.However, ourexperiments
indicatethata few simplerulesareoftenquitesuccessfulin
designingabasis.First,weensurethattherewardfunctionis
representableby our basis.A simplebasisthat, in addition,
containsa separatesetof indicatorsfor eachvariableis often
successful.Wecanalsoaddindicatorsoverpairsof variables;
mostsimply, wecanchoosetheseaccordingto theDBN tran-
sition model,wherean indicatoris addedbetweenvariables

1Note that computingthe Bellman error involves a maximiza-
tion over thestatespace.Thus,thecomplexity of this computation
grows exponentiallywith the numberof variables. However, this
maximizationcanbe performedby a costnetwork usingthe same
constructionasin ourmax-normprojection.

�

\ andeachoneof thevariablesin Parents
�&�

\

�

, thusrepre-
sentingone-stepin�uences.This procedurecanbeextended,
addingmorebasisto representmorein�uencesasrequired.
Thus,thestructureof theDBN givesusindicationsof how to
choosethebasisfunctions.Othersourcesof prior knowledge
canalsobeincludedfor furtherspecifyingthebasis.

Thequalityof ourapproximationalsodependsstronglyon
thestructureof thedomain.As we discussedabove,our ap-
proximationis mostsuccessfulin systemswherevariablesare
tightly coupledto only asmallnumberof othervariables.We
believe that, for systemsof this type,an approximationasa
factoredlinearvaluefunctioncanbeveryaccurate.

Therearemany possibleextensionsto thiswork. In partic-
ular, we hopeto extendour algorithmsto utilize othertypes
of structurein the representation.One interestingdirection
involvesfactoredactionmodels,wheremultiple actionsare
taken simultaneously. Anotherinvolvestheuseof asymme-
tries(context-speci®city)in thevaluefunction,asin thework
of DeardenandBoutilier [1997], providing a complementary
sourceof structureto thefactorizationusedin ourwork.
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