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Abstract

Methodsfor learningBayesiannetworkscandiscover
dependency structurebetweenobservedvariables.Al-
thoughthesemethodsareusefulin many applications,
they run into computationaland statisticalproblems
in domainsthat involve a large numberof variables.
In this paper, we considera solutionthat is applicable
whenmany variableshave similarbehavior. We intro-
ducea new classof models,modulenetworks, thatex-
plicitly partition thevariablesinto modulesthatshare
the sameparentsin the network andthe samecondi-
tional probability distribution. We de�ne the seman-
tics of modulenetworks, and describean algorithm
that learnsthemodules'compositionandtheir depen-
dency structurefrom data. Evaluationon realdatain
the domainsof geneexpressionand the stock mar-
ket shows thatmodulenetworksgeneralizebetterthan
Bayesiannetworks, andthat the learnedmodulenet-
work structurerevealsregularitiesthatareobscuredin
learnedBayesiannetworks.

1 Intr oduction

Over the lastdecade,therehasbeenmuchresearchon the
problemof learningBayesiannetworksfrom data[13], and
successfullyapplyingit both to densityestimation,andto
discoveringdependency structuresamongvariables.Many
real-world domains,however, arevery complex, involving
thousandsof relevantvariables. Examplesincludemodel-
ing thedependenciesamongexpressionlevels(� activity)
of all thegenesin acell [10, 17] or amongchangesin stock
prices.Unfortunately, in complex domains,theamountof
datais rarelyenoughto robustlylearnamodelof theunder-
lying distribution. In thegeneexpressiondomain,a typical
datasetincludesthousandsof variables,but at mosta few
hundredinstances. In suchsituations,statisticalnoiseis
likely to leadto spuriousdependencies,resultingin models
thatsigni�cantly over�t thedata.

In this paper, we proposeanapproachto addressthis is-
sue. We start by observingthat, in many large domains,
the variablescanbe partitionedinto setsso that, to a �rst
approximation,thevariableswithin eachsethaveasimilar
setof dependenciesandthereforeexhibit a similar behav-
ior. For example,many genesin a cell areorganizedinto

modules, in which setsof genesrequiredfor the samebi-
ologicalfunctionor responseareco-regulatedby thesame
inputs in order to coordinatetheir joint activity. As an-
otherexample,whenreasoningaboutthousandsof NAS-
DAQ stocks,entiresectorsof stocksoftenrespondtogether
to sector-in�uencing factors(e.g.,oil stockstendto respond
similarly to a war in Iraq).

We de�ne a new representationcalleda modulenetwork,
whichexplicitly partitionsthevariablesinto modules. Each
modulerepresentsasetof variablesthathavethesamesta-
tisticalbehavior, i.e.,they sharethesamesetof parentsand
local probabilisticmodel. By enforcingthis constrainton
the learnednetwork, we signi�cantly reducethecomplex-
ity of ourmodelspaceaswell asthenumberof parameters.
Thesereductionsleadto to morerobustestimationandbet-
tergeneralizationonunseendata.

A modulenetwork canbe viewed simply asa Bayesian
network in which variablesin thesamemodulesharepar-
ents and parameters. Indeed,probabilistic modelswith
sharedparametersarecommonin avarietyof applications,
andarealsousedin othergeneralrepresentationlanguages,
such as dynamicBayesiannetworks[6], object-oriented
BayesianNetworks[15], andprobabilisticrelationalmod-
els[16, 8]. (SeeSection7 for furtherdiscussionof therela-
tionshipbetweenmodulenetworksandtheseformalisms.)
In mostcases,the sharedstructureis imposedby the de-
signerof the model,usingprior knowledgeaboutthe do-
main. A key contribution of this paperis the designof a
learningalgorithmthatdirectly searchesfor and�nds sets
of variableswith similar behavior, which arethende�ned
to be a module. Noisein thedatamakesit extremelyun-
likely that sucha modularstructurewould arisenaturally
from a Bayesiannetwork learningalgorithm,evenif it ex-
istsin thedomain.Moreover, by makingthemodularstruc-
ture explicit, the modulenetwork representationprovides
insightaboutthedomainthatareoftenbeobscuredby the
intricatedetailsof a largeBayesiannetwork structure.

We describethe basicsemanticsof the modulenetwork
framework, presenta Bayesianscoringfunction for mod-
ule networks, and provide an algorithm that learnsboth
theassignmentof variablesto modulesandtheprobabilis-
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Figure1: (a) A simpleBayesiannetwork over stockprice vari-
ables;thestockpriceof Intel (INTL) is annotatedwith avisualiza-
tion of its CPD,describedasa differentmultinomialdistribution
for eachvalue of its in�uencing stockprice Microsoft (MSFT).
(b) A simplemodulenetwork; theboxesillustratemodules,where
stockpricevariablesshareCPDsandparameters.

tic model for eachmodule. We evaluatethe performance
of our algorithm on two real datasets,in the domainsof
geneexpressionand the stock market. Our resultsshow
thatour learnedmodulenetwork generalizesto unseentest
datamuchbetterthana Bayesiannetwork. They also il-
lustratetheability of thelearnedmodulenetwork to reveal
high-level structurethatprovidesimportantinsights.

2 The Module Network Framework

We startwith anexamplethat introducesthemain ideaof
modulenetworksandthenprovidea formalde�nition. For
concreteness,considera simpletoy exampleof modeling
changesin stock prices. The Bayesiannetwork of Fig-
ure 1(a) describesdependenciesbetweendifferentstocks.
In this network eachrandomvariablecorrespondsto the
changein priceof a singlestock.For simplicity theseran-
domvariablestake oneof threevalues:`down', `same'or
`up', denotingthe changeduring a particulartradingday.
In our example, the stock price of Intel (INTL) depends
on that of Microsoft (MSFT). The CPD shown in the �g-
ure indicatesthat thebehavior of Intel's stockis similar to
that of Microsoft. That is, if Microsoft's stock goesup,
thereis a high probabilitythat Intel's stockwill alsogo up
andviceversa.Similarly, theBayesiannetwork speci�esa
CPDfor eachstockpriceasastochasticfunctionof its par-
ents.Thus,in ourexample,thenetworkspeci�esaseparate
behavior for eachstock.

The stockdomain,however, hashigherorderstructural
featuresthat are not explicitly modeledby the Bayesian
network. For instance,we can seethat the stock price
of Microsoft (MSFT) in�uences the stock price of all of
themajorchip makers— Intel (INTL), Applied Materials
(AMAT), and Motorola (MOT). In turn, the stock price
of computermakers Dell (DELL) and Hewlett Packard
(HPQ), arein�uencedby thestockpricesof theirchipsup-
pliers — Intel andApplied Materials. To a �rst approxi-
mation,we cansaythat thestockpriceof all chip making
companiesdependson that of Microsoft andin muchthe

sameway. Similarly, the stockprice of computermakers
that buy their chips from Intel andApplied Materialsde-
pendson thesechip makers' stockandin muchthe same
way.

To model this type of situation,we might divide stock
pricevariablesinto groups,whichwecall modules, andre-
quirethatvariablesin thesamemodulehavethesameprob-
abilisticmodel;thatis, all variablesin themodulehave the
samesetof parentsandthesameCPD.Our examplecon-
tainsthreemodules:onecontainingonly Microsoft, a sec-
ond containingchip makersIntel, Applied Materials,and
Motorola,andathird containingcomputermakersDell and
HP (seeFigure1(b)). In this model,we needonly specify
threeCPDs,onefor eachmodule,sinceall thevariablesin
eachmodulesharethesameCPD.By comparison,six dif-
ferentCPDsarerequiredfor a Bayesiannetwork represen-
tation. This notionof a moduleis thekey ideaunderlying
themodulenetwork formalism.

We now provide a formal de�nition a modulenetwork.
Throughoutthis paper, we assumethatwe aregivena do-
main of randomvariablesX = f X 1; : : : ; X n g. We use
Val(X i ) to denotethedomainof valuesof thevariableX i .

As describedabove, a modulerepresentsa set of vari-
ablesthatsharethesamesetof parentsandthesameCPD.
As a notation,we representeachmoduleby a formal vari-
able that we useasa placeholderfor the variablesin the
module. A modulesetC is a setof suchformal variables
M 1; : : : ; M K . As all the variablesin a modulesharethe
sameCPD,they musthave thesamedomainof values.We
representby Val(() M j ) the setof possiblevaluesof the
formalvariableof thej ' th module.

A modulenetwork relative to C consistsof two compo-
nents.The �rst de�nes a templateprobabilisticmodelfor
eachmodulein C; all of thevariablesassignedto themod-
ulewill sharethis probabilisticmodel.

De�nition 2.1: A modulenetworktemplateT = (S; � ) for
Cde�nes,for eachmoduleM j 2 C:

� a setof parentsPaM j � X ;

� a conditional probability template(CPT) P(M j j
PaM j ) which speci�esa distribution over Val(M j )
for eachassignmentin Val(PaM j ).

We useS to denotethe dependency structureencodedby
f PaM j : M j 2 Cg and� to denotethe parametersre-
quiredfor theCPTsf P(M j j PaM j ) : M j 2 Cg.

In our example, we have three modulesM 1, M 2, and
M 3, with PaM 1 = ; , PaM 2 = f MSFTg, andPaM 3 =
f AMAT; INTLg.

Thesecondcomponentis a moduleassignmentfunction,
thatassignseachvariableX i 2 X to oneof theK modules,
M 1; : : : ; M K . Clearly, we canonly assigna variableto a
modulethathasthesamedomain.

De�nition 2.2: A moduleassignmentfunction for C is a



functionA : X ! f 1; : : : ; K g suchthatA(X i ) = j only
if Val(X i ) = Val(M j ).

In our example,we have thatA(MSFT) = 1, A(MOT) =
2, A(INTL) = 2, andsoon.

A modulenetwork is de�nedby boththemodulenetwork
templateandtheassignmentfunction.

De�nition 2.3: Let M be a triple (C; T ; A), whereC is a
moduleset,T is amodulenetwork templatefor C, andA is
a moduleassignmentfunctionfor C. M de�nesa directed
modulegraphGM asfollows:

� thenodesin GM correspondto themodulesin C;
� GM containsanedgeM j ! M k if andonly if thereis

avariableX 2 X sothatA(X ) = j andX 2 PaM k .

We saythatM is a a modulenetworkif themodulegraph
GM is acyclic.

For example,for the modulenetwork of Figure1(b), the
modulegraphhasthestructureM 1 ! M 2 ! M 3.

A modulenetwork de�nesaprobabilisticmodelby using
theformalrandomvariablesM j andtheirassociatedCPTs
astemplatesthatencodethebehavior of all of thevariables
assignedto thatmodule.Speci�cally, wede�ne theseman-
tics of a modulenetwork by “unrolling” a Bayesiannet-
work whereall of the variablesassignedto moduleM j

sharethe parentsandconditionalprobability templateas-
signedto M j in T .

De�nition 2.4: A modulenetwork M = (C; T ; A) de�nes
a ground BayesiannetworkBM over X as follows: For
eachvariableX i 2 X , whereA(X i ) = j , we de�ne the
parentsof X i in BM to bePaM j , andits conditionalprob-
ability distributionto beP(M j j PaM j ), asspeci�edin T .
Thedistribution associatedwith M is theonerepresented
by theBayesiannetwork BM .

Returningto our example,the Bayesiannetwork of Fig-
ure1(a)is thegroundBayesiannetwork of themodulenet-
work of Figure1(b).

To show thatthesemanticsfor amodulenetwork is well-
de�ned,weneedto provethatthegroundBayesiannetwork
de�nesacoherentprobabilisticmodel.Weneedonly show
thefollowing result:

Proposition2.5: If GM is a directedacyclic graph, then
thedependencygraphof BM is acyclic.

Corollary 2.6: For anymodulenetworkM , BM de�nesa
coherentprobabilitydistribution overX .

As we cansee,a modulenetwork providea succinctrep-
resentationof thegroundBayesiannetwork. In a realistic
versionof our stockexample,we might have severalthou-
sandsof stocks.A Bayesiannetwork in this domainneeds
to representthousandsof CPDs.Ontheotherhand,amod-
ulenetwork canrepresenta goodapproximationof thedo-
mainusinga modelthatusesonly few dozenCPDs.

3 BayesianScoring

We now turn to thetaskof learningmodulenetworksfrom
data. We aregiven a training setD = f x[1]; : : : ; x [M ]g,
consistingof M instancesdrawn independentlyfrom an
unknown distribution P(X ). We assumethat the set of
modulesC is given, and we wish to estimatethis dis-
tribution using a modulenetwork over C. To provide a
completedescriptionof a modulenetwork as in De�ni-
tion 2.3, we needto learn the assignmentfunction A of
nodesto modules,the parentstructureS speci�ed in T ,
andtheparameters� for thelocal probabilitydistributions
P(M j j PaM j ). For theremainderof this discussion,we
omit referencesto C, takingit asgiven.

We take a score-basedapproach to learningmodulenet-
works. In this section,we de�ne a scoringfunction that
measureshow well eachcandidatemodel�ts theobserved
data. We adopt the Bayesianphilosophyand derive a
Bayesianscoringfunctionsimilar to theBayesianscorefor
Bayesiannetworks[5, 14]. In thenext section,weconsider
how to �nd a highscoringmodel.

3.1 Lik elihood Function

We startby examiningthedatalikelihoodfunction

L (M : D) = P(D j M ) =
MY

m =1

P(x[m] j T ; A):

This function playsa key role both in the parameteresti-
mationtaskandin thede�nition of thestructurescore.

As thesemanticsof a modulenetwork is de�ned via the
groundBayesiannetwork,wehavethat,in thecaseof com-
pletedata,the likelihooddecomposesinto a productof lo-
cal likelihoodfunctions, onefor eachvariable. In our set-
ting,however, wehavetheadditionalpropertythatthevari-
ablesin amodulesharethesamelocalprobabilisticmodel.
Hence,we canaggregatetheselocal likelihoods,obtaining
a decompositionaccordingto modules.

More precisely, let X j = f X 2 X j A(X ) = j g, and
let � M j jP aM j

be the parametersassociatedwith the CPT
P(M j j PaM j ). We candecomposethe likelihoodfunc-
tion asa productof modulelikelihoods, eachof which can
becalculatedindependentlyanddependsonlyonthevalues
of X j andPaM j , andon theparameters� M j jP aM j

:

L (M : D)

=
KY

j =1

2

4
MY

m =1

Y

X i 2 X j

P(x i [m] j paM j
[m]; � M j P aM j

)

3

5

=
KY

j =1

L j (PaM j ; X j ; � M j jP aM j
: D) (1)

If we are learning conditional probability distributions
from the exponential family (e.g., discretedistribution,



Gaussiandistributions, and many others),then the local
likelihoodfunctionscanbereformulatedin termsof suf�-
cientstatisticsof thedata.Thesuf�cient statisticssumma-
rize therelevantaspectsof thedata.Their usehereis sim-
ilar to that in Bayesiannetworks[13], with onekey differ-
ence.In a modulenetwork, all of thevariablesin thesame
modulesharethesameparameters.Thus,wepoolall of the
datafrom the variablesin X j , andcalculateour statistics
basedon this pooleddata. More precisely, let Sj (M j ; U )
be a suf�cient statisticfunction for the CPT P(M j j U ).
Thenthevalueof thestatisticon thedatasetD is

Ŝj =
MX

m =1

X

X i 2 X j

Sj (x i [m]; paM j
[m]): (2)

For example, in the caseof multinomial table CPTs,
we have one suf�cient statistic function for each joint
assignmentx 2 Val(M j ); u 2 Val(PaM j ), which is
� f X i [m] = x; paM j

[m] = ug — the indicator function
thattakesthevalue1 if theevent(X i [m] = x; PaM j [m] =
u) holds,and0 otherwise.Thestatisticon thedatais

Ŝj [x; u] =
MX

m =1

X

X i 2 X j

� f X i [m] = x; PaM j [m] = ug

Giventhesesuf�cient statistics,theformulafor themodule
likelihoodfunctionis:

L j (PaM j ; X j ; � M j jP aM j
: D) =

Y

x; u 2 Val (M j ;P aM j )

� Ŝj [x; u ]
x ju :

This term is preciselythe one we would usein the like-
lihood of Bayesiannetworks. The only differenceis that
thevectorof suf�cient statisticsfor a local likelihoodterm
is pooledover all thevariablesin thecorrespondingmod-
ule. For example, considerthe likelihood function for
the modulenetwork of Figure 1(b). In this network we
have three modules. The �rst consistsof a single vari-
able and has no parent, and so the vector of statistics
Ŝ[M 1] is the sameas the statisticsof the samevariable
Ŝ[MSFT]. The secondmodule containsthree variables,
and we have that the suf�cient statisticsfor the module
CPT is the sum of the statisticswe would collect in the
groundBayesiannetwork of Figure1(a): Ŝ[M 2; MSFT] =
Ŝ[AMAT; MSFT] + Ŝ[MOT; MSFT] + Ŝ[INTL; MSFT]. Fi-
nally, Ŝ[M 3; AMAT; INTL] = Ŝ[DELL; AMAT; INTL] +
Ŝ[HPQ; AMAT; INTL].

As usual,thedecompositionof thelikelihoodfunctional-
lowsusto performmaximumlikelihoodor MAP parameter
estimationef�ciently , optimizing the parametersfor each
moduleseparately. The detailsarestandard,andomitted
for lackof space.

3.2 Priors and the BayesianScore

As we discussed,our approachfor learningmodulenet-
works is basedon the useof a Bayesianscore. Specif-
ically, we de�ne a model scorefor a pair (S; A) as the

posteriorprobabilityof thepair, integratingout the possi-
ble choicesfor theparameters� . We de�ne anassignment
prior P(A), a structureprior P(S j A) anda parameter
prior P(� j S; A). Thesedescribeourpreferencesoverdif-
ferentnetworksbeforeseeingthedata.By Bayes'rule,we
thenhave

P(S; A j D) / P(A)P(S j A)P(D j S; A)

wherethelasttermis themarginal likelihood

P(D j S; A) =
Z

P(D j S; A ; � )P(� j S)d� :

We de�ne the Bayesianscoreasthe log of P(S; A j D),
ignoringthenormalizationconstant

score(S; A : D) = (3)

logP(A) + logP(S j A) + logP(D j S; A)

Themainquestionis how to evaluatethescorefor differ-
entchoicesof A andS. As wearegoingto examinealarge
numberof alternatives,we needto be ableto do this ef�-
ciently. In thecaseof Bayesiannetwork learning,we can
performthis taskef�ciently whenthepriorssatisfycertain
conditions. The samegeneralideascarry over to module
networks,andsowe review thembrie�y .

De�nition 3.1: Let P(A), P(S j A), P(� j S; A) be as-
signment,structure,andparameterpriors.

� P(� j S; A) satis�esparameterindependenceif

P(� j S; A) =
KY

j =1

P(� M j jP aM j
j S; A):

� P(� j S; A) satis�es parameter modularity if
P(� M j jP aM j

j S1; A ) = P(� M j jP aM j
j S2; A ) for

all structuresS1 andS2 suchthatPaS1
M j

= PaS2
M j

.

� P(� ; S j A ) satis�es assignmentindependenceif
P(� j S; A) = P(� j S) andP(S j A) = P(S).

� P(S) satis�es structure modularity if P(S) /Q
j � j (Sj ) whereSj denotesthechoiceof parentsfor

moduleM j , and� j is a distribution over thepossible
parentsetsfor moduleM j .

� P(A) satis�es assignmentmodularity if P(A) /Q
j � j (A j ), whereA j is the choiceof variablesas-

signedto moduleM j , andf � j : j = 1; : : : ; K g is a
family of functionsfrom 2X to thepositivereals.

Parameter independence,parameter modularity, and
structuremodularityarethenaturalanaloguesof standard
assumptionsin Bayesiannetwork learning[14]. Parame-
ter independenceimplies thatP(� j S; A) is a productof
termsthatparallelsthedecompositionof the likelihoodin
Eq. (1), with oneprior term per local likelihoodterm L j .



Parametermodularitystatesthat theprior for theparame-
tersof a moduleM j dependsonly on thechoiceof parents
for M j andnot on otheraspectsof thestructure.Structure
modularityimplies that the prior over the structureS is a
productof terms,onepereachmodule.

Two assumptionsarenew to modulenetworks. Assign-
mentindependencemakesthepriorsontheparentsandpa-
rametersof a moduleindependentof theexactsetof vari-
ablesassignedto themodule.Assignmentmodularityim-
pliesthattheprior onA is proportionalto aproductof local
terms,onecorrespondingto eachmodule. Thus,the reas-
signmentof onevariablefrom onemoduleM i to another
M j doesnot changeour preferenceson theassignmentof
variablesin modulesotherthani; j .

As for thestandardconditionson Bayesiannetwork pri-
ors, the conditionswe de�ne arenot universallyjusti�ed,
and one can easily constructexampleswhere we would
want to relax them. However, they simplify many of the
computationssigni�cantly, and are thereforevery useful
even if they are only a rough approximation. Moreover,
theassumptions,althoughrestrictive,still allow broad�e x-
ibility in ourchoiceof priors.For example,we canencode
preference(or restrictions)on the assignmentsof particu-
lar variablesto speci�c modules.In addition,we canalso
encodepreferencefor particularmodulesizes.

Whenthepriorssatisfytheassumptionsof De�nition 3.1,
theBayesianscoredecomposesinto localmodulescores:

score(S; A : D) =
KX

j =1

scoreM j (PaM j ; A (X j ) : D)

scoreM j (U ; X : D) =

log
Z

L j (U ; X ; � M j jU : D)P(� M j j Sj = U )

+ logP(Sj = U ) + logP(A j = X ) (4)

whereSj = U denotesthat we chosea structurewhere
U are the parentsof moduleM j , andA j = X denotes
that A is suchthat X j = X . As we shall seebelow, this
decompositionplaysa crucial rule in our ability to devise
an ef�cient learningalgorithmthat searchesthe spaceof
modulenetworksfor onewith highscore.

Theonlyquestionis how toevaluatetheintegralover� M j

in scoreM j (U ; X : D). This dependson theparametric
forms of the CPT andthe form of the prior P(� M j j S).
Usually, we choosepriorsthatareconjugateto theparam-
eterdistributions.Sucha choiceoftenleadsto closedform
analyticformulaof thevalueof theintegralasafunctionof
the suf�cient statisticsof L j (PaM j ; X j ; � M j jP aM j

: D).
Thedetailsarestandard[13] andomittedfor lackof space.

4 Learning Algorithm

Givena scoringfunctionover networks,we now consider
how to �nd a high scoringmodulenetwork. This problem
is achallengingone,asit involvessearchingovertwo com-

binatorialspacessimultaneously— thespaceof structures
andthe spaceof moduleassignments.We thereforesim-
plify our task by using an iterative approachthat repeats
two steps:In onestep,weoptimizeadependency structure
relativeto ourcurrentassignmentfunction,andin theother,
we optimizeanassignmentfunctionrelative to our current
dependency structure.

Structur e Search Step. The �rst type of stepin our it-
erativealgorithmlearnsthestructureS, assumingthatA is
�x ed. This stepinvolvesa searchover thespaceof depen-
dency structures,attemptingto maximizethescorede�ned
in Eq. (3). This problemis analogousto the problemof
structurelearningin Bayesiannetworks. We usea stan-
dardheuristicsearchover the combinatorialspaceof de-
pendency structures.We de�ne asearchspace,whereeach
statein thespaceis a legalparentstructure,andasetof op-
eratorsthat take us from onestateto another. We traverse
thisspacelookingfor highscoringstructuresusingasearch
algorithmsuchasgreedyhill climbing.

In many cases,an obvious choiceof local searchoper-
atorsinvolvesstepsof addingor removing a variableX i

from a parentset PaM j . (Note that edgereversalis not
a well-de�ned operatorfor modulenetworks, asan edge
from a variableto a modulerepresentsa one-to-many re-
lation betweenthe variableandall of the variablesin the
module.) When an operatorcausesa parentX i to be
addedto a module M j , we needto verify that the re-
sulting modulegraphremainsacyclic, relative to the cur-
rent assignmentA . Note that this stepis quite ef�cient,
ascyclicity is testedon themodulegraph,which contains
only K nodes,ratherthanon thedependency graphof the
groundBayesiannetwork,whichcontainsn nodes(usually
n � K ).

Also notethat,asin Bayesiannetworks, thedecomposi-
tion of thescoreprovidesconsiderablecomputationalsav-
ings. Whenupdatingthedependency structurefor a mod-
uleM j , themodulescorefor anothermoduleM k doesnot
change,nordo thechangesin scoreinducedby variousop-
eratorsappliedto thedependency structureof M k . Hence,
afterapplyingan operatorto PaM j , we needonly update
thedeltascorefor thoseoperatorsthatinvolveM j .

Module AssignmentSearch Step. The secondtype of
stepin our iteration learnsa new assignmentfunction A
from data,assumingthat the modulenetwork structureS
is given. Speci�cally, givena �x edstructureS we wantto
�nd A = argmaxA 0scoreM (S; A 0 : D).

Naively, we might think that we canfurther decompose
the scoreacrossvariables,allowing us to determineinde-
pendentlytheoptimalassignmentA(X i ) for eachvariable
X i . Unfortunately, this is not the case. Most obviously,
theassignmentsto differentvariablesmustbeconstrained
so that the modulegraphremainsacyclic. For example,
if X 1 2 PaM i andX 2 2 PaM j , we cannotsimultane-
ously assignA(X 1) = j andA(X 2) = i . More subtly,
theBayesianscorefor eachmoduledependsnon-additively



on the suf�cient statisticsof all the variablesassignedto
themodule.(Thelog-likelihoodfunctionis additive in the
suf�cient statisticsof the different variables,but the log
marginal likelihood is not.) Thus, we can only compute
the deltascorefor moving a variablefrom onemoduleto
anothergiven a �xed assignmentof the othervariablesto
thesetwo modules.

We thereforeusea sequentialupdatealgorithmthatreas-
signsthevariablesto modulesoneby one.Theideais sim-
ple. We startwith an initial assignmentfunction A 0, and
in a “round-robin” fashioniterateover all of thevariables
oneat a time, andconsiderchangingtheir moduleassign-
ment.Whenconsideringa reassignmentfor a variableX i ,
we keepthe assignmentsof all other variables�x ed and
�nd theoptimal legal (acyclic) assignmentfor X i relative
to the�x edassignment.We continuereassigningvariables
until nosinglereassignmentcanimprovethescore.

The key to the correctnessof this algorithm is its se-
quentialnature:Eachtime a variableassignmentchanges,
theassignmentfunctionaswell astheassociatedsuf�cient
statisticsare updatedbeforeevaluatinganothervariable.
Thus,eachchangemadeto theassignmentfunction leads
to a legal assignmentwhich improvesthescore.Our algo-
rithm terminateswhenit canno longerimprove thescore.
Hence,it convergesto a local maximum,in thesensethat
nosingleassignmentchangecanimprovethescore.

Thecomputationof thescoreis themostexpensive step
in thesequentialalgorithm.Onceagain,thedecomposition
of the scoreplays a key role in reducingthe complexity
of this computation:Whenreassigninga variableX i from
one moduleM j to anotherM k , only the local scoreof
thesemoduleschanges.

Convergence. Ouralgorithmstartswith aninitial guessof
assignment(seebelow), andthenappliesthetwo stepsde-
scribedabove iteratively until convergence.We have con-
structedouriterativealgorithmsothateachof thetwo steps
— structureupdateandassignmentupdate— is guaranteed
to eitherimprovethescoreor leave it unchanged.

Theorem4.1: Theiterativemodulenetwork learningalgo-
rithm convergesto a localmaximumof score(S; A : D).

Initialization. The only remainingquestionis how to
choosethe initial moduleassignmentto begin theiterative
algorithm.Recallthatwe needto �nd a way to groupvari-
ablesinto initial modules.Ideally, this initializationwould
puttogethervariablesthatbehavedsimilarly in thedifferent
instances.This problemcanbe thoughtof asa clustering
problem,wheretheobjectsto beclusteredarethevariables
in themodulenetwork andtheir featuresaretheir behavior
in thedifferentinstancesin theoriginaldataset.For exam-
ple, in our stockmarket example,we would clusterstocks
basedonthesimilarity of theirbehavior overdifferenttrad-
ing days. (Note that,whenviewing thedatafrom theper-
spective of learninga Bayesiannetwork or a modulenet-
work, the “instances”aretradingdaysandtheir attributes

arestocks.)We canuseany standardclusteringprocedure
(e.g.,[2]) to comeupwith this initial clustering.

Wechooseto useaprocedurethatis suitableto ourprob-
lem, in that it evaluatesa partition of variablesinto mod-
ulesby measuringthe extent to which the modulemodel
is a good �t to the dataof the variablesin the module.
Thisalgorithmcanbebestthoughtof asperformingmodel
merging (as in [7]), in a modulenetwork with a speci�c
structure.However, insteadof merging valuesof random
variables,we mergemodules.We startby building a mod-
ule network as follows. We introducea dummyvariable
U thatencodestraininginstanceidentity — u[m] = m for
all m. We thencreaten modules,with A(X i ) = i , and
PaM i = U. Notethat, in this network, eachinstanceand
eachvariablehasits own localprobabilisticmodel.

Next, we considerall possible legal module mergers
(thosecorrespondingto moduleswith the samedomain),
wherewe changethe assignmentfunction to replacetwo
modulesj 1 andj 2 by a new modulej 1;2. Note that, fol-
lowing themerger, eachinstancestill hasadifferentproba-
bilistic model,but thetwo variablesX j 1 andX j 2 now must
shareparameters.We evaluateeachsuchmergerby com-
putingthescoreof theresultingmodulenetwork. We then
greedilychoosethe merger that leadsto the bestscoring
network. Thus,theprocedurewill mergetwo modulesthat
aresimilar to eachotheracrossthedifferentinstances.We
continueto do thesemergersuntil we reacha modulenet-
work with the desirednumberof modules,asspeci�ed in
theoriginal choiceof C.

5 Learning with RegressionTrees

We now brie�y review theconditionaldistribution we use
in theexperimentsbelow. Many of thedomainssuitedfor
modulenetwork modelscontaincontinuousvaluedvari-
ables,suchasgeneexpressionor pricechangesin thestock
market. For thesedomains,we often use a conditional
probabilitymodelrepresentedasa regressiontree[1]. For
our purposes,a regressiontreeT for P(X j U ) is de�ned
via a rootedbinary tree,whereeachnodein the treeis ei-
ther a leaf or an interior node. Eachinterior nodeis la-
beledwith a test U < u on somevariableU 2 U and
u 2 IR. Suchaninterior nodehastwo outgoingarcsto its
children,correspondingto theoutcomesof thetest(trueor
false).ThetreestructureT capturesthe local dependency
structureof theconditionaldistribution. Theparametersof
T are the distributions associatedwith eachleaf. In our
implementation,eachleaf ` is associatedwith a univariate
Gaussiandistributionovervaluesof X , parameterizedby a
mean� ` andvariance� 2

` .
To learnmodulenetworkswith regression-treeCPTs,we

must extend our previous discussionby adding another
componentto S that representsthe treesT1; : : : ; TK as-
sociatedwith the different modules. Once we specify
thesecomponents,the above discussionapplieswith sev-
eral small differences. Theseissuesare similar to those



encounteredwhen introducingdecisiontreesto Bayesian
networks[4, 9], andsoweonly brie�y touchon them.

GivenaregressiontreeTj for P(M j j PaM j ), thecorre-
spondingsuf�cient statisticsarethestatisticsof thedistri-
butionsat theleavesof thetree.For eachleaf ` in thetree,
and for eachdatainstancex[m], we let ` j [m] denotethe
leaf reachedin the treegiven the assignmentto PaM j in
x[m]. Themodulelikelihooddecomposesasa productof
terms,onefor eachleaf `. Eachterm is the likelihoodfor
theGaussiandistribution N

�
� ` ; � 2

`

�
, with theusualsuf�-

cientstatisticsfor a Gaussiandistribution.
Whenperformingstructuresearchfor modulenetworks

with regression-treeCPTs,in additionto choosingthepar-
entsof eachmodule,we mustalsochoosethe associated
treestructure.We usethesearchstrategy proposedin [4],
wherethesearchoperatorsareleaf splits. Sucha split op-
eratorreplacesa leaf in a treeTj with aninternalnodewith
sometest on a variableU. The two branchesbelow the
newly createdinternalnodepoint to two new leaves,each
with its associatedGaussian.This operatormustcheckfor
acyclicity, asit implicitly addsU asaparentof M j . When
performingthesearch,we considersplitting eachpossible
leafoneachpossibleparentU andeachvalueu. As always
in regression-treelearning,we do not have to considerall
realvaluesu aspossiblesplit points;it suf�ces to consider
valuesthatarisein thedataset.

6 Experimental Results

We evaluatedour modulenetwork learningprocedureon
syntheticdataandon two realdatasets— geneexpression
data,andstockmarketdata.In all cases,ourdataconsisted
solelyof continuousvalues.As all of thevariableshavethe
samedomain,thede�nition of themodulesetreducessim-
ply to a speci�cationof the total numberof modules.We
usedregressiontreesasthe local probabilitymodelfor all
modules.As our searchalgorithm,we usedbeamsearch,
using a lookaheadof threesplits to evaluateeachopera-
tor. When learningBayesiannetworks, asa comparison,
we usedpreciselythe samestructurelearningalgorithm,
simply treatingeachvariableasits own module.

Synthetic data. As a basictest of our procedurein a
controlledsetting,we usedsyntheticdatageneratedby a
known modulenetwork. This givesa known groundtruth
to which we can comparethe learnedmodels. To make
thedatarealistic,wegeneratedsyntheticdatafrom amodel
thatwaslearnedfrom thegeneexpressiondatasetdescribed
below. The generatingmodelhad10 modulesanda total
of 35 variablesthatwerea parentof somemodule. From
thelearnedmodulenetwork, weselected500variables,in-
cludingthe35parents.Wetestedouralgorithm'sability to
reconstructthe network using differentnumbersof mod-
ules; this procedurewas run for training setsof various
sizesrangingfrom 25 instancesto 500 instances,eachre-
peated10 timesfor differenttrainingsets.

We �rst evaluatedthegeneralizationto unseentestdata,
measuringthe likelihoodascribedby the learnedmodelto
4500 unseeninstances.The results,summarizedin Fig-
ure 2(a), show that, for all training set sizes,except the
smallestone with 25 instances,the model with 10 mod-
ulesperformsthebest. As expected,modelslearnedwith
larger trainingsetsdo better;but, whenrun usingthecor-
rectnumberof 10modules,thegainof increasingthenum-
berof datainstancesbeyond100samplesis small.

A closerexaminationof the learnedmodelsrevealsthat,
in many cases,they arealmosta 10-modulenetwork. As
shown in Figure2(b), modelslearnedusing100, 200, or
500instancesandupto 50modulesassigned� 80%of the
variablesto 10 modules. Indeed,thesemodelsachieved
highperformancein Figure2(a).However, modelslearned
with a larger numberof moduleshad a wider spreadfor
theassignmentsof variablesto modulesandconsequently
achievedpoorperformance.

Finally, we evaluatedthe model's ability to recover the
correctdependencies.Thetotal numberof parent-childre-
lationshipsin the generatingmodel was 2250. For each
model learned,we report the fraction of correct parent-
child relationshipsit contains. As shown in Figure 2(c),
our procedurerecovers74%of thetruerelationshipswhen
learningfrom a datasetof size500 instances.Onceagain,
weseethat,asthevariablesbegin fragmentingovera large
numberof modules,the learnedstructurecontainsmany
spuriousrelationships. Thus, our resultssuggestthat, in
domainswith amodularstructure,statisticalnoiseis likely
to preventoverly detailedlearnedmodelssuchasBayesian
networksfrom extractingthecommonalitybetweendiffer-
entvariableswith a sharedbehavior.

GeneExpressionData. We next evaluatedthe perfor-
manceof our methodon a realworld datasetof geneex-
pressionmeasurements.A microarray measurestheactiv-
ity level (mRNA expressionlevel) of thousandsof genesin
thecell in aparticularcondition.Weview eachexperiment
asan instance,andthe expressionlevel of eachmeasured
geneasa variable[10]. In many cases,thecoordinatedac-
tivity of a groupof genesis controlledby a small set of
regulators, that are themselvesencodedby genes. Thus,
the activity level of a regulatorgenecanoften predictthe
activity of thegenesin thegroup. Our goal is to discover
thesemodulesof co-regulatedgenes,andtheir regulators.

We usedtheexpressiondataof [11], whichmeasuredthe
responseof yeastto differentstressconditions. The data
consistsof 6157genesand173 experiments. In this do-
main,we have prior knowledgeof which genesarelikely
to play a regulatoryrole. Subsequently, we restrictedthe
possibleparentsto 466 yeastgenesthat may play sucha
role. We thenselected2355genesthatvariedsigni�cantly
in thedataandlearnedamodulenetwork over thesegenes.
We alsolearneda Bayesiannetwork over this dataset.

We evaluatedthegeneralizationability of differentmod-
els, in termsof log-likelihoodof test data,using 10-fold
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Figure2: Performanceof learningfrom syntheticdataasa functionof the numberof modulesandtraining setsize. In all cases,the
x-axiscorrespondsto thenumberof modules,eachcurve correspondsto a differentnumberof traininginstances,andeachpoint shows
themeanandstandarddeviationsfrom the10 sampleddatasets.(a) Log-likelihoodperinstanceassignedto held-outdata.(b) Fraction
of variablesassignedto thelargest10modules.(c) Averagepercentageof correctparent-childrelationshipsrecovered.

crossvalidation.In Figure3(a),weshow thedifferencebe-
tweenmodulenetworks of differentsizeandthe baseline
Bayesiannetwork, demonstratingthat module networks
generalizemuchbetterto unseendatafor almostall choices
of numberof modules.

Wenext testedthebiologicalvalidity of thelearnedmod-
ulenetworkwith 50modules.(Weselected50modulesdue
to thebiologicalplausibility of having, on average,40–50
genesper module.) First, we examinedwhethergenesin
thesamemodulehavesharedfunctionalcharacteristics.To
thisend,weusedannotationsof thegenes'biologicalfunc-
tions from theSaccharomycesGenomeDatabase[3]. We
systematicallyevaluatedeachmodule's geneset by test-
ing for signi�cantly enrichedannotations.Supposewe�nd
l geneswith a certainannoationin a moduleof size N .
To checkfor enrichment,we calculatethep-valueof these
numbers— the probability of �nding that many genesof
thatannotationin a randomsubsetof N genes.For exam-
ple, the “protein folding” modulecontains10 genes,7 of
whichareannotatedasproteinfolding genes.In thewhole
dataset,thereareonly 26geneswith thisannotation.Thus,
the p-value of this annotation,that is, the probability of
choosing7 or moregenesin this category by choosing10
randomgenes,is lessthan10� 12. Our evaluationshowed
that42(resp.20)modules,outof 50,hadatleastonesignif-
icantly enrichedannotationwith a p-valuelessthan0:005
(resp.lessthan10� 6). Furthermore,the enrichedannota-
tions re�ect the key biological processesexpectedin our
dataset. We usedtheseannotationsto label the modules
with meaningfulbiologicalnames.

We canusetheseannotationsto reasonaboutthedepen-
denciesbetweendifferentbiologicalprocessesat themod-
ule level. For example,we �nd that thecell cyclemodule,
regulatesthehistonemodule.Thecell cycle is theprocess
in which thecell replicatesits DNA anddivides,andit is
indeedknownto regulatehistones— key proteinsin charge
of maintainingandcontrollingtheDNA structure.Another
moduleregulatedby the cell cycle moduleis thenitrogen
catabolite repression(NCR) module, a cellular response

activatedwhennitrogensourcesarescarce.We�nd thatthe
NCRmoduleregulatestheaminoacid metabolism, purine
metabolismandproteinsynthesismodules,all representing
nitrogen-requiringprocesses,andhencelikely to be regu-
latedby theNCRmodule.Theseexamplesdemonstratethe
insightsthatcanbegleanedfrom ahigherordermodel,and
which would have beenobscuredin theunrolledBayesian
network over2355genes.

Stock Mark et Data. In a very differentapplication,we
examinedadatasetof NASDAQ stockprices.Wecollected
stockpricesfor 2143companies,in the period1/1/2002–
2/3/2003,covering273 tradingdays. We took eachstock
to bea variable,andeachinstanceto correspondto a trad-
ing day, wherethevalueof thevariableis thelog of thera-
tio betweenthatday'sandthepreviousday'sclosingstock
price. This choiceof datarepresentationfocuseson the
relativechangesto thestockprice,andeliminatesthemag-
nitudeof thepriceitself (whichdependsonsuchirrelevant
factorsasthenumberof outstandingshares).As potential
controllers,we selected250of the2143stocks,whoseav-
eragetradingvolumewasthelargestacrossthedataset.

As with geneexpressiondata,weusedcrossvalidationto
evalute the generalizationability of differentmodels. As
we canseein Figure3(b), modulenetworks performsig-
ni�cantly betterthanBayesiannetworksin thisdomain.

To testthequality of our modules,we measuredtheen-
richmentof the modulesin the network with 50 modules
for annotationsrepresentingvarioussectorsto which each
stockbelongs.Wefoundsigni�cant enrichmentfor 21such
annotations,covering a wide variety of sectors. We also
comparedtheseresultsto the clustersof stocksobtained
from applyingAutoclass[2] to the data. Here,aswe de-
scribedabove, eachinstancecorrespondsto a stock and
is describedby 273randomvariables,eachrepresentinga
tradingday. In 20 of the21 cases,theenrichmentwasfar
moresigni�cant in themoduleslearnedusingmodulenet-
workscomparedto theonelearnedby AutoClass,ascanbe
seenin Figure3(c).

Finally, we also looked at the structureof the module
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network, and found several caseswherethe structure�t
our understandingof the stockdomain. Several modules
correspondedprimarily to high techstocks.Oneof these,
consistingmostly of software,semi-conductor, communi-
cation,andbroadcastingservices,hadasits two mainpre-
dictorsMolex, alargemanufacturerof electronic,electrical
and�ber optic interconnectionproductsandsystems,and
Atmel, specializingin design,manufacturingandmarket-
ingof advancedsemiconductors.Molex wasalsotheparent
for anothermodule,consistingprimarily of software,semi-
conductor, andmedicalequipmentcompanies;thismodule
hadasadditionalparentsMaxim, whichdevelopintegrated
circuits,andAffymetrix, whichdesignsanddevelopsgene
microarraychips. In this, asin many othercases,thepar-
entsof a modulearefrom similar sectorsasthe stocksin
themodule.

7 Discussionand Conclusions

Wehave introducedtheframework of modulenetworks, an
extensionof Bayesiannetworks that includesan explicit
representationof modules— subsetsof variablesthatshare
a statisticalmodel. We have presenteda Bayesianlearn-
ing framework for modulenetworks, that learnsboth the
partitioningof variablesinto modulesandthedependency
structureof eachmodule. We showed experimentalre-
sultson two complex real-world datasets,eachincluding
measurementsof thousandsof variables,in thedomainsof
geneexpressionandstockmarket. Our resultsshow that
our learnedmodulenetworks have much higher general-
izationperformancethanaBayesiannetwork learnedfrom
thesamedata.

Thereareseveralreasonswhy a learnedmodulenetwork
is a bettermodel thana learnedBayesiannetwork. Most
obviously, parametersharingbetweenvariablesin thesame
moduleallows eachparameterto be estimatedbasedon a

muchlargersample.Moreover, this allows us to learnde-
pendenciesthat are consideredtoo weak basedon statis-
tics of singlevariables.Thesearewell-known advantages
of parametersharing;the interestingaspectof our method
is that we determineautomaticallywhich variableshave
sharedparameters.

More interestingly, the assumptionof sharedstructure
signi�cantly restricts the spaceof possibledependency
structures,allowing us to learn more robust modelsthan
those learned in a classical Bayesiannetwork setting.
While the variablesin the samemodulemight behave ac-
cordingto thesamemodelin underlyingdistribution, this
will oftennotbethecasein theempiricaldistributionbased
on a �nite numberof samples.A Bayesiannetwork learn-
ingalgorithmwill treateachvariableseparately, optimizing
theparentsetandCPDfor eachvariablein anindependent
manner. In theveryhigh-dimensionaldomainsin whichwe
areinterested,thereareboundto be spuriouscorrelations
that arisefrom samplingnoise,inducingthe algorithmto
chooseparentsetsthatdonotre�ect realdependencies,and
will not generalizeto unseendata. Conversely, in a mod-
ule network setting,a spuriouscorrelationwould have to
arisebetweenapossibleparentandalargenumberof other
variablesbeforethealgorithmwould �nd it worthwhile to
introducethedependency.

Module networks are relatedboth to the framework of
object-orientedBayesiannetworks(OOBNs) [15] and to
the framework of probabilitic relational models(PRMs)
[16, 8]. Theseframeworks extendBayesianNetworks to
a settinginvolving multiple relatedobjects,andallow ran-
dom variablesof the sameclassto shareparametersand
dependency structure.In themodulenetwork framework,
wecanview eachvariableasanobjectandeachmoduleas
a class,so that the variablesin a singlemodulesharethe
sameprobabilisticmodel. As themoduleassignmentsare



not known in advance,modulenetworkscorrespondmost
closely to the variantof theseframeworks wherethereis
typeuncertainty— uncertaintyabouttheclassassignment
of objects.However, despitethis high-level similarity, the
modulenetwork framework differs in certain key points
from both OOBNsandPRMs,with signi�cant impacton
thelearningtask.

In OOBNs,objectsin thesameclassmusthave thesame
internalstructureandparameterization,but candependon
differentsetsof variables(asspeci�ed in the mappingof
variablesin an object's interfaceto its actualinputs). By
contrast,in a module network, all of the variablesin a
module(class)musthave the samespeci�c parents.This
assumptiongreatlyreducesthesizeandcomplexity of the
hypothesisspace,leadingto a morerobust learningalgo-
rithm. On theotherhand,this assumptionrequiresthatwe
be careful in makingcertainstepsin the structuresearch,
as they have moreglobal effects thanon just oneor two
variables.Due to thesedifferences,we cannotsimply ap-
ply anOOBNstructure-learningalgorithm,suchastheone
proposedby LangsethandNielsen[18], to suchcomplex,
high-dimensionaldomains.

In PRMs, the probabilisticdependency structureof the
objectsin aclassis determinedby therelationalstructureof
thedomain(e.g.,theCostattributeof aparticularcarobject
might dependon the Incomeattribute of the objectrepre-
sentingthis particularcar's owner). In thecaseof module
networks, thereis no known relationalstructureto which
probabilisticdependenciescanbe attached.Without such
a relationalstructure,PRMsonly allow dependency mod-
elsspeci�edat theclasslevel. Thus,we canassertthat the
objectsin oneclassdependon someaggregatequantityof
theobjectsin another. We cannot,however, statea depen-
denceonaparticularobjectin theotherclass(withoutsome
relationshipspeci�ed in themodel).Getooret al. [12]) at-
temptto addressthis issueusinga classhierarchy. Their
approachis verydifferentfrom ours,requiringsomefairly
complex searchsteps,andis noteasilyappliedto thetypes
of domainsconsideredin this paper. Overall, modulenet-
works do not apply asbroadlyasPRMs,but allow much
more�e xible parametersharinganddependency structures
in domainswherethey apply.

Thereare several importantextensionsto the work we
presentedhere.Mostobviously, wehavenotaddressedthe
issueof selectingthe numberof modules. We canadapt
Bayesianscoringcriteriausedto evaluatestandardcluster-
ing methods[2, 7] for the problemof evaluatingdifferent
choicesfor the numberof modules. However, much re-
mainsto bedoneontheproblemof proposingnew modules
andinitializing them.

In this paper, we focusedon the statisticalpropertiesof
our method. In a companionbiological paper[19], we
usethemodulenetwork learnedfrom thegeneexpression
datadescribedabove to predict generegulation relation-
ships. There,we performeda comprehensive evaluation

of thevalidity of thebiologicalstructuresreconstructedby
our method. By analyzingbiological databasesand pre-
vious experimentalresultsin the literature,we con�rmed
that many of the regulatoryrelationsthat our methodau-
tomatically inferredare indeedcorrect. Furthermore,our
modelprovidedfocusedpredictionsfor genesof previously
uncharacterizedfunction. We performedwet lab biologi-
cal experimentsthatcon�rmed the3 novel predictionswe
tested. Thus,we have demonstratedthat the modulenet-
work model is robust enoughto learna goodapproxima-
tion of thedependency structurebetween2355genesusing
only 173 samples.Theseresultsshow that, by learninga
structuredprobabilisticrepresentation,we identify regula-
tion networks from geneexpressiondataandsuccessfully
addressone of the centeralproblemsin analysisof gene
expressiondata.
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