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Abstract

Methodsfor learningBayesiametworks candiscover
dependencstructurebetweerobseredvariables Al-
thoughthesemethodsareusefulin mary applications,
they run into computationaland statisticalproblems
in domainsthatinvolve a large numberof variables.
In this paper we considera solutionthatis applicable
whenmary variableshave similar behaior. We intro-
ducea new classof modelsmodulenetworksthatex-
plicitly partitionthe variablesinto modulesthatshare
the sameparentsin the network andthe samecondi-
tional probability distribution. We de ne the seman-
tics of module networks, and describean algorithm
thatlearnsthe modules'compositionandtheir depen-
dengy structurefrom data. Evaluationon real datain
the domainsof geneexpressionand the stock mar
ket shawvs thatmodulenetworks generalizebetterthan
Bayesiannetworks, andthat the learnedmodule net-
work structurerevealsregularitiesthatareobscuredn
learnedBayesiametworks.

1 Intr oduction

Overthelastdecadetherehasbeenmuchresearcton the
problemof learningBayesiametworksfrom data[13], and
successfullyapplyingit bothto densityestimation,andto

discoreringdependeng structuresamongvariables Many

real-world domains however, arevery comple, involving

thousand®f relevantvariables. Examplesncludemodel-
ing the dependencieamongexpressiorlevels(  activity)

of all thegenesn acell[10, 17] or amongchangesn stock
prices. Unfortunatelyin complex domains the amountof

datais rarelyenoughto robustlylearnamodelof theunder

lying distribution. In the geneexpressiordomain,atypical
datasetincludesthousand®f variables but at mosta few

hundredinstances. In suchsituations,statisticalnoiseis
likely to leadto spuriousdependenciesesultingin models
thatsigni cantly over t thedata.

In this paper we proposean approacho addresghis is-
sue. We startby observingthat, in mary large domains,
the variablescanbe partitionedinto setssothat,to a rst
approximationthe variableswithin eachsethave a similar
setof dependencieandthereforeexhibit a similar behar-
ior. For example,mary genesin a cell areorganizedinto
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modulesin which setsof genesrequiredfor the samebi-
ologicalfunctionor responseareco-regulatedby the same
inputsin orderto coordinatetheir joint actvity. As an-
other example,whenreasoningaboutthousandof NAS-
DAQ stocks.entiresectorof stocksoftenrespondogether
to sectorin uencing factorg(e.qg.,0il stockstendto respond
similarly to awarin Iraq).

We de ne anew representatiogalleda modulenetwork
whichexplicitly partitionsthevariablesnto modules Each
modulerepresenta setof variableghathave the samesta-
tisticalbehaior, i.e., they sharehe samesetof parentsand
local probabilisticmodel. By enforcingthis constrainton
thelearnednetwork, we signi cantly reducethe comple-
ity of ourmodelspaceaswell asthenumberof parameters.
Thesereductiondeadto to morerobustestimatiorandbet-
ter generalizatioron unseerdata.

A modulenetwork canbe viewed simply asa Bayesian
network in which variablesin the samemodulesharepar
ents and parameters. Indeed, probabilistic modelswith
sharedparameterarecommonin avarietyof applications,
andarealsousedn othergeneratepresentatiotanguages,
such as dynamic Bayesiannetworks[6], object-oriented
BayesiarNetworkg[15], andprobabilisticrelationalmod-
els[16, 8]. (SeeSection? for furtherdiscussiorof therela-
tionshipbetweermodulenetworks andtheseformalisms.)
In mostcasesthe sharedstructureis imposedby the de-
signerof the model, using prior knowledgeaboutthe do-
main. A key contritution of this paperis the designof a
learningalgorithmthatdirectly searche$or and nds sets
of variableswith similar behaior, which arethende ned
to be a module. Noisein the datamakesit extremelyun-
likely that sucha modularstructurewould arisenaturally
from a Bayesiametwork learningalgorithm,evenif it ex-
istsin thedomain.Moreover, by makingthemodularstruc-
ture explicit, the modulenetwork representatioprovides
insightaboutthe domainthat are oftenbe obscurecby the
intricatedetailsof a large Bayesiametwork structure.

We describethe basicsemanticof the modulenetwork
frameawork, presenta Bayesianscoringfunction for mod-
ule networks, and provide an algorithm that learnsboth
the assignmentf variablesto modulesandthe probabilis-
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Figurel: (a) A simple Bayesiannetwork over stockprice vari-
ablesthestockpriceof Intel (INTL) is annotateavith avisualiza-
tion of its CPD, describedasa differentmultinomial distribution
for eachvalue of its in uencing stock price Microsoft (MSFT).
(b) A simplemodulenetwork; theboxesillustratemoduleswhere
stockpricevariablesshareCPDsandparameters.

tic modelfor eachmodule. We evaluatethe performance
of our algorithm on two real datasetsjn the domainsof
geneexpressionand the stock market. Our resultsshowv
thatour learnedmodulenetwork generalize$o unseertest
datamuchbetterthan a Bayesiannetwork. They alsoil-
lustratethe ability of thelearnedmodulenetwork to reveal
high-level structurethat providesimportantinsights.

2 The Module Network Framework

We startwith an examplethatintroduceshe mainideaof
modulenetworksandthenprovide aformal de nition. For
concretenesg;onsidera simpletoy exampleof modeling
changesn stock prices. The Bayesiannetwork of Fig-
ure 1(a) describegdependenciebetweendifferent stocks.
In this network eachrandomvariable correspondgo the
changein price of a singlestock. For simplicity theseran-
domvariablestake oneof threevalues: down', “same'or
‘up', denotingthe changeduring a particulartrading day.
In our example, the stock price of Intel (INTL) depends
on that of Microsoft (MSFT). The CPD shown in the g-
ureindicatesthatthe behavior of Intel's stockis similar to
that of Microsoft. Thatis, if Microsoft's stock goesup,
thereis a high probability that Intel's stockwill alsogo up
andvice versa.Similarly, the Bayesiametwork speci esa
CPDfor eachstockpriceasastochastidunctionof its par
ents.Thus,in ourexample thenetwork speci esaseparate
behaior for eachstock.

The stock domain, however, hashigherorder structural
featuresthat are not explicitly modeledby the Bayesian
network. For instance,we can seethat the stock price
of Microsoft (MSFT) in uences the stock price of all of
the major chip makers— Intel (INTL), Applied Materials
(AMAT), and Motorola (MOT). In turn, the stock price
of computermakers Dell (DELL) and Hewlett Packard
(HPQ), arein uencedby the stockpricesof their chip sup-
pliers — Intel and Applied Materials. To a rst approxi-
mation,we cansaythatthe stockprice of all chip making
companieslependsn that of Microsoft andin muchthe

sameway. Similarly, the stock price of computermalers
that buy their chipsfrom Intel and Applied Materialsde-
pendson thesechip makers' stockandin muchthe same
way.

To modelthis type of situation,we might divide stock
pricevariablesinto groups whichwe call modulesandre-
quirethatvariablesn thesamemodulehavethesameprob-
abilistic model;thatis, all variablesn the modulehave the
samesetof parentsandthe sameCPD. Our examplecon-
tainsthreemodules:onecontainingonly Microsoft, a sec-
ond containingchip makersIntel, Applied Materials,and
Motorola,andathird containingcomputemalersDell and
HP (seeFigure1(b)). In this model,we needonly specify
threeCPDs,onefor eachmodule,sinceall thevariablesn
eachmodulesharethe sameCPD.By comparisonsix dif-
ferentCPDsarerequiredfor a Bayesiametwork represen-
tation. This notion of a moduleis the key ideaunderlying
themodulenetwork formalism.

We now provide a formal de nition a modulenetwork.
Throughouthis paper we assumehatwe aregivena do-

Val(X;) to denotethedomainof valuesof thevariableX ;.

As describedabove, a modulerepresentsa set of vari-
ablesthatsharethe samesetof parentsandthe sameCPD.
As a notation,we represeneachmoduleby a formal vari-
able that we useasa placeholdeifor the variablesin the
module. A modulesetC is a setof suchformal variables

sameCPD,they musthave the samedomainof values.We
represenby Val(()M ;) the setof possiblevaluesof the
formal variableof thej 'th module.

A modulenetwork relative to C consistsof two compo-
nents. The rst de nes atemplateprobabilisticmodelfor
eachmodulein C,; all of thevariablesassignedo the mod-
ulewill sharethis probabilisticmodel.

De nition 2.1 A modulenetworktemplateT = (S; ) for
Cde nes,for eachmoduleM ; 2 C:

asetof parentPay; X;

a conditional probability template (CPT) P(M; j
Pay ;) which speci es a distribution over Val(M j)
for eachassignmenin Val(Pay | ).

We useS to denotethe dependeng structureencodedby
fPay; : Mj 2 Cgand todenotethe parameterse-
quiredfor theCPTsfP(M; jPay;) : M; 2 Cg. I

In our example, we have three modulesM 1, M,, and
M3, with Pay, = ;, Pam, = fMSFTg, andPay , =
f AMAT; INTLg.

The secondcomponents a moduleassignmentunction,
thatassigngachvariableX; 2 X tooneof theK modules,

modulethathasthe samedomain.

De nition 2.2 A moduleassignmenfunctionfor Cis a



functionA : X !
if Val(X;) = Val(M;). 1

In our example,we have thatA(MSFT) = 1, A(MOT) =
2, A(INTL) = 2, andsoon.

A modulenetwork is de ned by boththemodulenetwork
templateandthe assignmentunction.

De nition 2.3 LetM beatriple (C,T;A), whereCis a
moduleset,T isamodulenetwork templatefor C, andA is
amoduleassignmentunctionfor C. M de nesadirected
modulegraphGy asfollows:

thenodesn Gy correspondo themodulesin C;

Gu containsanedgeM ; ! M if andonlyif thereis
avariableX 2 X sothatA(X) = j andX 2 Pay, .

We saythatM is aamodulenetworkif the modulegraph
Gu isagyclic.

For example,for the modulenetwork of Figure 1(b), the
modulegraphhasthestructureM ;! M, ! M.

A modulenetwork de nesaprobabilisticmodelby using
theformalrandomvariablesM ; andtheirassociate€PTs
astemplateghatencodehebehaior of all of thevariables
assignedo thatmodule.Speci cally, we de ne theseman-
tics of a modulenetwork by “unrolling” a Bayesiannet-
work whereall of the variablesassignedto module M ;
sharethe parentsand conditionalprobability templateas-
signedtoM; in T.

De nition 2.4 A modulenetworkM = (C;T;A) de nes
a ground BayesiannetworkBy over X asfollows: For
eachvariableX; 2 X, whereA(X;) = j, we de ne the
parentof X; in By tobePay ; , andits conditionalprob-
ability distributiontobeP (M j Pay, ), asspeciedinT.
The distribution associatedvith M is the onerepresented
by the Bayesiametwork By, . I

Returningto our example, the Bayesiannetwork of Fig-
urel(a)is thegroundBayesiametwork of themodulenet-
work of Figure1(b).

To show thatthe semanticgor amodulenetwork is well-
de ned,weneedo provethatthegroundBayesiametwork
de nesacoherenprobabilisticmodel. We needonly shov
thefollowing result:

Proposition2.5. If Gy is a directedacyclic graph, then
thedependencgraphof By, is acyclic.

Corollary 2.6 For anymodulenetworkM , By, de nesa
coheentprobability distribution over X .

As we cansee,amodulenetwork provide a succinctrep-
resentatiorof the groundBayesiametwork. In arealistic
versionof our stockexample,we might have severalthou-
sand=f stocks.A Bayesiametwork in this domainneeds
to representhousandef CPDs.Ontheotherhand,amod-
ule network canrepresena goodapproximatiorof the do-
mainusinga modelthatusesonly few dozenCPDs.

3 BayesianScoring

We now turn to thetaskof learningmodulenetworksfrom

consistingof M instancesdravn independentlyfrom an
unknown distribution P(X). We assumethat the set of
modulesC is given, and we wish to estimatethis dis-
tribution using a module network over C. To provide a
completedescriptionof a module network asin De ni-

tion 2.3, we needto learnthe assignmenfunction A of
nodesto modules,the parentstructureS speciedin T,
andthe parameters for thelocal probability distributions
P(Mj j Pay,). Fortheremainderof this discussionywe
omit referenceso C, takingit asgiven.

We take a scoe-basedappmoad to learningmodulenet-
works. In this section,we de ne a scoringfunction that
measuretiow well eachcandidatenodel ts the obsered
data. We adoptthe Bayesianphilosophyand derive a
Bayesiarscoringfunctionsimilarto the Bayesiarscorefor
Bayesiametworks|[5, 14]. In thenext sectionwe consider
how to nd ahigh scoringmodel.

3.1 Likelihood Function

We startby examiningthedatalikelihoodfunction

L(M :D)=P(DjM)= P(X[m]j T;A):

m=1

This function playsa key role both in the parameteesti-
mationtaskandin thede nition of thestructurescore.

As the semanticof a modulenetwork is de ned via the
groundBayesiametwork, we havethat,in the caseof com-
pletedata,thelik elihooddecomposemto a productof lo-
cal likelihoodfunctions onefor eachvariable. In our set-
ting, however, we have theadditionalpropertythatthevari-
ablesin amodulesharethe sameocal probabilisticmodel.
Hence we canaggreyatethesdocal lik elihoods obtaining
adecompositiormccordingto modules.

More preciselylet X1 = fX 2 X j A(X) = jg, and
let jPaw be the parameterassociatedvith the CPT
P(Mj j Pam,). We candecomposehe likelihoodfunc-
tion asa productof modulelikelihoods eachof which can
becalculatedndependenthanddependsnly onthevalues
of X1 andPay, , andontheparametersMijpan :

L(M ZD)2 3
% .
= 4 P (xi[m]] paMi [m]; M Paw )5
j=1 m=1x,2x]
¥

Lj(Pan;Xj; M jPam, :D) 1)

i=1

If we are learning conditional probability distributions
from the exponential family (e.g., discretedistribution,



Gaussiandistributions, and mary others),then the local
likelihoodfunctionscanbe reformulatedn termsof suf-
cientstatisticsof the data. The sufcient statisticssumma-
rize therelevantaspect®of the data. Their usehereis sim-
ilar to thatin Bayesiametworks[13], with onekey differ-
ence.ln amodulenetwork, all of thevariablesin thesame
modulesharehesameparametersThus,we poolall of the
datafrom the variablesin X/, and calculateour statistics
basedon this pooleddata. More preciselylet S; (M;; U)
be a sufcient statisticfunctionfor the CPTP(M; j U).
Thenthevalueof the statisticonthe datasetD is

X
§j=

m=1 X;2Xi

S; (xi [m]; pay, [m]): )

For example, in the caseof multinomial table CPTs,
we have one sufcient statistic function for each joint
assignmen 2 Val(M;);u 2 Val(Pawm,), whichis

fXi[m] = x; pay [m] = ug — the indicator function
thattakesthevaluelif theevent(Xi[m] = x; Pam, [m] =
u) holds,and0 otherwise.The statisticon the datais
Sixul = fXi[m] = x; Pay, [m] = ug
m=1 X;2XI

Giventhesesufcient statisticstheformulafor themodule

likelihoodfunctionis:
. Y
Lj(Pam,;X!; MjPaw :D) =
x;u2Val (M ;Pawm i )

Xju

This term is preciselythe one we would usein the like-
lihood of Bayesiannetworks. The only differenceis that
thevectorof sufcient statisticsfor alocallikelihoodterm
is pooledover all the variablesin the correspondingnod-
ule. For example, considerthe likelihood function for
the module network of Figure 1(b). In this network we
have three modules. The rst consistsof a single vari-
able and has no parent, and so the vector of statistics
8[M 1] is the sameas the statisticsof the samevariable
S[MSFT]. The secondmodule containsthree variables,
and we have that the sufcient statisticsfor the module
CPT is the sum of the statisticswe would collect in the
groundBayesiametwork of Figure1(a): S[M »; MSFT] =
S[AMAT; MSFT] + S[MOT; MSFT] + S[INTL; MSFT]. Fi-
nally, S[M 3; AMAT; INTL] = S[DELL; AMAT; INTL] +
S[HPQ; AMAT; INTL].

As usual thedecompositiorf thelik elihoodfunctional-
lows usto performmaximumlik elihoodor MAP parameter
estimationef ciently, optimizing the parametergor each
moduleseparately The detailsare standard and omitted
for lack of space.

3.2 Priors and the BayesianScore

As we discussedpur approachfor learningmodule net-
works is basedon the use of a Bayesianscore. Specif-
ically, we de ne a model scorefor a pair (S; A) asthe

$i[x;ul.

posteriorprobability of the pair, integratingout the possi-
ble choicesfor the parameters. We de ne anassignment
prior P(A), a structureprior P(S j A) anda parameter
priorP( | S;A). Thesedescribeour preferencesverdif-
ferentnetworksbefore seeinghe data.By Bayes'rule, we
thenhave

P(S;AjD)/ P(A)P(SjA)P(DjS;A)

wherethelasttermis themaminal likelihood
Z
P(DjS;A)= P(DjS;A; )P( jS)d:
We de ne the Bayesianscoreasthelog of P(S; A j D),
ignoringthe normalizationconstant

scordS;A : D) = 3)
logP(A) + logP(SjA)+ logP(D jS;A)

Themainquestionis how to evaluatethe scorefor differ-
entchoiceof A andS. As we aregoingto examinealarge
numberof alternatves,we needto be ableto do this ef -
ciently. In the caseof Bayesiametwork learning,we can
performthis taskef ciently whenthe priorssatisfycertain
conditions. The samegeneralideascarry over to module
networks,andsowe review thembrie y.

De nition 3.1 LetP(A),P(Sj A),P( j S;A) beas-
signmentstructure andparametepriors.

P( j S;A) satis esparameterindependencé

P( jS;A)= P(ijPan i S;A):
j=1

P( j S;A) satises parameter modularity if
P(wmjjpau, 1 SA) = P(wmjpay, | S2iA) for
all structuress; andS, suchthatPa,?,ﬁj = Pa,\s,fi .

P(;S j A) satis es assignmentindependencef
P( jS;A)=P( jS)andP(SjA) = P(S).
6(8) satis es structue modularity if P(S) /

i i(S) whereS; denoteshechoiceof parentsor
moduleM j, and ; is adistribution overthe possible
parentsetsfor moduleM ;.

B(A) satis es assignmentmodularity if P(A) /
i (Aj), whereA; is the choiceof variablesas-

signedto moduleM j, andf j :j =

family of functionsfrom 2% to thepositivereals. 1

Parameter independence,parameter modularity and
structuremodularity arethe naturalanalogue®f standard
assumptionsn Bayesiannetwork learning[14]. Parame-
terindependenceampliesthatP( j S;A) is a productof
termsthat parallelsthe decompositiorof the likelihoodin
Eq. (1), with oneprior term perlocal likelihoodtermL; .



Parameteimodularity statesthat the prior for the parame-
tersof amoduleM; depend®nly onthechoiceof parents
for M; andnot on otheraspectf the structure.Structure
modularityimplies that the prior over the structureS is a
productof terms,onepereachmodule.

Two assumptionare newv to modulenetworks. Assign-
mentindependencmakesthepriorsonthe parentsandpa-
rameterof a moduleindependenbf the exactsetof vari-
ablesassignedo the module. Assignmentmodularityim-
pliesthattheprioronA is proportionako aproductof local
terms,onecorrespondingo eachmodule. Thus,thereas-
signmentof onevariablefrom onemoduleM ; to another
M ; doesnot changeour preferencesn the assignmenof
variablesn modulesotherthani; j .

As for the standardconditionson Bayesiametwork pri-
ors, the conditionswe de ne are not universallyjusti ed,
and one can easily constructexampleswhere we would
wantto relax them. However, they simplify mary of the
computationssigni cantly, and are thereforevery useful
evenif they areonly a rough approximation. Moreover,
theassumptionsalthoughrestrictive, still allow broad e x-
ibility in our choiceof priors. For example,we canencode
preferencdor restrictions)on the assignmentsf particu-
lar variablesto speci ¢ modules.In addition,we canalso
encodepreferencdor particularmodulesizes.

Whenthepriorssatisfytheassumptionsf De nition 3.1,
the Bayesiarscoredecomposemto local modulescores

X .
scordS;A : D) = scorgy; (Pam,;;A(X') : D)

scormi%U;X : D)=
log Lj(U;X; mjju:D)P(wm; S =U)
+1logP(S; = U) + logP (A = X) (4)
whereS; = U denotesthat we chosea structurewhere

U arethe parentsof moduleM j, andA; = X denotes
thatA is suchthatX! = X. As we shall seebelow, this
decompositiorplaysa crucial rule in our ability to devise
an efcient learningalgorithmthat searcheshe spaceof
modulenetworksfor onewith high score.

Theonly questioris how to evaluatetheintegralover
in scoray ; (U; X D). This dependn the parametric
forms of the CPT andthe form of the prior P( v, | S).
Usually, we choosepriorsthatareconjugateto the param-
eterdistributions. Sucha choiceoftenleadsto closedform
analyticformulaof thevalueof theintegralasafunctionof
the sufcient statisticsof L (Paw X MjPaw, D).
Thedetailsarestandard13] andomittedfor lack of space.

4 Learning Algorithm

Given a scoringfunction over networks, we now consider
how to nd ahigh scoringmodulenetwork. This problem
is achallengingone,asit involvessearchingvertwo com-

binatorialspacesimultaneously— the spaceof structures
andthe spaceof moduleassignmentsWe thereforesim-
plify our task by using an iterative approachthat repeats
two steps:In onestep,we optimizeadependengstructure
relativeto ourcurrentassignmenfunction,andin theother,
we optimizeanassignmentunctionrelative to our current
dependengstructure.

Structur e Search Step. The rst type of stepin our it-
eratve algorithmlearnsthe structureS, assuminghatA is
x ed. This stepinvolvesa searchover the spaceof depen-
deng structuresattemptingto maximizethe scorede ned
in EQ. (3). This problemis analogougo the problemof
structurelearningin Bayesiannetworks. We usea stan-
dard heuristicsearchover the combinatorialspaceof de-
pendeng structuresWe de ne asearchspacewhereeach
statein thespacds alegal parentstructure anda setof op-
eratorsthattake us from one stateto another We traverse
thisspacdookingfor highscoringstructuresisingasearch
algorithmsuchasgreedyhill climbing.

In mary casesan obvious choiceof local searchoper
atorsinvolves stepsof addingor removing a variable X
from a parentsetPay ;. (Note that edgereversalis not
a well-de ned operatorfor module networks, asan edge
from a variableto a modulerepresents one-to-mag re-
lation betweenthe variableandall of the variablesin the
module.) When an operatorcausesa parentX; to be
addedto a module M ;, we needto verify that the re-
sulting modulegraphremainsacyclic, relative to the cur
rent assignmentA. Note that this stepis quite ef cient,
ascyclicity is testedon the modulegraph,which contains
only K nodes ratherthanon the dependenggraphof the
groundBayesiametwork, which containan nodegqusually
n K.

Also notethat, asin Bayesiametworks, the decomposi-
tion of the scoreprovidesconsiderableomputationabav-
ings. Whenupdatingthe dependeng structurefor a mod-
ule M, themodulescorefor anothemoduleM  doesnot
changenordothechangesn scoreinducedby variousop-
eratorsappliedto thedependengstructureof M . Hence,
afterapplyinganoperatorto Pay ; , we needonly update
the deltascorefor thoseoperatorghatinvolve M j .

Module AssignmentSearch Step. The secondtype of
stepin our iteration learnsa nenv assignmenfunction A
from data,assuminghhat the module network structureS
is given. Speci cally, givena x edstructureS we wantto
nd A = argmax,oscorey (S;A° : D).

Naively, we might think that we canfurther decompose
the scoreacrossvariables,allowing usto determineinde-
pendentlythe optimalassignmenA (X ;) for eachvariable
Xi. Unfortunately this is not the case. Most obviously,
the assignmentso differentvariablesmustbe constrained
so that the module graphremainsacgyclic. For example,
if X1 2 Pauw, andX, 2 Pay,, we cannotsimultane-
ouslyassignA(X 1) = j andA(X,) = i. More subtly,
theBayesiarscorefor eachmoduledependsion-additvely



on the sufcient statisticsof all the variablesassignedo
themodule.(Thelog-likelihoodfunctionis additive in the
sufcient statisticsof the different variables,but the log
mauginal likelihoodis not.) Thus, we canonly compute
the deltascorefor moving a variablefrom one moduleto
anothergivena xed assignmenbf the othervariablesto
thesetwo modules.

We thereforeusea sequentialipdatealgorithmthatreas-
signsthevariableso modulesoneby one.Theideais sim-
ple. We startwith aninitial assignmenfunctionA°, and
in a “round-robin” fashioniterateover all of the variables
oneat a time, andconsiderchangingtheir moduleassign-
ment. Whenconsideringa reassignmerfor a variableX,
we keepthe assignment®f all other variables x ed and
nd the optimallegal (acyclic) assignmenfor X; relative
to the x edassignmentWe continuereassigningariables
until no singlereassignmentanimprovethescore.

The key to the correctnesf this algorithm is its se-
guentialnature: Eachtime a variableassignmenthanges,
theassignmentunctionaswell astheassociategufcient
statisticsare updatedbefore evaluating anothervariable.
Thus,eachchangemadeto the assignmenfunction leads
to alegal assignmentvhich improvesthe score.Our algo-
rithm terminatesvhenit canno longerimprove the score.
Hence,it corvergesto alocal maximum,in the sensethat
no singleassignmenthangecanimprove thescore.

The computationof the scoreis the mostexpensve step
in thesequentiahlgorithm.Onceagain thedecomposition
of the scoreplays a key role in reducingthe compleity
of this computation:Whenreassigning variableX; from
onemoduleM; to anotherM y, only the local scoreof
thesemoduleschanges.

Convergence. Ouralgorithmstartswith aninitial guesf
assignmen(seebelow), andthenappliesthe two stepsde-
scribedabove iteratively until corvergence.We have con-
structedburiterative algorithmsothateachof thetwo steps
— structureupdateandassignmentipdate— is guaranteed
to eitherimprove thescoreor leave it unchanged.

Theorem4.1 Theiteratve modulenetwork learningalgo-
rithm corvergesto alocal maximumof scorgS; A : D).

Initialization. The only remainingquestionis how to
chooseheinitial moduleassignmento begin theiterative
algorithm.Recallthatwe needto nd away to groupvari-
ablesinto initial modules.ldeally, this initialization would
puttogethewariableghatbehaedsimilarly in thedifferent
instances.This problemcanbe thoughtof asa clustering
problem wheretheobjectsto beclusterechrethevariables
in themodulenetwork andtheir featuresaretheir behavior
in thedifferentinstancesn theoriginal dataset. For exam-
ple, in our stockmarket example,we would clusterstocks
basednthesimilarity of theirbehaior overdifferenttrad-
ing days. (Note that, whenviewing the datafrom the per
spectve of learninga Bayesianmnetwork or a modulenet-
work, the “instances”are trading daysandtheir attributes

arestocks.)We canuseary standarctclusteringprocedure
(e.g.,[2]) to comeup with thisinitial clustering.

We chooseo usea procedurehatis suitableto our prob-
lem, in thatit evaluatesa partition of variablesinto mod-
ulesby measuringhe extentto which the modulemodel
is a good t to the dataof the variablesin the module.
This algorithmcanbe bestthoughtof asperformingmodel
meging (asin [7]), in a modulenetwork with a speci c
structure. However, insteadof meming valuesof random
variableswe merge modules.We startby building a mod-
ule network asfollows. We introducea dummy variable
U thatencodedraininginstancedentity — u[m] = m for
all m. We thencreaten modules,with A(X;) = i, and
Pam, = U. Notethat,in this network, eachinstanceand
eachvariablehasits own local probabilisticmodel.

Next, we considerall possiblelegal module memgers
(thosecorrespondingo moduleswith the samedomain),
wherewe changethe assignmenfunction to replacetwo
modulesj; andj» by a nev modulej.». Notethat,fol-
lowing themeiger, eachinstancestill hasa differentproba-
bilistic model,but thetwo variablesXj, andX;, now must
shareparametersWe evaluateeachsuchmemer by com-
putingthe scoreof theresultingmodulenetwork. We then
greedily choosethe meiger that leadsto the bestscoring
network. Thus,the procedurewill memgetwo moduleshat
aresimilar to eachotheracrosghe differentinstancesWe
continueto do thesemeigersuntil we reacha modulenet-
work with the desirednumberof modules,asspeci edin
theoriginal choiceof C.

5 Learning with RegressionTrees

We now brie y review the conditionaldistribution we use
in the experimentsbelon. Many of the domainssuitedfor
module network models contain continuousvalued vari-
ables suchasgeneexpressioror price changesn thestock
market. For thesedomains,we often use a conditional
probabilitymodelrepresentedsa regressiontree[1]. For
our purposesa regressiortreeT for P(X j U) is de ned
via arootedbinary tree,whereeachnodein thetreeis ei-
ther a leaf or aninterior node Eachinterior nodeis la-
beledwith a testU < u on somevariableU 2 U and
u 2 IR. Suchaninterior nodehastwo outgoingarcsto its
children,correspondingo the outcomef thetest(trueor
false). ThetreestructureT captureghelocal dependeng
structureof the conditionaldistribution. The parametersf
T arethe distributions associatedvith eachleaf. In our
implementationgachleaf " is associateavith a univariate
Gaussiaristribution overvaluesof X , parameterizetly a
mean - andvariance 2.

To learnmodulenetworkswith regression-tre€PTs,we
must extend our previous discussionby adding another

sociatedwith the different modules. Once we specify
thesecomponentsthe above discussiorapplieswith sev-
eral small differences. Theseissuesare similar to those



encounteredvhenintroducingdecisiontreesto Bayesian
networks[4, 9], andsowe only brie y touchonthem.

GivenaregressiortreeT; for P(M j Pay ), thecorre-
spondingsufcient statisticsarethe statisticsof the distri-
butionsatthe leavesof thetree.For eachleaf " in thetree,
andfor eachdatainstancex[m], we let j [m] denotethe
leaf reachedn the tree given the assignmento Pay ; in
x[m]. The modulelikelihooddecomposeasa productof
terms,onefor eachleaf *. Eachtermis thelikelihoodfor
the GaussiardistributionN ;2 , with the usualsuf-
cientstatisticsfor a Gaussiaristribution.

When performingstructuresearchfor modulenetworks
with regression-tre€PTs,in additionto choosingthe par
entsof eachmodule,we mustalso choosethe associated
treestructure.We usethe searchstrateyy proposedn [4],
wherethe searchoperatorareleaf splits. Sucha split op-
eratorreplacesaleafin atreeT; with aninternalnodewith
someteston a variableU. The two branchesbelon the
newly creatednternalnodepointto two new leaves,each
with its associate@aussianThis operatormustcheckfor
agyclicity, asit implicitly addsU asa parentof M ;. When
performingthe searchwe considersplitting eachpossible
leafoneachpossibleparenty andeachvalueu. As always
in regression-treéearning,we do not have to considerall
realvaluesu aspossiblesplit points;it sufces to consider
valuesthatarisein the dataset.

6 Experimental Results

We evaluatedour module network learning procedureon
syntheticdataandon two realdatasets— geneexpression
data,andstockmarketdata.In all casespurdataconsisted
solelyof continuousralues.As all of thevariableshave the
samedomain thede nition of themodulesetreducesim-
ply to a speci cation of the total numberof modules.We
usedregressiortreesasthe local probability modelfor all
modules. As our searchalgorithm,we usedbeamsearch,
using a lookaheadof threesplits to evaluateeachopera-
tor. WhenlearningBayesiannetworks, asa comparison,
we usedpreciselythe samestructurelearningalgorithm,
simply treatingeachvariableasits own module.

Synthetic data. As a basictest of our procedurein a

controlledsetting,we usedsyntheticdatageneratedy a

known modulenetwork. This givesa known groundtruth

to which we can comparethe learnedmodels. To make

thedatarealistic,we generatedyntheticdatafrom amodel
thatwaslearnedrom thegeneexpressiordatasetiescribed
belon. The generatingnodelhad 10 modulesanda total

of 35 variablesthatwere a parentof somemodule. From

thelearnedmodulenetwork, we selectecbO0variablesjn-

cludingthe 35 parents We testedour algorithm's ability to

reconstructhe network using different numbersof mod-

ules; this procedurewas run for training setsof various
sizesrangingfrom 25 instancego 500 instanceseachre-

peatedlOtimesfor differenttrainingsets.

We rst evaluatedthe generalizatiorto unseertestdata,
measuringhe likelihoodascribedby the learnedmodelto
4500 unseeninstances. The results,summarizedn Fig-
ure 2(a), shaw that, for all training set sizes, exceptthe
smallestone with 25 instancesthe modelwith 10 mod-
ulesperformsthe best. As expected,modelslearnedwith
largertraining setsdo better;but, whenrun usingthe cor-
rectnumberof 10 modulesthegainof increasinghenum-
berof datainstancedeyond 100 samplegs small.

A closerexaminationof the learnedmodelsrevealsthat,
in mary casesthey arealmosta 10-modulenetwork. As
shawvn in Figure 2(b), modelslearnedusing 100, 200, or
500instancesndupto 50 modulesassigned 80%of the
variablesto 10 modules. Indeed,thesemodelsachieved
high performancen Figure2(a). However, modelslearned
with a larger numberof moduleshad a wider spreadfor
the assignmentsf variablesto modulesand consequently
achievedpoorperformance.

Finally, we evaluatedthe model's ability to recover the
correctdependenciesThetotal numberof parent-childre-
lationshipsin the generatingmodel was 2250. For each
model learned,we report the fraction of correctparent-
child relationshipst contains. As shavn in Figure 2(c),
our procedureecovers74% of thetruerelationshipsvhen
learningfrom a datasebf size500instancesOnceagain,
we seethat,asthevariablesegin fragmentingoveralarge
numberof modules,the learnedstructurecontainsmary
spuriousrelationships. Thus, our resultssuggesthat, in
domainswith amodularstructure statisticalnoiseis likely
to preventoverly detailedlearnedmodelssuchasBayesian
networksfrom extractingthe commonalitybetweerdiffer-
entvariableswith a sharecbehavior.

GeneExpressionData. We next evaluatedthe perfor
manceof our methodon a realworld datasetof geneex-
pressiormeasurementsA microarray measureshe activ-
ity level (IMRNA expressiorievel) of thousandef genesn
thecellin aparticularcondition. We view eachexperiment
asaninstanceandthe expressionlevel of eachmeasured
geneasavariable[10]. In mary casesthecoordinatedac-
tivity of a group of genesis controlledby a small set of
regulators, that are themseles encodedby genes. Thus,
the activity level of a regulatorgenecan often predictthe
activity of the genesn the group. Our goalis to discover
thesemodulesof co-regulatedgenesandtheir regulators.

We usedthe expressiordataof [11], which measuredhe
responsef yeastto differentstressconditions. The data
consistsof 6157 genesand 173 experiments. In this do-
main, we have prior knowledgeof which genesarelikely
to play a regulatoryrole. Subsequentlywe restrictedthe
possibleparentsto 466 yeastgenesthat may play sucha
role. We thenselected?355geneghatvariedsigni cantly
in thedataandlearneda modulenetwork overthesegenes.
We alsolearneda Bayesiametwork over this dataset.

We evaluatedthe generalizatiorability of differentmod-
els, in termsof log-likelihood of testdata,using 10-fold
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crossvalidation.In Figure3(a),we shav thedifferencebe-
tweenmodulenetworks of differentsize andthe baseline
Bayesiannetwork, demonstratinghat module networks
generalizenuchbetterto unseerdatafor almostall choices
of numberof modules.

We next testedthe biologicalvalidity of thelearnedmod-
ule network with 50 modules.(We selectedb0 modulesdue
to the biological plausibility of having, on average 40-50
genesper module.) First, we examinedwhethergenesin
thesamemodulehave sharedunctionalcharacteristicsTo
thisend,we usedannotation®f thegeneshiologicalfunc-
tions from the Saccharomyce&enomeDatabasd3]. We
systematicallyevaluatedeachmodules geneset by test-
ing for signi cantly enrichedannotationsSupposeve nd
| geneswith a certainannoationin a module of size N .
To checkfor enrichmentwe calculatethe p-valueof these
numbers— the probability of nding that mary genesof
thatannotationin arandomsubsebf N genes.For exam-
ple, the “protein folding” modulecontains10 genes,7 of
which areannotatedsproteinfolding geneslin thewhole
dataset,thereareonly 26 geneswith thisannotationThus,
the p-value of this annotation that is, the probability of
choosing7 or moregenesin this cateyory by choosingl10
randomgenesjs lessthan10 2. Our evaluationshaved
that42 (resp.20)modulesputof 50, hadatleastonesignif-
icantly enrichedannotatiorwith a p-valuelessthan0:005
(resp.lessthan10 ©). Furthermorethe enrichedannota-
tions re ect the key biological processe&xpectedin our
dataset. We usedtheseannotationgo label the modules
with meaningfulbiologicalnames.

We canusetheseannotationgo reasonaboutthe depen-
denciesbetweendifferentbiological processeat the mod-
ule level. For example,we nd thatthecell cyclemodule,
regulatesthe histonemodule. The cell cycle is the process
in which the cell replicatests DNA anddivides,andit is
indeecknownto regulatehistones— key proteinsgn chage
of maintainingandcontrollingthe DNA structure Another
moduleregulatedby the cell cycle moduleis the nitrogen
catabolite repression(NCR) module, a cellular response

activatedwhennitrogensourcesrescarceWe nd thatthe
NCRmoduleregulatesthe aminoacid metabolismpurine
metabolismandproteinsynthesisnodulesall representing
nitrogen-requiringprocessesandhencelik ely to be regu-
latedby the NCRmodule.Theseexamplesdemonstrat¢he
insightsthatcanbegleanedrom ahigherordermodel,and
which would have beenobscuredn the unrolledBayesian
network over 2355genes.

Stock Mark et Data.  In a very differentapplication,we

examinedadatasetof NASDAQ stockprices.We collected
stock pricesfor 2143 companiesijn the period 1/1/2002—
2/3/2003,covering 273 trading days. We took eachstock
to beavariable,andeachinstanceo correspondo atrad-

ing day, wherethevalueof thevariableis thelog of thera-

tio betweerthatday's andthe previousday's closingstock
price. This choiceof datarepresentatioriocuseson the
relative changeso the stockprice,andeliminateshemag-
nitudeof the priceitself (which depend®n suchirrelevant
factorsasthe numberof outstandingshares).As potential
controllers,we selected?50 of the 2143stocks whoseav-

eragetradingvolumewasthelargestacrosshe dataset.

As with geneexpressiordata,we usedcrossvalidationto
evalute the generalizatiombility of differentmodels. As
we canseein Figure 3(b), modulenetworks performsig-
ni cantly betterthanBayesiametworksin thisdomain.

To testthe quality of our modules,we measuredhe en-
richmentof the modulesin the network with 50 modules
for annotationsepresentingarioussectorgo which each
stockbelongs We foundsigni cant enrichmenfor 21 such
annotationscovering a wide variety of sectors. We also
comparedheseresultsto the clustersof stocksobtained
from applying Autoclass|[2] to the data. Here,aswe de-
scribedabove, eachinstancecorrespondgo a stock and
is describedby 273 randomvariables.eachrepresenting
tradingday. In 20 of the 21 casesthe enrichmentwasfar
moresigni cant in the moduleslearnedusingmodulenet-
workscomparedo theonelearnedby AutoClassascanbe
seenin Figure3(c).

Finally, we also looked at the structureof the module
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network, and found several caseswhere the structure t
our understandingf the stockdomain. Several modules
correspondegbrimarily to high techstocks. Oneof these,
consistingmostly of software, semi-conductgrcommuni-
cation,andbroadcastingerviceshadasits two mainpre-
dictorsMolex, alargemanuficturerof electronicelectrical
and ber optic interconnectiorproductsand systemsand
Atmel, specializingin design,manufcturingand market-
ing of advancedsemiconductordMolex wasalsotheparent
for anothemodule consistingprimarily of software,semi-
conductorandmedicalequipmentompaniesthis module
hadasadditionalparentdviaxim, which developintegrated
circuits,and Affymetrix, which designsanddevelopsgene
microarraychips. In this, asin mary othercasesthe par
entsof a moduleare from similar sectorsasthe stocksin
themodule.

7 Discussionand Conclusions

We haveintroducedheframewnork of modulenetworks an
extensionof Bayesiannetworks that includesan explicit
representationf modules— subset®f variableghatshare
a statisticalmodel. We have presentedh Bayesianlearn-
ing framawork for modulenetworks, that learnsboth the
partitioningof variablesinto modulesandthe dependeng
structureof eachmodule. We shaved experimentalre-
sultson two complex real-world datasets,eachincluding
measurementsf thousand®f variablesjn thedomainsof
geneexpressionand stock market. Our resultsshav that
our learnedmodule networks have much higher general-
izationperformancehana Bayesiametwork learnedfrom
thesamedata.

Thereareseveralreasonsvhy alearnedmodulenetwork
is a bettermodelthana learnedBayesiannetwork. Most
obviously, parametesharingbetweenvariablesn thesame
moduleallows eachparameteto be estimatecbasedon a

muchlarger sample.Moreover, this allows usto learnde-

pendencieshat are consideredoo weak basedon statis-

tics of singlevariables. Thesearewell-known advantages
of parametesharing;the interestingaspecbof our method
is that we determineautomaticallywhich variableshave

sharedparameters.

More interestingly the assumptionof sharedstructure
signi cantly restrictsthe spaceof possibledependeng
structures,allowing us to learn more robust modelsthan
those learnedin a classical Bayesiannetwork setting.
While the variablesin the samemodulemight behare ac-
cordingto the samemodelin underlyingdistribution, this
will oftennotbethecasen theempiricaldistributionbased
ona nite numberof samples A Bayesiametwork learn-
ing algorithmwill treateachvariableseparatelyoptimizing
theparentsetandCPDfor eachvariablein anindependent
manner In theveryhigh-dimensionatlomainsn whichwe
areinterestedthereare boundto be spuriouscorrelations
that arisefrom samplingnoise,inducingthe algorithmto
chooseparentsetsthatdonotre ect realdependenciesnd
will not generalizeo unseerdata. Corversely in a mod-
ule network setting,a spuriouscorrelationwould have to
arisebetweera possibleparentandalargenumberof other
variablesbeforethe algorithmwould nd it worthwhileto
introducethedependeng

Module networks are relatedboth to the frameawork of
object-orientedBayesiannetworks(OOBNS) [15] and to
the framework of probabilitic relational models(PRMSs)
[16, 8]. Theseframaworks extend BayesianNetworks to
a settinginvolving multiple relatedobjects,andallow ran-
dom variablesof the sameclassto shareparameterand
dependeng structure. In the modulenetwork framework,
we canview eachvariableasanobjectandeachmoduleas
a class,so that the variablesin a single modulesharethe
sameprobabilisticmodel. As the moduleassignmentsare



not known in advance,modulenetworks correspondnost
closelyto the variantof theseframavorks wherethereis
typeuncertainty— uncertaintyaboutthe classassignment
of objects. However, despitethis high-level similarity, the
module network framework differs in certainkey points
from both OOBNsand PRMs, with signi cant impacton
thelearningtask.

In OOBNSs,objectsin the sameclassmusthave the same
internalstructureand parameterizatiorjut candepencon
differentsetsof variables(as speci ed in the mappingof
variablesin an objects interfaceto its actualinputs). By
contrast,in a module network, all of the variablesin a
module(class)musthave the samespeci ¢ parents. This
assumptiorgreatlyreduceghe sizeandcompleity of the
hypothesisspace Jeadingto a more robustlearningalgo-
rithm. Onthe otherhand,this assumptiomequiresthatwe
be carefulin makingcertainstepsin the structuresearch,
asthey have more global effectsthan on just one or two
variables.Due to thesedifferenceswe cannotsimply ap-
ply anOOBN structure-learninglgorithm,suchastheone
proposediy LangsethandNielsen[18], to suchcomple,
high-dimensionatiomains.

In PRMs, the probabilisticdependeng structureof the
objectsin aclasss determinedy therelationalstructureof
thedomain(e.g.,the Costattributeof a particularcarobject
might dependon the Incomeattribute of the objectrepre-
sentingthis particularcar's owner). In the caseof module
networks, thereis no known relationalstructureto which
probabilisticdependenciesanbe attached.Without such
arelationalstructure PRMsonly allow dependeng mod-
elsspeci edattheclasslevel. Thus,we canasserthatthe
objectsin oneclassdependon someaggreatequantity of
the objectsin another We cannot,however, statea depen-
denceonaparticularobjectin theotherclasgwithoutsome
relationshipspeci edin the model). Getooret al. [12]) at-
temptto addresghis issueusinga classhierarchy. Their
approachs very differentfrom ours,requiringsomefairly
complex searchstepsandis not easilyappliedto thetypes
of domainsconsideredn this paper Overall, modulenet-
works do not apply as broadly as PRMs, but allow much
more e xible parametesharinganddependengstructures
in domainswherethey apply.

Thereare several importantextensionsto the work we
presentedhere.Most obviously, we have notaddressethe
issueof selectingthe numberof modules. We can adapt
Bayesiarscoringcriteriausedto evaluatestandarctluster
ing methodg2, 7] for the problemof evaluatingdifferent
choicesfor the numberof modules. However, muchre-
mainsto bedoneontheproblemof proposingnen modules
andinitializing them.

In this paper we focusedon the statisticalpropertiesof
our method. In a companionbiological paper[19], we
usethe modulenetwork learnedfrom the geneexpression
datadescribedabove to predictgeneregulation relation-
ships. There,we performeda comprehensie evaluation

of thevalidity of the biologicalstructuregeconstructedy

our method. By analyzingbiological databasesnd pre-

vious experimentalresultsin the literature,we con rmed

that mary of the regulatoryrelationsthat our methodau-

tomaticallyinferred are indeedcorrect. Furthermore pur

modelprovidedfocusedredictiongor geneof previously

uncharacterizefunction. We performedwet lab biologi-

cal experimentshat con rmed the 3 novel predictionswe

tested. Thus, we have demonstratedhat the modulenet-

work modelis robust enoughto learna good approxima-
tion of thedependengstructurebetweer2355genesusing

only 173 samples.Theseresultsshav that, by learninga

structuredorobabilisticrepresentationye identify regula-

tion networks from geneexpressiondataand successfully
addressone of the centeralproblemsin analysisof gene
expressiordata.
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