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Abstract

This paperpresats a novel randbmized motion planrer for robots that must achiee a
specfied goal underkinematc andor dynamic motion constrairts while avoiding collision
with moving obstacleswith knowntrajectories. The planrer enamdesthe motion congraints
ontherobot with acontrd systen andsampletherobots statex time spaceby picking contrd
inputs at random andintegratingits equdionsof motion. Theresut is a probabilistic roadmap
of sampledstatextime points, called milestores, conrectedby shortadmissile trajectories.
Theplanrer doesnot precanputetheroadmap;insteal, for eachplanningquery, it geneatesa
new roadmapto comectaninitial anda god statextime point. The paperpresetsadetdled
analysis of the planner’s corvergencerate. It shavs that, if the statextime spacesatidies a
geometic property called expansvenessthenaslightly idedized versia of ourimplemented
planreris guaantedal to find atrajedory whenoneexists, with probability quickly cornverging
to 1, asthe numberof of milestoresincreasesOur planrer wastestd extersively notonly in
simulaed ervironmens, but alsoon arealrobot In thelatter case a vision moduleestimates
obstale motionsjustbefore planring stars. Theplanreris thenallocatedasmall,fixedamoun
of time to compue atrajectory. If achange in the expectedmotion of the obstclesis detected
while the robot executes the planredtrajedory, the plamerrecomputesatrajectory on thefly.
Experimens ontherealroba ledto sererd extensonsof theplanrerin orderto dealwith time
delays anduncetainties that areinherentto anintegratedrobatic systeminteractingwith the
physial world.

Intr oduction

In its simplestform, motion planningis a purelygeometrigoroblem:giventhegeometryof arobot
andstaticobstaclescomputea collision-freepathof the robotbetweertwo givenconfigurations.
This formulationignoresseveral key aspectf the physcal world. In particular robot motions
are often subjectto kinematicand dynamicconstraintgkinodyname constraint§DXCR93]) that
cannotbe ignored. Unlike obstructionby obstaclessuchconstraintscannotbe representecs
forbiddenregionsin the configurationspace Moreover, the ervironmentmay containmaoving ob-
staclesrequiringthat computedpathsbe parametrizedy time to indicatewhenthe robotis to
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Figurel: Robottestbedconsistingof anair-cushionedobotamongmoving obstacles.

achieve a particularstate. In this paper we considermotion planningproblemswith both kin-
odynamicconstraintsand moving obstaclesand proposean efficient algorithmfor this classof
problems.In practice we alsoneedto considemumeroustherissueqe.g., uncertaintyaboutthe
ernvironment),someof whichwill be examinedhere.

Our work extendsthe probabilstic roadmap(PRM) framework originally developedfor plan-
ning collision-free geometricpaths[Kav94, KSLO96, Sve97. A PRM plannersampleghe robot’s
configurationspaceat randomandretainsthe collision-free samplesas milestones It thentries
to connectpairsof milestoneswith pathsof predefinedshape(typically straight-lne segmens in
configuratiorspacepndretainsthecollision-free connectiongslocal paths Theresultis anundi-
rectedgraph,calleda probabilisic roadmapwhosenodesarethe milestoresandtheedgesarethe
local paths. Multi-query PRM plannersprecomputehe roadmap(e.g., [K SLO96)), while single-
gueryplannerscomputea newv roadmagfor eachquery(e.g., [HLM97]). It hasbeenproventhat,
underreasonabl@assumpons aboutthe geometryof the robot’s configurationspace a relatively
smallnumberof milestanespicked uniformly at randomare sufficientto capturethe connectvity
of the configurationspacewith high probability [HLM97, KLMR 95].

The plannerproposedn this paperrepresentkinodynanic constraintsby a control system,
whichis a setof differentialequationghatdescribesll the possibé local motiors of arobot. For
eachquery theplannerbuilds a new roadmagn the collision-freesubsebf therobot’s statextime
spacewherea statetypically encodedoththeconfigurationrandthevelocity of therobot. To sam-
ple anew milestore, it first selectsa controlinputat randomin the setof admis#ble controlsand
thenintegratesthe control systemwith this input over a shortdurationof time, from a previoudy
generatednilestore. By constructionthe local trajectorythusobtainedautomaticallysatisfieghe
kinodynanic constraintsif thistrajectorydoesnotcollide with theobstaclesits endpoints added
to the roadmapasa new milestore. This iterative incrementalproceduregproducesa tree-shaped
roadmaprootedattheinitial state<time pointandorientedalongthetime axis. It terminatesvhen
a milestore falls in an “endgame”region from which it is known how to reachthe goal. This
endgameaegion may be specificallydefinedfor a givenrobot. It may alsobe generatedy the
plannerby constructilg a secondreeof milestoresrootedatthegoalandintegrating theequations
of motion backwardsin time.



Our plannerexploits the synegy of previously proposeddeas(seeSection2). It makestwo
key contritutions, onetheoreticabndoneexperimendal:

e We provide an in-depthanalysisof the planners corvergencerate. It shows that, if the
statextime spacesatisfiesageometriqpropertycalledexpansivenesshenundersuitableas-
sumptons,the probabilitythatthe plannerfails to find a trajectory whenoneexists, quickly
goesto 0, asthe numberof milestonesncreasesThe expansvenesspropertydefinedhere
generalizes similar notion introducedin [HLM97] for holoromic robotsin staticenviron-
ments.Theproofof corvergence however, is differentfrom theonein [HLM97]. Theearlier
proofassumeshatlocal motionsof therobotaretotally unconstrainedit alsocritically uses
the symnetry of the connectvity relationshipin configurationspace—ifa point p is reach-
ablefrom a point ¢, thengq is alsoreachabldrom p. This symmetricrelationshp no longer
holdswhenthe robothasanasymmetriccontrol system(e.g., a carlike robotthatcanonly
move forward) or whenobstaclesaremoving. Currentlywe do notknow how to estimatea
priori the degreeof expansvenesdor a givenstatextime space Hence,our analysiss only
onesteptoward understandinghe corvergenceof randomizednotion planners.However,
we believe thatexpansvenesss avery usefulconceptor characterizinghe spacesn which
randomizedlannersarelikely to work well (or notsowell). It mayalsohelpin designng
bettersamplng stratgjies.

e We alsodescribesour experiencesn integrating the plannerinto a hardware robot testbed
(Figurel). In thisintegratedsystema vision moduleestimate®bstaclemotionsjust before
planningstarts. The planneris thenallocateda small fixed amountof time (a fraction of
a second)to computea trajectory If a changein the expectedmotion of the obstacless
detectedvhile therobotexecuteghe plannedrajectory the plannerrecomputes trajectory
onthefly. Experiment®ontherealrobotledto severalextensiors of the plannerto dealwith
time delaysand uncertaintieghat are inherentto an integratedrobotic systeminteracting
with the physicalworld. Thisis particularlyimportantbecausd&inodynanic constraintsare
notorioudy difficult to modelaccuratelyEvenmoredifficult is to build anaccuratenodelfor
predictingfuture obstaclemotion. Our experimentalwork demonstratethata fastplanner
canreliably handledynamicervironmens, even with uncertaintyin the future motions of
theobstacles.

Therestof thepaperis organizedasfollows. Section2 reviews previous work. Section3 describes
the planningalgorithm Section4 developsthe theoreticalanalysisof the planners corvergence.
Sections5 through 7 describeour experimens with the planneron a nonholonanic robot and
on a dynamically-constinedrobot developedto investgate spaceroboticstasks. In simulaton
(Sectionsb and6), we verified that the plannercanreliably solve tricky problems. In the hard-
warerobottestbed Section7), we verified thatthe plannercanoperateeffectively despitevarious
uncontrollabé uncertaintieandtime delays.

This papercombinesand extendsthe resultspreviously reportedin [HKLR00, KHLROQ]. For
moredetails,see[Hsu0Q Kin01].



2 PreviousWork

2.1 Motion planning by random sampling

Sampling-basethotionplanningis a classicconceptin motionplanning(e.g., see[Don87]). Orig-
inally, theapproaclwasproposedo bothavoid difficultiesencountereth implementingcomplete
plannerge.g., floating-pointapproximationsandfacilitatethe incorporationof searchheuristics
(e.g., potentialfields). Samplesareorganizednto regulargridsor hierarchicabnes(e.g., quadtrees
in 2-D configurationspaces). Thesegrids provide an explicit representatiomf the robot’s free
spaceandhelpthe searchalgorithmto remembethe points alreadyvisited. Their size,however,
grows exponentally with thedimensonality of theconfiguratiorspacej.e., thenumberof degrees
of freedom(dofs)of therobot. Moreover, explicitly computingthegeometryof thefreesubsebf a
configurationspacewith dimensim greaterthanfour or five turnsout to have a prohibitvely high
cost.

Randomsamplhg—morespecifically PRM methods—was introducedto solve (geometric)
path planning problemsfor robotswith mary dofs [ABD *98, BK0O, BKL 97, BL91, BOvdS99,
HLM99, HST94, Hsu0Q Kav94, KSLO96, Kuf99, LH00, SLLO1, Sve97. The costly computatio of
an explicit representatiorof the free spaceis replacedby a collision test on every randomly
picked sampleand connectionbetweensamples.This, of course,canbe donewith regular and
hierarchicalgrids, too. More interestindy, randomsamplingprovidesan incrementalplanning
schemewhich doesnot artificially dependon the dimensionaty of the configurationspace.The
analysisof the corvergencerate of several PRM algorithns revealsthe true value of random
sampling[Hsu00 HLM97, KKL 98, KLMR95, Sve97: eachnew milestme addedto a probabilis-
tic roadmapG refinesthe the connecwity relationshp capturedn G andreduceghe probabilty
thatthe plannerfailsto find a soluion path,whenoneexists (seeSection2.3).

Variousapplicationsof randomizedplannersare reviewed in [Lat99], including robotics,de-
signfor manufcturingandservicing,graphicanimatio of digital actors,sumgical planning,and
predictionof moleculamrmotion

Otherplanningapproachege.g., [Ahu94, HXCW98]) attemptto capturethe globalconnectity
of arobot’s free spaceby combiningexploration andsearchn a mannersimilarto graphsearchn
artificial intelligence.

2.2 Sampling strategies

Proposed®RM techniquediffer in their samplirg stratgies. An importantdistincion exists be-
tweenmulti-querystratgies(e.g., [K SLO96]) andsingle-queryones(e.g., [HLM97]). A multi-query
plannerprecomputes roadmagpfor a given robot andworkspaceandthen usesthis roadmapto
processnultiple queries.In generalthe query configurationsare not known in advance. Sothe
samplingstratgy mustdistribute the milesbnesover the entirefree space.In contrasta single-
gueryplannercomputesa new roadmapfor eachquery Herethe goalis to find a collision-free
pathbetweenthe two query configurationsby exploring aslittl e spaceas possite. Multi-query
stratgiesareappropriatavhenthe costof precomputig aroadmapcanbeamortizedover a large
numberof queries.Single-queryonesareappropriatavhenthenumberof queriesn agivenspace
is small. Intermediatestratgies, which precomputeartial roadmapsnd completethemto pro-



cessspecificquerieshave alsobeenproposedBK00, SMA01]. Theplannermproposedn this paper
follows the single-querysamplirg paradigm.

Single-querystratgiesoftenbuild a newv roadmagfor eachqueryby growing treesof sampled
milestanesrootedat the initial and/orgoal configurationgAG99, HLM97, Hsu0Q Kuf99, LK99],
but they differ in the way they samplethe milestoresthatform the nodesof the trees. Similar to
the plannerin [HLM97], our algorithmselectsa milestonem in a treeto expandat random,with
probability inverseproportionalto the currentdensityof milesbnesaroundm (seeSection3.2).
A new milesbneis thenpicked by samplingthe neighborhod of m at random. This guarantees
that the roadmapeventually diffusesthroughthe component(spf the free spacereachabldrom
the queryconfigurationsandthatthe milesbnedistribution over thesecomponentgorvergesto a
uniform one. This conditian is neededor the analysisof the planners corvergencedevelopedin
Section4. An alternatve is to first pick a configurationg in the configurationspaceat random,
selectm to be the milestore in the treeclosestto ¢, andthenpick a nev milesbnealongtheline
connectingm to ¢ [LK99]. This techniqueis slightly simplerto implementthanoursandworks
well whenthe queryadmitsa solution thatdoesnot requirelong detours.However, this samplng
stratgy biaseghe distribution of milestorestowardthoseregionsin the configurationspacewith
large obstacles.This may be undesirableand sererely slow down the rate of convergenceof the
planner Anotherpossibilty is to grow thesearcltreeby pickingeachnen milestoneasfarawayas
possibé from the currentmilestores[AG99. Othertechnique®r refinementof thesetechniques
areclearly possitke. Our experiences that,althoughonemayimprove the performancef a PRM
planneron someexamplesby biaising thedistribution of milestonesasamplingstrateyy thatyields
a uniform distribution of milestonesover the reachabldree spaceavoids pathologcal casesand
givesthebestresultsontheaverage.

2.3 Probabilistic completeness

A completemotion planneris onethat returnsa soluion whene&er one exists andindicatesthat
no suchpathexistsotherwise.However, aswasshaovn in [Rei79], pathplannirg is PSRACE-hard,
which is strongindicationthat ary completeplanneris likely to be exponental in the number
of dofs of arobot. Adding kinodyramic constraintsand moving obstacledurtherincreaseshe
compleity of theproblem[DXCR93,RS85]

A plannerbasedon randomsamplingcannotbe complete.However, a wealer notionof com-
pletenesscalled probabilstic completenessyas introducedin [BL91]: a planneris probabilis-
tically completeif the probability thatit returnsa correctanswergoesto 1 asthe runningtime
increasesSupposehata randomizedlannerreturnsa solution pathassoonasit findsone,and
indicateghatno suchpathexistsif it cannotfoundoneaftera givenamountof time. If theplanner
returnsapath,theanswemustbecorrect.If it reportsthatno pathexists,theanswemaybesome-
timeswrong. It hasbeenshavn thatthe probabilty thattherandomizegotental field plannerfails
to find a solution pathwhenoneexistsgoesto 0 asthe runningtime increaseshenceproving that
the planneris probabiligically (resolution)complete[BL91]. Several otherrandomizedplanners
have alsobeenprovento be probabiligically completAG99, LKO1, LL96, Sve97.

Probabilisticcompletenesshowever, is a weak concept,asit saysnothing abouta planners
rateof corvergence.In orderto understanavhy PRM plannerswvork well in practiceandidentify
the casesvherethey may notwork well, we needto shav thatthey have afastcorvergencerate.



This requiresus to develop a characterizatiorof the compleity of the input geometrythat is
suitablefor randomsampling This characterizatiorshouldnot dependon the dimensonality of
the configurationspacen anatrtificial way. After all, is it really moredifficult to sampleanempty
n-dimensionahypercubehanto samplean emptysquare?Along theselines, it hasbeenshavn
that,undersuitableassumpbns,certainidealizedversionsof multi-queryPRM pathplannershave
a cornvergencerate exponental in the numberof sampledmilesbnes[HLM97, HLMK99, KKL 98,
KLMR95, Sve97, S098]

More specifically the notion of e-goodnessvasintroducedto characteize the compleity of
a robot’s configurationspace[KLMR95, BKL t97]. If a spaceis e-good,thenwith somelimited
help from a completeplanner a multi-query PRM plannerthat samplesmilesbnesuniformly at
randomfrom the configurationspacecorvergesat an exponentialratewith respecto the number
of sampledmilestones. The proof of this resultrelatesPRM methodsto the issueof visihility
setsstudiedin computatioal geometryin particular the art-gallery problem[O’R97]: eachmile-
stoneis regardedasa guardthat seesa subsebf therobot’s free space the milestones visibility
region [KLMR95]. Thisinsigh wasrecentlyexploitedto generatesmallerroadmap$SLLO1].

To remove the needfor a completeplannerin the proof presentedin [BKL T97], expansiveness
wasintroducedasa morerefinedcharacterizatiorof the robot’s free space.While the computa-
tional compleity of a completeplanneris usuallyexpressedasa function of the numberof dofs
and the numberand the degree of polynomals describingthe boundarysurface of a robot and
obstaclestherateof corvergenceof a PRM planneris expressedsa functionof parametersnea-
suringthe degreeto which a robot’s free spaces expansve. Importantly the expansvenesof a
free spacecaptureghe “narrow passageissuestudiedin [HKL 798]. It revealsthe true narrowv-
nessof a passagandis a bettermeasurehanthe width of the passageo capturethe difficulty of
samplingin amulti-dimensionaharrov passaggHLM99].

In this paper we further generalizethe notion of expansvenessand extendit to statextime
spaceWe provethatif thestatextime spaceas expansve, thenundersuitableassumptias,ournev
randomizedglannerfor kinodynamicplanningwith moving obstacless probabilisically complete
with a cornvergencerateexponentialin the numberof samplednilesbnes.

2.4 Geometric complexity

Onetenetof the PRM approachio motion planningis thata fastalgorithm existsto checksampled
configurationandconnectiondetweerthemfor collision. Whenboththerobotandthe obstacles
have simplegeometricshapeswhichis the caseof mostexamplesn this paperthisassumptnis
clearly satisfied.However, doesthis remaintruewhentherobotandthe obstaclesrecomplex 3D
objectsdescribedyy 100,000trianglesor more?

During the pastdecade,a numberof efficient collision checkingand distancecomputatbn
algorithns have beendeveloped. The most popularonesare hierarchicaldecompositia algo-
rithms, which precomputea multi-level boundingapproximatbn of every objectin an erviron-
ment,usingprimitive volumessuchasspheresaxis-alignedoundingboxes,or orientedoounding
boxes[CLMP95, GLM96, Hub96 KHM t98, KPLM98, Qui94. Experimentgeportedn [SA01] indi-
catethatthe PQPpackagdGLM96] teststwo objectsdescribedy 500,00Qriangleseach,in times
rangingbetweerD.0001and0.0025secondgon anlintel Pentiumlll 1GHzprocessor)depending
ontheactualdistancebetweerthetwo objects.



The useof efficient collision checlersin PRM plannershasbeenreportedin [BK0O, CL95,
HLM97, SA01,SLLO1]. Theseplannersare capableof efficiently andreliably processingplanning
guerieswith geometrianodelscontaininghundredf thousand®f triangles.

2.5 Moving obstacles

Whenobstaclesare moving, the plannermustcomputea trajectoryparametrizedby time, instead
of simply ageometrigoath. This problemhasbeenprovento be computatioally difficult evenfor
robotswith few dofs[RS85.

A numberof heuristc algorithns (e.g., [FS96,Fuj95 KZ86]) have beenproposedThetechnique
in [KZ86] is atwo-stageapproachin thefirst stagejt ignoresthe moving obstacleandcomputes
acollision-freepathof therobotamongthe staticobstaclesin thesecondstagejt tunestherobot’s
velocity alongthis pathto avoid colliding with moving obstaclesThe resultingplanneris clearly
incomplete but it often givesgoodresultswhenthe numberof moving obstacless smalland/or
the workspaces not too cluttered. The plannerin [Fuj95] tries to reducethe incompktenesdy
generatinga network of paths.The plannerin [FS96]introduceshe notion of a velocity obstacle,
definedasthe setof velocitesthatwill causeherobotto collide with anobstacleat afuturetime.
Velocity obstaclesare usedto generateaninitial feasibletrajectoriesfor the robot, which is later
optimized. The plannercanhandleactuatorconstraintsuchasboundedacceleréion.

Thenotionof aconfiguratiorktime spacewvasintroduwcedin [ELP87] to coordinatethe motion
of multiple robots. It waslater extendedin [Fra93 to that of a statextime space wherea state
encodesa robot’s configurationand velocity, to plan robot motiors with both moving obstacles
andkinodyramicconstraints.

2.6 Kinematic and dynamic constraints

Kinodynamc motion planningrefersto problemsin which the robot's motion mustsatisfy non-
holonomc and/ordynamc constrains.

Planningfor nonhobnomicrobotshasattractecdconsiderablénterest(e.g., [BL89, Lau86 LCH89,
LITM94, LM96, S094,SSL097]). One approachLau8s, LJTM94] is to first generatea collision-
free path,ignoring the nonholonont constraintsandthenbreakthis pathinto small piecesand
replacethem by admissble canonicalpaths(e.g., Reedsand Sheppcurves [RS90). An exten-
sionis to performsuccessie pathtransformation®f varioustypes[Fer98 SL98]. A relatedap-
proach[SSLO97,5094]usesa multi-query PRM algorithmthatconnectsmilestmesby canonical
pathsegmentssuchasReedsandSheppcurves.All thesemethodsequiretherobotsto belocally
controllable[BL93, HK77, LCH89,LM96]. An alternatve approachintroducedn [BL89, BL93], is
to generatatreeof sampledconfigurationgootedat theinitial configuration. At eachiteration,a
sampleis selectedrom thetreeandexpandedo producenew samplesby integratingtherobot’s
equationf motionover a shortdurationof time with determinisically picked controls.A space
partitionng schemeaegulateshe densityof samplesn ary region of the configuratiorspace.This
approachworkswell for carlike robotsandtractortrailor robotswith two to four dofsandis ap-
plicableto robotsthatarenotlocally controllable. Our new plannertakesa similar approachput
pickscontrolsat random.Neitherthe plannemor the analysisof its corvergenceraterequiresthe
robotto be locally controllabe. Comparedo the plannerin [BL93] andthe plannerpresentedn



this paper the two-stepapproactof [Lau86, LITM94] hasthe advantagethatit canreachthe goal
configurationexactly, which eliminatesthe needto definean endgameegion, but it is applicable
only to locally controllablerobots.

Algorithms for dealingwith dynamicconstraintsare comparableo thosedevelgpedfor non-
holonomc constraints. In [BDG85, SD91] a collision-free pathis first computed,ignoring the
dynamicconstraintsa variational techniqguaghendeformsthis pathinto a trajectorythatbothcon-
formsto the dynamicconstraintandoptimizesa criterionsuchasminimal executiontime. These
methodswvork well onmary practicalexampleshowever, noformal guarante®f performancéias
beenestablifiedfor them. In fact, it is not alwayspossibé to transformthe pathgeneratedn the
first phaseinto an admissble trajectory dueto limits on the actuatorforcesor torques. The ap-
proachin [DXCR93] placesaregulargrid overtherobot's statespaceanddirectly searcheshegrid
for anadmissble trajectoryusingdynamicprogrammig. It offersprovable performanceguaran-
tees(resolution completenesand an asympotic boundon the computatbn time), but it is only
applicableto robotswith few dofs (typically, two or three),asthe sizeof the grid grows exponen-
tially with the numberof dofs. The plannerin [Fra93 usesa similar approachn the statextime
spaceof the robot and dealswith moving obstaclesas well. Both our plannerand the onein
[Kuf99, LK99, LKO1] have mary similarities with the approachtakenin [BL93, DXCR93, Fra93.
Our plannerdiscretizeghe statextime spacevia randomsampling,insteadof placinga regular
grid overit. This makesit possble to dealwith robotswith mary moredofs. On the otherhand,
our plannerdoesnot achieve resolutioncompletenesas the onein [DXCR93]. Instead,under
suitableassumptins, it achiezesprobabilistc completeneswith anexponenial corvergencerate
(Sectiond).

The representatiormnd the algorithm usedin our plannerbuild upon several existing ideas,
in particular: single-queryrandomsamplingof configurationspace[HLM97], statextime space
formulation[BL93, DXCR93,ELP86,Fra93, andrepresentationf kinodynanic constraintswith a
controlsysten{BL93, DXCR93, Fra93. Themostsalientcontributionsof thiswork arethegeneral-
izationof expansvenesgo statextime spacethetheoreticalnalysisof the planners corvergence
rate,andtheintegrationandexperimentf theplanneron arealrobot.

3 Planning framework

Ouralgorithmbuilds a probabilisic roadmapn thecollision-freesubsetF of thestatextime space
of therobot. Theroadmaps computedn the connectedcomponenbf F thatcontaingherobot’s
initial statextime point

3.1 State-spacdormulation

Motion constraints We considerarobotwhosemotionis governedby anequationof the form

é:f(s,u), (1)

wheres € S is therobot’s state,s is its derivative relative to time, andu € €2 is the controlinput.
ThesetsS and() aretherobot’s statespaceandcontrol spacerespectrely. We assumehatS and
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Figure2: A simde modelof a carlike robot.

Q2 areboundednanifoldsof dimensios n andm with m < n. By definingappropriatechartswe
cantreatS and() assubset®f R® andR™.

Eq. (1) canrepresentoth nonholonanic and dynamt constraints The motion of a non-
holononic robot is constrainedoy & independentnon-integrable scalarequationsof the form
Fi(q,q) = 0,7 = 1,2,...,k, whereq and ¢ denotethe robot's configurationand velocity, re-
spectvely. Definethe robot’s stateto be s = ¢. It is shavn in [BL93] that, underappropriate
conditiors, the constraintsF(s, $) = 0,7 = 1,2,...,k areequialentto Eq. (1) in whichu is a
vectorin R™ = R" %, In particular Eq. (1) canberewritten ask = n — m independenéquations
of theform Fj(s, $) = 0. Dynamicconstraintsare closelyrelatedto nonholormic constraints.
In Lagrangianmechanicsdynamicsequationsare of the form G,(q, ¢, §) = 0, whereg, ¢, and
¢ aretherobot’s configuration,velocity, andaccelerationfespectrely. Definingthe robot’s state
ass = (g, ¢), we canrewrite the dynamicsequationdn the form F;(s, $) = 0, which, asin the
nonholommic casejs equivalentto Eq. (1).

Robotmotionsmayalsobeconstrainedby inequaltiesof theforms F;(q, ¢) < 0 andG;(q, 4, §) <
0. These-constraintestrictthe setsof admis#ble statesandcontrolsto subset®f R” andR™.

ExamplesThesenotionsareillustratedbelow with two examplesthatwill alsobe usefullaterin

thepaper:

Nonholonont car navigaton. Considerthe carexamplein Figure2. Let (z, y) bethepositionof

the midpoirt R betweenthe rearwheelsof the robotandé be the orientationof the rearwheels

with respecto the z-axis. Definethe car's stateto be (z, 3, ) € R®. Thenonholmomicconstraint
tan § = g/ is equialentto the system

T = wcosh
= opsinf

§ = (v/L)tand.

Thisreformulationcorrespondto definingthecar’s stateto beits configurationz, y, ) andchoos-
ing the controlinputto bethevector (v, ¢), wherev and¢ arethe car’s speedandsteeringangle.
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Boundson (z, y, #) and(v, ¢) canbeusedto restrictS andS2 to subset®f R* andR?, respectiely.
For instancejf themaximum speedof thecaris 1, thenwe have |v| < 1.

Point-massrobot with dynamics. For a pointmassrobot P moving on a horizontalplane,we
typically wantto control the forcesappliedto P. This leadsusto definethe stateof P ass =
(z,y,vs, vy), Where(z, y) and (v,, v,,) arethe positon andthe velocity of P. The controlinputs
arechosento betheforcesappliedto P in the z- andy-direction Hencethe equationsof motion
are

T = v, Up = Ug/m

Y o= vy Uy = uy/m,
wherem is themassof P and(u,, u,) is theappliedforce. Thevelocity (v, v,) andforce (u, u,)
arerestrictedo subset®f R? dueto limits on the maximumvelocity andforce.

(2)

Planning query Let ST denotethe statextime spaceS x [0,+oc). Obstaclesn the robot’s
workspaceare mappednto this spaceasforbiddenregions. ThefreespaceF C ST is thesetof
all collision-freepoints(s, t). A collision-freetrajectoryr:t¢ € [t1, 3] — 7(t) = (s(t),t) € Fis
admissbleif it is inducedby afunctionu: [t1, bs] — 2 throughEg. (1).

A planningqueryis specifiedby aninitial state<time (s,,t,) anda goal statextime (s, ).
A soluion to the queryis eithera functionu: [t,, t,] — Q thatinducesa collision-freetrajectory
T:t € [ty ty] — T(t) = (s(t),t) € F, suchthats(ty) = s, s(ty) = s4, Or anindicationthat
no admissibé trajectoryexists between(s, t,) and(s,, t,). This formulationcanbe extendedto
allow t, to beary instantin somegiven time interval, or to bethe earliestpossiblearrival time.

In thefollowing, we considerpieceavise-constantunctionsu(t) only.

3.2 The planning algorithm

Our planningalgorithmis anextensionof thealgorithmpresentedh [HLM97]. It iteratively builds
a tree-shapedoadmapT” rootedat m, = (s, t,). At eachiteration,it first picks at randoma
milestae (s, t) from 7', atime ¢’ with ¢’ < t,, anda control function u: [t,#'] — Q. It then
computeghe trajectoryinducedby u by integrating Eq. (1) from (s, ¢). If this trajectoryliesin
F, its endpoint(s’, t') is addedto T asa new milestone;a directededgeis createdrom (s, t) to
(s',t'), andu is storedwith this edge. The kinodynamc constraintsare thus naturally enforced
in all trajectoriesrepresentedn 7. The plannerexits with successvhenthe newly generated
milestmefallsin an“endgame’region thatcontains(s, t,).

Milestone selectionThe plannerassignsa weightw(m) to eachmilestmme m in T. The weight
of m is the numberof othermilestonedying in the neighborhoodf m. Sow(m) indicateshow
denselythe neighborhoodf m hasalreadybeensampled. At eachiteration, the plannerpicks
an existing milestme m in T' at randomwith probability 7(m) inverselyproportionalto w(m).
Hence,a milesbnelying in a sparselysampledegion hasa greaterchanceof beingselectedhan
amilesbnelying in analreadydenselysampledegion. This techniqueavoids oversanpling any
particularregion of F.

Control selectionLet U, be the setof all piecavise-consint control functionswith at most ¢
constantpieces. So every u € U, admitsa finite partitiont, < ¢; < ... < t, suchthatu(t)
is a constantc; € Q) over the time interval (¢;_1,t;), fori = 1,2,...,¢. We alsorequiret; —

10



ti1 < dmax, Whered,.. is a constant. Our algorithm picks a controlu € U,, for somepre-
specified? andd,,.., by samplng eachconstanipieceof u independentlyFor eachpiece,c; and
0 = t; — t;_1 areselecteduniformly at randomfrom © and |0, dmax], respectiely. The specific
choicesof the parameterg andd,,.x Will bediscussedh Sectior4.5. In theactualimplementation
of the algorithm, however, onemay chose/ = 1, becausary trajectorypassinghroughseveral
consecutre milestoresin thetreeT  is obtainedby applyinga sequencef constantontrols.

Endgame connectionUnlike someotherplanningtechniquege.g., [Lau86, LJTM94]), the above
“control-driven” samplingtechniquedoesnotallow usto reachthegoal(s,, t,) exactly. We need
to “expand” the goal into an endgameegion that the samplingalgorithmwill eventualy attain
with high probability Thereareseveralwaysof creatingsucharegion:

e In[BL93], theendgameegionis definedto beaball of smallradiuscenteredtthegoal. Any
pointin this ball is consideredo be a sufficiently goodapproximatbn of the specifiedgoal.
This techniqueis practicalonly in spacesof small dimensimality, asthe relative volume
of a ball of small fixed radiusgoestoward 0 as the dimensonality increases.We could
neverthelessadaptthis techniqueby settingthe parameteb, ., proportionalto the distance
betweenthe milestme picked from T" andthe goal, allowing the densityof milestmesto
increasen thegoal’s vicinity, andterminatirg with successvhenthe plannersamplesa new
milesbnecloseenoughto thegoal.

e Forsomerobots,it is possibé to analyticallycomputeoneor severalcanonicakontrolfunc-
tionsthatexactly connecttwo given pointswhile obeying the kinodyramic constraints An
exampleis the Reedsand Sheppcurves[RS90] developedfor nonholaomiccarlik e robots.
If suchcontrolfunctionsareavailable,onecantestif a milesbnem belongsto theengame
region by checkingwhethera canonicakontrolfunctiongeneratea collision-freetrajectory
fromm to (s, t4).

e A moregeneralmethodis to build a secondarytreeT” of milesbnesfrom the goalin the
sameway asthatfor theprimarytreeT’, exceptthatEq. (1) is integratedbackwardsin time.
Let (s, ') beanew milestane obtainedby integratingbackwardsfrom anexisting milestone
(s,t) in T'. By constructionjf thetime goesforward, the controlfunctiondrivesthe robot
from states’ attime ¢’ to states attime ¢ (Figure3). Thusthereis a known trajectoryfrom
every milestne in 7" to the goal. The samplhg processerminateswith successvhena
milesbnem € T isin theneighborhoof a milestmem’ € T". In this case the endgame
regionis theunionof theneighborhoodsf milestones$n T"'. To generatehefinal trajectory
we simply follow the appropriateedgesof 7" andT”’; however, thereis a smallgapbetween
m andm’. Thegapcanoftenbedealtwith in practice.For example ,beyondm, onecanuse
a PD controllerto track the trajectoryextractedfrom 7'. Constructingendgane regionsby
backwardintegrationis avery generatechniqueandcanbeappliedto arny systendescribed

by (1).

In Sections5—7, we will presentimplementation®f the planner using the last two techniques
describedabove.

Endgameregion canalso be usedwhenthe goal doesnot have a uniqueconfiguration. For
example,in [AG99, the goal region is definedto be the subsetof configurationsof a redundant
robotsuchthatthe end-efectorachievesa givenposture.
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Figure3: Building a secondaryreeof milestaesby integrating backwardsin time.

Algorithm in pseudo-codeT he planningalgorithmis summarizedn thefollowing pseudo-code.

Algorithm 1 Control-drivenrandomizedxpansia.
1. Insertmy intoT; 7« 1.

2. repeat

3 Pickamilesbnem from T with probabilty 7,(m).

4. Pick a controlfunctionu from ¢, uniformly atrandom.
5. m' <— PROPGATE(m, u) .
6

7

8

9

if m' # nil then
Addm'toT; i<+ i+ 1.
Createanedgee from m to m/'; storeu with e.
: if m’ € ENDGAME then exit with SUCCESS.
10. if 7 = N then exit with FAILURE.

In line 5, PROMGATE(m, u) integratesthe equationf motion from m with controlw. It returnsa
new milesbnem’ if the computedrajectoryis admissilte; otherwiseit returnsnil. If thereexists
no admissble trajectoryfrom my;, = (s, t3) t0 (s, t,), thealgorithmcannotdetectit. Therefore,
in line 10, we boundthe maximumnumberof milestoresto be sampledby a constantNV. The
outcomerAILURE maybeinterpretedas“there existsno soluion trajectory”, but thisanswemay
beincorrect.

The above algorithmcan potentiallyy benefitfrom more sophisicatedsamplingstrateies, but
thesestratgjies considerablycomplicatethe following formal analysis. Moreover, the samplng
stratgy in Algorithm 1 gave very satistctoryexperimenal results(seeSectionss—7).
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Figure4: A freespacewith anarrov passage

4 Analysis of the Planner

The experimentsto be describedn Sections5—7 demonstratehat Algorithm 1 providesan effi-

cientsolutionfor difficult kinodyramic motion planningproblems.Neverthelessomeimpartant
guestionscannotbe answeredy experimentsalone. Whatis the probability v that the planner
fails to find a trajectorywhenoneexists? Does~y corverge to 0 asthe numberof milestonesn-

creases?f so, how fast? In this section,we generalizethe notion of expansvenessoriginaly

proposedn [HLM97] for (geometric)pathplanning We shaw thatin anexpansve spacethefail-

ure probability v decreasesxponentialy with the numberof sampledmilestanes. Hence,with

high probabilit, a relatvely smallnumberof milestonesresuflicientto capturethe connectvity

of thefree spaceandanswerthe querycorrectly

4.1 Expansive statextime space

Expansvenesdriesto characterizénow difficult it is to capturethe connectwity of the free space
by randomsamplirg. To beconcreteconsideithesimpleexampleshovn in Figure4. Assune that
thereareno kinodyramicconstraint@nda pointrobotcanmove freely in the spaceshovn. Let us
saythattwo pointsin the free spaceF seeeachother—equvaently, aremutually visible—if the
straightline sggmentbetweerthemlies entirelyin F. ThefreespaceF in Figure4 consiss of two
subsetsS; and.S; connectedy a narrov passagel-ew pointsin S; seealargefractionof Ss.
Recallthata classicPRM plannersamplesF uniformly at randomandtriesto connectpairs
of milesbnesthatseeeachother Let thelookout of S; bethe subsebf all pointsin S, thatsees
alargefractionof S,. If thelookout of S; werelarge, it would be easyfor the plannerto sample
amilestore in S; andanotherin S; thatseeeachother However, in our example,S; hasa small
lookout dueto the narrov passagdetweenS; and.S,: few pointsin S; seea large fraction of
S,. Thusit is difficult for the plannerto generatea connectiorbetweenS; andS,. This example
suggestshatwe cancharacterizeéhe compleity of a free spacefor randomsamplingby the size
of lookout sets.In [HLM97], a free spaceF is saidto be expansve if every subsetS C F hasa
large lookout. It hasbeenshawvn thatin anexpansve spacea classicPRM plannerwith uniform
randomsampling cornvergesat anexponentialrateasthe numker of sampledmilestonesncreases.
Whenkinodyname constraintsaare presentthe basicissuesemainthe same put the notion of
visibility (connectingmilestonesith straight-ine paths)is inadequate Algorithm 1 generates
differentkind of roadmapsin which trajectoriedbetweermilesbnesmay be neitherstraight nor
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Figure5: Thelookoutof asetsS.

reversible.Thisleadsusto generalizehe notionof visibility to thatof readhability.

Giventwo points(s, t) and(s’,t") in F C ST, (¢, t') is readhablefrom (s, t) if thereexistsa
controlfunctionu: [, t'] — € thatinducesanadmissibé trajectoryfrom (s, ¢) to (s',¢'). If (¢,t')
remaingeachablérom (s, t) by usingu € U,, apiecavise-constantontrolwith atmost/ constant
piecesasdefinedin Section3.2,thenwe saythat(s’, t') is locally readable or ¢-readable from
(s,t). Let R(p) andR,(p) denotethe setof pointsreachableand /-reachabldrom somepoint p,
respectrely; we call themthereadability andthe /-readability setof p. For any subsetS C F,
thereachability(/-reachability)setof S is the union of the reachability(/-reachability)setsof all
thepointsin S:

R(S) = J R(p) and R(S) = | Re(p)-
pES pES

We definethelookoutof asetS C F asthesubsebf all pointsin S whose/-reachabilitysets
overlapsignificantly with thereachabilitysetof S thatis outsideS (Figure5):

Definition 1 Let bea constanin (0, 1]. Thes-lookoutofasetS C Fis

B-LOOKOUT(S) = {p € § | u(Re(p) \ 5) = B u(R(S)\ 5)},
whee ;(X) denotethevolumeof a setX C F.
ThefreespaceF is expansveif for everypointp € F, everysubsetS € R(p) hasalargelookout

Definition 2 Let o and § be two constantsin (0,1]. For anyp € F, the setR(p) is (o, f)-
expansve if for everyconnectedgubsetS C R(p),

p(B-LOOKOUT(S)) > a pu(S).

ThefreespaceF is (a, §)-expansveif for everyp € F, R(p) is (a, B)-expansve.

To bettergraspthesedefinitions think of p in Definition 2 asthe initial milest;me m = (s, t)
and S asthe /-reachabilitysetof a setof milesbnessampledby Algorithm 1. If « and g are
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both reasonablyarge, thenAlgorithm 1 hasa goodchanceto samplea nev milestae whose/-
reachabilitysetaddssignificantlyto thesizeof S. In fact,we shav below thatwith highprobability,
the /-reachabilitysetof the sampledmilesbnesexpandsquickly to cover mostof R(m;); hence,
if thegoal (s,, t,) liesin R(m;), thenthe plannerwill quickly find an admissble trajectorywith
high probability.

4.2 ldeal sampling

To simplify our presentatiomndfocuson the mostimportantaspect®f our planneylet usassume
for now that we have an ideal sampleriDEAL-SAMPLE that picks a point uniformly at random
from the /-reachabilityset of existing milestores. If it is successful)JDEAL-SAMPLE returnsa
nev milesbnem’ anda trajectoryfrom an existing milestonem to m’. With idealsamplng, the
planningalgorithmcanberestatedasfollows:

Algorithm 2 Randomizedxpansionwith IDEAL-SAMPLE.

1. Insertmy = my intoatreeT’; Ry < Re(my).

2. repeat

3. Invoke IDEAL-SAMPLE(R;), whichsamplesnenv milesbnem’ andreturnsatrajectoryfrom
anexisting milestonem to m’ if thetrajectoryis admissibé.

4 if m' # nil then

5 Insertm/ into T'.

6. Createa directededgee from m to m/, andstorethetrajectorywith e.

7

8

R+ R U Rz(pl); 11+ 1.
if m' € ENDGAME then exit with SUCCESS.

This algorithmis the sameasAlgorithm 1, exceptthatthe useof IDEAL-SAMPLE replacedines
3-5in Algorithm 1. We will discusshow to approximag IDEAL-SAMPLE in Section4.4.

4.3 Bounding the number of milestones

Let ¥ = R(m,) bethe setof all pointsreachablgrom m;, underpiecavise-constantontrols.
Algorithm 1 determinesvhetherthe goalliesin X' by samplhg a setof milestonesijt terminates
assoonasa milestanefallsin theendgameegion. Therunningtime of the planneris thuspropor
tional to the numberof samplednilestanes.In this subsectionwe give a boundon the numberof
milestanesneededn orderto guaranteea milestane in the endganre region with high probability
assumingheintersectiorof theendgameegionand X’ is non-empty

Let M = (mg, m1,mo,...) be a sequencef milestonegyeneratedy Algorithm 2, andlet
M, denotethe first 7 milestanesin M. A milesbnem; is calleda lookout pointif it liesin the
B-lookout of R,(M,—,). Lemmal belown statesthat the /-reachabilitysetof M spansa large
volumeif it containsenoughlookout points, andLemmaz2 givesan estimate of the probabilty of
this happeningTogetheithey imply thatwith high probability, the/-reachabilitysetof arelatively
smallnumberof milestamesspansalargevolumein X'.

Thefollowing resultsassumehat X is («, 5)-expansve. For conveniencelet us scaleup all
thevolumessothatu(X) = 1.
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Figure6: A sequencef samplednilestmes.

Lemmal If asequencef milestones containsk lookoutpoints,thenu (R (M)) > 1 — e P*.

Proof. Let (m,, mi,, m4,, - .., m;, ) bethesubsequencef lookoutpointsin M, whereig, iy, i, . . .
givetheindicesof thelookout pointsin thesequenc@/ = (mg, my, ma,...). Foraryi=1,2,...,
we have

1(Re(M;)) = p(Re(Mi-1)) + p(Re(mi) \ Re(Mi-1)). (3)
Thusp(R.(M;)) > p(Re(M,)) for all i > j, in particulay
p(Re(M)) = p(Re(Mi,)), (4)

whereM,;, = (mg, mi, mo, ..., m;, ). Using(3) with 7 = 4, in combinaion with the factthatm,,
is alookout point, we get

p(Re(Miy))) = p(Re(Miy 1)) + B (X \ Re(Mi—1))-

Letv, = u(Re(M;)). Sincep(X \ Re(Mi—1)) = (X)) — w(Re(M;,—1)) = 1 — v;,—1, We have
Vi, > V-1 + B (1 — v;,—1), Whichcanberewrittenas

Uiy, > Vig_1 + ,B (1 - Uik—1) + (1 - B)(Uik—l - vik—l)‘ (5)
Notei, — 1 > i,_; (Figure6) andthusv;, 1 — v;, , > 0. It followsfrom (5) that
Vi, > iy, + B (1 — vy ,).

Settingwy, = v;, leadsto therecurrencev, > wy_; + § (1 — wx_1), with the solution

k—1 )

wp > (1= B)wy + B3 (1— B =1— (1— B)*(1 — w).

j=0

Sincewy > 0 and1 — g < e~#, we getw;, > 1 — e~#%. Combinedwith (4), it yields
p(Re(M)) > 1 — e 7.

O

Lemma2 A sequenceof r milestonescontainsk lookout points with probability at least1 —
kefar/k_

Proof. Let M beasequencef r milestores,and L betheeventthat M/ containsk lookout points.

We divide M into £ subsequencesf r/k consecutie milestores each. Denoteby L; the event
thatthe ith subsequenceontainsat leastonelookout point. Sincethe probability of M having
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k lookout points is greaterthanthe probabilty of every subsequenckaving at leastonelookout
point,we have
Pr(L) > Pr(L1 NLy...N Lk),

whichimplies

k
=0

Sinceeachmilestonepicked by IDEAL-SAMPLE hasprobability o of beinga lookout point, the
probability Pr(Z;) of having no lookout pointin theith subsequends atmost(1 — a)"/%. Hence

Pr(L)=1-PrT)>1—-k(1 - )"

Notethat(1 — a)"/* < e~o"/k. Sowe have Pr(L) > 1 — ke~"/k,
m

Themainresult,statedn thetheorembelow, establiskesa boundon thenumberof milesbnes
neededn orderto guarantee milestore in the endgameegion with high probability.

Theorem 1 Let g > 0 be the volumeof the endgameregion E in X and  be a constantin
(0,1]. A sequencé/ of r milestonesontairs a milestonan E with probability at leastl — ~, if

r> (k/a)In(2k/7) + (2/g) In(2/7), whee k = (1/5)In(2/).

Proof Letusdivide M = (mg, my, ma, ..., m,) into two subsequence®’ and " suchthat M’
containghefirst ' milestonesand M"” containghenext r” = r — r’ milestones.

By Lemma2, M’ containsk lookout pointswith probabilty atleastl — k(1 — a)"/%. If there
arek lookout pointsin M’, thenby Lemmal, R,(M') hasvolume atleastl — g/2, providedthat

k>1/81n(2/g).

As aresult,R,(M') hasa non-emptyintersection/ with the endgameregion of volumeat least
g/2, andsodoesR,(M;), fori > r’.

The proceduraDEAL-SAMPLE picks a milestoneuniformly at randomfrom the /-reachability
setof the existing milestores,andthereforeevery milestonem; in M" fallsin I with probabilty
(9/2)/u(Re(M;—1)). Sincep(R,(M;—1)) < 1 for all i, andthe milestonesaresampledndepen-
dently, M"” containsamilesbnein I with probabilityatleastl — (1 — g/2)"™" > 1 — e ""9/2,

If M fails to containa milestore in the endgameegion F, theneitherthe ¢-reachabilityset
of M' doesnot have a large enoughintersectiorwith £ (event A), or no milestore of M" lands
in the intersection(event B). From the precedingdiscussionWe know that Pr(4) < ~/2 if
r" > (k/a)In(2k/v) andPr(B) < v/2if " > (2/g) In(2/v). Choosingr > (k/«)In(2k/v) +
(2/9) In(2/v) guaranteethatPr(A U B) < Pr(A) + Pr(B) < . Substituthg ¥ = (1/8) In(2/g)
into theinequaliy boundingr, we getthefinal result

5 In(2/g) 2In(2/g)

2
—1In
T ap By g

2
"
|

If the plannerreturnsrAILURE, eitherthe queryadmitsno solution i.e., (sg4,t,) ¢ X, or the
algorithmhasfailed to find one. The latter event which correspondgo returningan incorrect
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answerto the query hasprobabiliyy lessthan~. Sincethe boundin Theoreml containsonly
logarithmic termsof ~, the probability of anincorrectanswercorvergesto 0 exponentally in the
numberof milestores.

The boundgiven by Theoreml alsodependson the expansvenessparametersy, 5 andthe
volumeg of theendgameegion. Thegreatera, 3, andg, thesmalkerthebound.In practice,it is
oftenpossibé to establisha lower boundfor g. However, o and g aredifficult to estimategxcept
for every simple cases.This preventsus from determiningthe parameterV, the maximalnumber
of milesbnesneededor Algorithm 1 a priori. Neverthelesgheseresultsare important. First,
they tell usthatthe failure probability of our plannerdecreasesxponentally with the numberof
milestmessampled Secondthe numberof milestoresneededncrease®nly moderatelywheno
andg decrease, e., whenthe spacebecomegessexpansve.

4.4 Approximating IDEAL-SAMPLE

Theabove analysisassumeshe useof IDEAL-SAMPLE, which picksa new milestore uniformly at
randomfrom the/-reachabilitysetof theexisting milestanes.OnewaytoimplementiDEAL-SAMPLE
would berejectionsamplinglKwaeé], which throws away a fraction of samplesn regionsthatare
more denselysampledthanothers. However, rejectionsampling is not efficient: mary potential
candidatesrethrown away in orderto achiere the uniformdistribution.

Soinsteadpurimplementeclannerdry to approxinatetheidealsampler Theapproximaton
is muchfasterto compue, but generates slightly lessuniform distribution. Recallthatto sample
anew milestoney’, we first choosea milegonep from the existing milestoresandthensamplen
theneighborhod of p. Every new milestnep’ thuscreatedendsto berelatively closeto p. If we
selecteduniformly amongtheexisting milesbnes theresultingdistribution would bevery uneven;
with high probability, we would pick a milestore in analreadydenselysampledegion andobtain
a nev milestore in that sameregion. Thereforethe distribution of milestanestendsto cluster
aroundtheinitial statextime point To avoid this problem,we associatevith every milesbnep a
weightw(p), whichis thenumberof milestaesin asmallneighborhooaf p, andpick anexisting
milestmeto expandwith probability inverselyproportianalto w(p). Soit is morelikely to sample
aregion containinga smallernumberof milestmes. The distribution 7, (p) o 1/w(p) contritutes
to the diffusion of milesbnesover the free spaceandavoids oversamphg ary particularregion.
In general,maintainingthe weightsw(m) asthe roadmapis beingbuilt incursa much smaller
computatimal costthanperformingrejectionsampling.

Thereis alsoa slightly greaterchanceof generatinga nev milestonein an areawherethe
¢-reachabilitysetsof several existing milestonesoverlap. However, milestmeswith overlappng
¢-reachabilitysetsaremorelik ely to be closeto oneanotherthanmilesbneswith no suchoverlap-
ping. Thusit is reasonabléo expectthatusingr, o« 1/w(t) keepstheproblemfrom worseningas
thenumberof milesbnesgrows.

If thereare no kinodynamicconstrainton the robot’s motion, thenotherthanthe two issues
mentionedabove, Theoreml gives an asymptott boundthat closely characterizeshe amount
of work thatthe plannermustdo in orderto guarantedinding a trajectorywith high probabilty
wheneeroneexists In particular theresultappliesto (geometric)athplanningproblems.

Thereis, however, onemoreissueto considewhenkinodynanic constraintsare present.Al-
thoughline 4 of Algorithm 1 selectsu uniformly at randomfrom U,, the distribution of m’ in
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R.(m) is not uniform in general becausehe mappingfrom U, to R,(m) may not be linear. In
somecasespne may precomputea distribution 7, suchthat picking « from 24, with probabilty
7y (u) yieldsauniformdistribution of m’ in R,(m). In othercasesrejectionsamplingcanbeused
locally. First pick several control functionsu;,7 = 1,2,... andcompue the correspondingn;,
theendpointof thetrajectoryinducedby ;. Thenthrow avay someof themto achieve a uniform
distribution amongthe remainingm;’s, andpick aremainingm; atrandom.

4.5 Choosingsuitable control functions

To samplenew milesbnes,Algorithm 1 picks at randoma piecavise-constantontrol function «
from U,. Everyu € U, hasat most/ constanpieceseachof which lastsfor atime durationless
thand.,. Theparameterg andd,,., arechoseraccordingto specificpropertiesof eachrobot.

In theory ¢ mustbe large enoughsothatfor ary p € R(my), Re(p) hasthe samedimenson
asR(my). OtherwiseR,(p) haszerovolumerelative to R (ms), andR(m;) cannotbe expansve
even for arbitrarily small valuesof o and 5. This canonly happenwhen somedimensons of
R (my) arenot spannedlirectly by basisvectorsin the controlspace?, but thesedimensonscan
thenbegeneratedby combinirg severalcontrolsin 2 usingLie-braclets[BL93]. Themathematical
definitionof aLie bracletcanbeinterpretecasaninfinitesimal“maneu\er” involving two controls.
Spanningall the dimensonsof R(m,;) may requirecombiring more thantwo controlsof & by
imbricatingmultiple Lie braclets. At mostn — 2 Lie bracletsareneededwheren is thedimenson
of the statespace Henceit is sufficientto choose/ = n — 2.

In generalthelarger/ is, the greatera and 3 tendto be. So accordingto our analysis fewer
milestanesareneededpn the otherhand,the costof integrationandcollision checkingduringthe
generatiorof anew milestmebecomesnoreexpensve. Thechoiceof §,,,., is someavhatrelated.A
larger d,,., Mayresultin greatera. and 3, but alsoleadthe plannerto integratelongertrajectories
that are more likely to be inadmissble. Experimens showv that ¢ and d ., canbe selectedin
relatively wide intervalswithout significantimpacton the performancef the planner However, if
thevaluesfor ¢ andd,,., aretoo large,theapproximatiorto IDEAL-SAMPLE becomeyery poor.

5 Nonholonomic robots

We implemengd Algorithm 1 for two different robot systems One consistsof two nonholo-
nomic cartsconnecteduy a telescopidink and moving amongstatic obstacles.The otheris an
air-cushionedobotthatis actuatedy air thrustersaandoperatesmongmoving obstacle®n a flat
table. The air-cushionedobotis subjectto strict dynamicconstraintsIn this section,we discuss
theimplementationof Algorithm 1 for the nonholormmic carts. In the next two sectionswe will
dothesamefor theair-cushionedobot.

5.1 Robot description

Wheeledmobie robotsare a classicalexampk for nonholsmomic motion planning. The robot
consideredhereis a new variationon this theme. It consistsof two independently-actuatezhrts
moving on a flat surface (Figure 7). Eachcart obeys a nonholaomic constraintand hasnon-
zerominimum turningradius.In addition,the two cartsareconnectedy atelescopidink whose
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Figure7: Two-cartnonholommic robots.(a) Cooperatre mobile manipulates. (b)) Two wheeled
nonholommic robotsthatmaintaina directline of sightanda distancerange.

lengthis lower andupperbounded.This systemis inspiredby two scenarios.Oneis the mobile
manipulaton project at the University of Pennsylania’s GRASP Laboratory [DK99]; the two
cartsare eachmountedwith a manipulato arm and mustremainwithin a certaindistancerange
sothatthe two armscancooperatrely manipulatean object(Figure 7a). The manipubtionarea
betweenthe two cartsmustbe free of obstacles.In the other scenario,two cartspatrolling an
indoorenvironmentmustmaintaina directline of sightandstaywithin a certaindistancaange,in
orderto allow visualcontactor simple directionalwirelesscommunmcation (Figure7b).

We projectthe geometryof the cartsandthe obstacle®ntothe horizontalplane.Fori = 1, 2,
let R; be the midpoint betweenthe rear wheelsof the ith cart, F; be the midpont betweenthe
front wheels,and L; be the distancebetweenR; and F;. We definethe stateof the systemby
s = (x1,y1, 01, x2, Yo, 02), Where(z;, y;) arethe coordinate®f R;, and#; is the orientationof the
rearwheelsof ith cartrelative to the z-axis (Figure2). To maintaina distancerangebetweerthe
two cart,we required,,;, < \/ (1 — 22)% + (y1 — y2)? < dmax fOr someconstantsl,,;, andd,ax.

Eachcarthastwo scalarcontrols,u; and¢;, whereu; is the speedf R;, and¢; is the steering
angle.Theequationof motionfor the systemare

T = wujcosb Lo = Uy cCosby
y:l = U sin 01 ’IJ:Q = U9 sin 02 (6)
91 = (ul/Ll) tan ¢1 92 = (UQ/LQ) tan (}52.

The control spaces restrictedby |u;| < umax @and|d| < édmax, Which boundthe carts’ velocities
andsteeringangles.

5.2 Implementation details

We assumehatall obstaclesrestationary Sothe plannerbuilds aroadmapg!’ in therobot’s 6-D
statespacgwithoutthetime dimenson).

Computing the weights To computethe weightw(m) of a milesbnem, we definethe neighbor
hood of m to be a small ball of fixed radiuscenteredat m. The currentimplementatin usesa
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Figure8: Computedexamplesfor nonholormmic carl-like robots.

nave methodthatchecksevery new milesbnem’ againstall the milestanescurrentlyin 7. Thus,
for every new milestore, updatingw takeslinear time in the numberof milestonesn 7. More
efficient rangesearchtechniquegAga97] would certainlyimprove the planners runningtime for
problemsrequiringvery largeroadmaps.

Implementing PROPAGATE Givena milestonem anda controlfunctionu, PROPAGATE usesthe
Euler methodwith a fixed stepsizeto integrate (6) from m and computesa trajectoryo of the
systemunderthe control u. More sophistcatedintegration methods,e.g., fourth-orderRunge-
Kuttaor extrapolaton method[PTVP92], canimprove the accurag of integration but at a higher
computatimal cost.

Wethendiscretizes into asequencef statesandreturnsnil if any of thesestatessin collision.
For eachcart,we precomputea 3-D bitmapthatrepresentshe collision-freeconfigurationof the
cart prior to planning It thentakes constantiime to checkwhethera given configurationis in
collision. A well-known disadwantageof this methodis thatif the resoluton of the bitmapis
not fine enough,we may get wrong answers. In the experimentsreportedbelon, we usedan
128 x 128 x 64 bitmap,whichwasadequatdor our testcases.

Endgameregion We obtainthe endgameegion by generatinga secondarytree 7’ of milesbnes
from thegoals,.

5.3 Experimental results

We experimenédwith the plannerin mary workspacesEachoneis al0m x 10 m squareregion
with staticobstacles.The two cartsareidentical, eachrepresentedby a polygoncontainedn a
circle with diameter0.8 m,andL; = L, = 0.5 m. The speedof the cartsrangesrom —3 m/sto
3 m/s,andits steeringangle¢ variesbetween-30° and30°. The allowable distancebetweenk;
andR, rangedrom 1.4 mto 3.3 m.

Figure 8 shavs threecomputedexamples. Environment(a) is a maze;the robot cartsmust
navigatefrom onesideof it to the other Environment(b) containstwo large obstacleseparated
by a narrov passageThetwo carts,which areinitially parallelto oneanothey changeformation
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Scene|| Time (sec.) Nelear Nmit | Npro
mean| std | mean std

(a) 1.39| 0.91| 62402 | 270QL || 2473 | 21316
0.74 | 0.65| 43%4 | 2364 || 1630 | 15315
0.54| 0.41| 35%0 | 18410 || 1318 | 12815
0.55| 044 | 38384 | 20772 || 1310 | 14066

) 4.45| 3.92 | 126126 | 6183 | 4473 | 4560
(¢) 14.8 | 7.42 | 28788 | 869% || 9123 | 107383
0.92| 0.51| 5637 | 2085 | 18% | 2050

Tablel: Performancestatisticsof the planneron the nonholaomicrobot.

andproceedn asingk file throughthe passageheforebecomingparallelagain.Environment(c)
consistof two roomsclutteredwith obstaclesndconnectedby a haliway. Thecartsneedto move
from the room at the bottomto the oneat the top. The maximumsteeringanglesandthe size of
thecircularobstaclesonspireto increaseéhe numberof requiredmaneuers.

We ran the plannerfor several differentqueriesin eachworkspaceshovn in Figure 8. For
every query we ranthe planner30 timesindependentlith differentrandomseeds.Theresults
are shavn in Table 1. Our plannerwas written in C++, and the running times reportedwere
obtainedon an SGI Indigo2workstatian with a 195Mhz R10000processar

Every row of thetablecorrespond$o a particularquery Columns2-5list theaveragerunning
time, theaveragenumberof collision checksandtheir standarddeviations Columns6—7 givethe
total numberof milestores sampledandthe numberof callsto PRORMGATE. The runningtimes
rangefrom lessthana secondio a few seconds.The first queryin ernvironment(c) takeslonger
becausehe cartsmustperformseveralmaneuersin the hallway beforereachingthe goal (seethe
examplein Figure8c).

The standarddeviations in Table1 arelargerthanwhatwe would like. In Figure9, we shav
a histogramof morethan100 independentunsfor a particularquery In mostruns,the running
time is well underthe meanor slightly above. Thisindicatesthatour plannerperformswell most
of thetime. Thelarge deviation is causedyy a few runsthattake aslong asfour timesthe mean.
Thelongandthin tail of thedistribution is typical of theteststhatwe have performed.

6 Air-cushionedrobots

6.1 Robotdescription

Ouralgorithmhasalsobeenimplementedgndevaluaedonasecondsystemwhichwasdeveloped
at the StanfordAerospaceRoboticsLaboratoryfor testingspaceroboticstechnology This air-
cushionedobot (Figure 1) movesfrictionlesdy on a flat granitetableamongmoving obstacles.
Eight air thrustersprovides omnidirectionalmotion capability but the thrustavailableis small
comparedo therobot's massyesultirg in tight acceleratiorconstraints.

We definethe stateof therobotto be(x, y, %, y), where(z, y) arethecoordinate®f therobot’s
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Figure9: Histogramof planningtimesfor morethan100runson a particularquery The average
timeis 1.4 sec,andthefour quartilesare0.6,1.1,1.9,and4.9seconds.

centerand(z, g) is thevelocity. The equation®f motionare
.1 .1
Z=—ucosfl and ¢y = —usinb,
m m

wherem is therobot's mass,andu andf arethe magnitude anddirectionof the force generated
by thethrustersWe have 0 < u/m < 0.025 m/s* and0° < # < 360°. Themaximumspeedf the
robotis 0.18m/s.

For planningpurposesthe workspaceis representedy a 3 m x 4 m rectangle,the robot
by a disc of radius0.25 m, and the obstaclesby discsof radii between0.1 and0.15m. The
plannerassumethatthe obstaclenoves alongastraight-ine pathat constanspeedetweerd and
0.2 m/s(morecomple trajectorieswill be consideredn Section7.4). Whenanobstaclereaches
theworkspaces boundaryit leavestheworkspaceandis nolongerconsidereathreatto therobot.

6.2 Implementation details

Theplanneruildsaroadmagl” in therobot’s5-D statextime spacelt is given aninitial statextime
(ss,0) anda goalstatextime (s,, t,), wheret, is ary time lessthana givent,,.x. In additon, the
planneris given the obstacletrajectories.Unlike the experimentswith the real robotin the next
section,planningtime is notlimited here. This is equialentto assuminghatthe world is frozen
until theplannemreturnsatrajectory

Computing the weights The 3-D configuratiorktime spaceof the robot is partitioned into an
8x11x10 array of identically sizedrectangulaboxescalledbins. Whena milestoneis inserted
in T, the planneraddsit to the list of milesbnesassociatedvith the bin in which it falls. To

implementline 3 of Algorithm 1, the plannerfirst picks at randoma bin containingat leastone
milestcme andthena milestonefrom within this bin. Both choicesaremadeuniformly atrandom.
This correspondso pickingamilestonewith probability approxinately proportiacnal to theinverse
of the densityof samplesn the robot’s configuratiorktime space(ratherthanits 5-D statextime
space). We did someexperimentswith binsin statextime space,but the resultsdid not differ

significantly
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Scene|| Time(sec) Nuil
mean| std || mean| std
(a) 0.2 | 0.264 || 2008 | 220
0.20 | 0.2& || 1946 | 213
0.0@ | 0.0 22 25

S =8

()

—l—~

Table2: Performancestatistcs of the planneron the air-cushionedobot.

Implementing PROPAGATE The simplicity of the equationf motion makesit possibé to com-
putetrajectoriesanalytically Thetrajectoriesarethendiscretizedandateachdiscretizedstatextime
point, the robotis checled for collision againstevery obstacle.This naive techniqueworks rea-
sonablywell whenthe numberof obstacless small, but canbe easilyimprovedto handlea large
numberof obstacles.

Endgame region The endgameregion is generatedvith specializedcurves, specifically third-
ordersplines.Whene&eranew milestore m is addedo 7, it is checledfor connectiorwith & goal
points(s,, t,), for somepre-definecconstantc. Eachof the £ valuesof ¢, is choseruniformly at
randomfrom theintenal [¢min, tmax], Wheret i, is anestimateof the earliesttime whenthe robot
may reachs,, givenits maxinum velocity. For eachvalueof ¢,, the plannercomputeghe third-
orderspline betweenn and(s,, t,). It thenverifiesthatthe spline is collision freeandsatisfieshe
velocity andacceleratiorbounds If all thetestssucceedthenm liesin theendgameegion. In all
the experimens reportedbelaw, k is setto 10.

6.3 Experimental results

We performedexperimentsin more than one hundredsimulaed environments To simgdify the
simulation, collisions amongobstaclesare ignored. So two obstaclesnay overlap temporarily
without changingcourses.In a smallnumberof queriesthe plannerfailedto returnatrajectory
but in noneof thesecasesverewe ableto determinewhetheran admissble trajectoryactually
existed. On the otherhand,the plannersuccessfullysolved several queriesfor which we initially
thoughttherewasno solution.

Three examplescomputedby the plannerare shovn in Figure 10. For eachexample,we
displayfive snapshatlabeledby time. The large gray discindicatesthe robot; the smallerblack
discsindicatethe obstacles.The solid anddottedlines mark the trajectoriesof the robotandthe
obstaclestespectiely. For eachof thethreequerieswe ranthe plannerl00timesindependerty
with differentrandomseedsTheplannersuccessfullyeturnedatrajectoryin all runs. Table2 lists
the meansand standarddeviations of the planningtimesandthe numberof sampledmilesbnes
for eachquery The reportedtimeswere obtainedfrom a plannerwritten in C andrunningon a
Pentium-111PCwith a550Mhz processoand128 MB of memory

In the first two examples,the moving obstaclescreatenarrov passageshroughwhich the
robotmustpassn orderto reachthegoal. Yet plannirg time remainsmuchunderonesecond.The
factthatthe plannernever failed in 100 runstestifiesto its reliability. To point out the difficulty
of thesequeries,we shawv in Figure 11 the configurationctime spacefor example (b). In the
configurationktime space the robot mapsto a point (z,y,t). Sincethe obstaclesare assumed
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T=11.2secs T =22.4secs T =33.7 secs T =449 secs

T=0.0 secs T=9.0secs T =20.0 secs T =30.0 secs T =239.2 secs

T =8.0secs T=16.1secs T=24.1secs T=32.1secs

(c)

Figure10: Computedexampledor theair-cushionedobot.

to move with constantlinear velocity, they map into cylinders. The velocity and acceleration
constraintgequireevery solution trajectoryto passhrougha smallgapbetweerthe cylinders.

Example(c) is muchsimpler. Therearetwo statimmary obstacle®bstructng the midde of the
workspaceandthreemoving obstaclesPlanningtime is well belov 0.01secondwith anaverage
of 0.002second.The numberof milesbnesis alsosmall, confirmingthe resultof Theoreml that
whenthespaces expansve, Algorithm 1 is very efficient. As in theexperimentonnonholonont
robot carts,the runningtime distribution of the plannertendsto have a long andthin tail dueto
long executiontime in a smallnumberof runs,but overall the planneris very fast.
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Figurell: Configuratiork spaceor the examplein Figure10b.

7 Experimentswith the realrobot

To furthertestthe performancef the planneywe connectedhe plannerdescribedn the previous
sectionto the air-cushionedrobotin Figure1l. In thesetests,we examinedthe behaior of Al-

gorithm 1 runningin real-timemodeon a systemintegrating controlandsensingnodulesover a
distributedarchitectureandoperatingn aphysicalervironmentwith uncertaintiesndtime delays.

7.1 Testbeddescription

Therobotshavnin Figurel is untetherecandmovesfrictionlessly onanair bearingpna3 mx4 m
table. Gastanksprovide compresseair for both the air-bearingandthrusters.An onboardvio-
torola ppc2604compuer performsmotion control at 60 Hz. Obstaclesare alsoon air-bearings,
but have no thrusters.They areinitially propelledby handfrom variouslocationsandthenmove
frictionlessly on the table at roughly constantspeeduntil they reachthe boundaryof the table,
wherethey stopdueto thelack of air bearing.

An overheadvision systemestimatesthe positions of the robotandthe obstaclesat 60 Hz by
detectingLEDs placedon the moving objects. The measuremenis accurateo 5 mm. Velocity
estimatearederivedfrom posiion data.

Our plannerrunsoffboardon a 333Mhz SunSparcl0. The plannertherobot,andthevision
modulecommunncateover theradio Ethernet.

7.2 Systemintegration

Implementng the planneron the hardwaretestbedaisesseveralnew challenges.

Time delaysVariouscompuationsanddataexchangesccurringat differentpartsof the system
leadto delaysbetweenhe instantwhenthe vision modulemeasureshe motion of the robotand
the obstaclesandtheinstantwhentherobotstartsexecutingthe plannedrajectory Thesedelays,
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if ignored,would causethe robotto begin executingthe plannedtrajectorybehindthe starttime
assumedy the planner The robotmay not thenbe ableto catchup with the plannedtrajectory
beforea collision occurs.To dealwith thisissue the plannercomputesa trajectoryassumig that
therobotwill startexecutingit 0.4secondnto thefuture. It alsoassumethattheobstaclesnove at
constantelocities,asmeasuredy thevision module andextrapolatesheir positiors accordingly
The 0.4 secondncludesall the delaysin the system,in particular the time neededor planning.
This time could be furtherreducedoy implementingthe plannermore carefully andrunningit on
amachinefasterthantherelatively slow SunSparcl0 currentlybeingused.

Sensingerrors Althoughthe plannerassumeshatthe obstaclesnove alongstraightlinesat con-
stantvelocities measuredy the vision modue, the actualtrajectoriesare slightly differentdue
to asymmetryin air-bearingsandinaccuray in the measurementsThe plannerdealswith these
errorsby growing the obstacles As time elapsestheradiusof eachmoving obstaclas increased
by £Vt, where¢ is a fixed constant) is the measuredielocity of the obstacleandt is thetime.
Sothe plannercanavoid erroneouslyassertinghata state<time pointis collision-freewhenit is
actuallynot.

Trajectory tracking Therobotrecevesfrom the plannera trajectorythat specifieshe position,
velocity, andacceleréion of the robotat all times. A PD-controllerwith feedforward is usedto
track this trajectory The maximumtrackingerrorsfor the posiion andvelocity are 0.05m and
0.02m/s,respectrely. As aresult,we increasehe sizeof the disc modelng therobotby 0.05m
duringthe planningto guaranteehatthe computedrajectoryis collision-free.

Trajectory optimization Sincethe planneris very efficient in generalthe 0.4 secondallocated
is often morethanwhat is neededor finding a first solution. So the plannerexploits the extra

time to generateadditionalmilestonesandkeepsrack of the besttrajectoryfoundsofar. The cost
function for comparingtrajectoriesis >°%_, (u; + b)&;, wherek is the numberof segmentsin the
trajectory u; is the magnitudeof the force exertedby the thrustersalongthe ith segment,b is a

fixed constantandJ; is the durationof the ith segment. The costfunctiontakesinto accountboth

fuel consumgion andexecutian time. A largerb yieldsfastermotion while a smallerb yieldsless
fuel consumpn. In our experimentsthe costof trajectoriesvasreducedpntheaveragepy 14%

with this simple improvement.

Safe-modeplanning If theplannerfailsto find atrajectoryto thegoalwithin theallocatedime,we
foundit usefulto computeanescapdrajectory Theendgameegion E.. for theescapdrajectory
consistsof all the reachablecollision-free states(se, t.) with ¢, > T, for sometime T,,.. An
escapdrajectorycorrespond$o any acceleration-boundedollision-freemotionin theworkspace
for asmalldurationof time. In general,F. is very large,andso generatingan escapdrajectory
oftentakeslittl etime. To ensurecollision-freemotionbeyondT ..., anew escapédrajectorymustbe
computedong beforetheendof thecurrentescapérajectorysothattherobotcanescapeollision
despitetheaccelerion constraintsWe modifiedthe plannerto computesimukaneouslya normal
andanescapdrajectory The modificationincreasedhe runningtime of the plannerby about2%
in our experimentshput it leadsto a systenthatis muchmoreusefulpractically
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Figurel2: Snapshotsf therobotexecuting atrajectory

7.3 Experimental results

Theplannersuccessfullyproducedcomplex maneuersof therobotamongstaticandmaoving ob-
staclesn varioussituationsincluding obstaclesnoving directly towardtherobotor perpendicular
to the line connectingts initial andgoal positiors. The testsalsodemonstratethe ability of the
systemto wait for an openingto occurwhenconfrontedwith moving obstaclesn therobot’s de-
sired direction of movement andto passthroughopeningsthat are lessthan 10 cm larger than
therobot. In almostall thetrials, a trajectorywascomputedwithin the allocatedtime. Figure12
shaws snapshatof the robotduring oneof thetrials, in which therobot maneuersamongthree
incomingobstacleso reachthegoalatthefront cornerof thetable.

Several problemdimited the compleity of the planningproblemswhich we couldtry in this
testbed. Two arerelatedto the testbeditself. First the accelerationgprovided by the robot’s air
thrustersarequite limited. Secondhe size of the tableis smallrelative that of the robotandthe
obstacleswhich limits the available spacefor the robotto maneuer. The third problemresults
from the designof our system The plannerassumeshatobstaclesnove at constantinearveloci-
tiesanddo not collide with oneother anassumptnwhichis likely to fail in practice.To address
thislastandimportantissue we introduceon-the-flyreplanning.

7.4 On-the-fly replanning

An obstaclanaydeviatefrom its predictedrajectory becauseithertheerrorin themeasurements
is larger thanexpected,or the obstacles directionof motion hassuddeny changeddueto a col-
lision with otherobstacles.Wheneer the vision moduk detectsthis, it alertsthe planner The
plannerthenrecomputes trajectoryon thefly within the sameallocatedime limit, by projecting
the stateof theworld 0.4 secondnto thefuture. On-the-flyreplanningallows muchmorecomplec
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Figurel3: A computedexamplewith replanningn a simulatedervironment

experimentdo be performed.We shav two examplesbelaw, onein simulationandoneonthereal
robot.

In theexampk shavsin Figure13, eightreplanningoperation®ccurredover theentirecourse
(75 secondspf theexperiment.Initially therobotmovesto theleft to reachthe goalatthe bottam
middle (snapshoil). Thenthe upperleft obstaclechangests motionandblocksthe robot’s way,
resultingin areplan(snapsho®). Soonafter, the motionof the upperright obstaclealsochanges,
forcingtherobotto reversethedirectionandapproachhegoalfrom theothersideof theworkspace
(snapsho8). In theremainingtime, new changesn obstaclanotioncausetherobotto pause(see
thesharpturnin snapshob) until adirectapproacto thegoalis possibé (snapsho6).

The efficagy of the replanningprocedureon the real robot is demonstratedby the example
in Figure 14. The robot’s goal is to move from the back left of the table to the front middle.
Initially the obstaclein the middle is stationary andthe othertwo obstaclesare moving toward
the robot (snapshotl). The robotdodgesthe fastermoving obstaclefrom the left and proceeds
towardthe goal (snapsho®). The obstaclas thenredirectedwice (in snapsha3 and5) to block
thetrajectoryof the robot, causingt to slow down andstaybehindthe obstacleo avoid collision
(snapshot8-6). Rightbeforesnapsho?, therightmog obstaclds directedbacktowardtherobot.
Therobotwaitsfor the obstacleo passsnapsho8) andfinally attainsthe goal (snapsho®). The
entiremotion lastsabout40 secondsThroughait thisexperimentotherreplanningoperationgnot
shown) occurredasa resultof errorsin the measuremerntf the obstaclemotiors. However, none
resultedn amajorredirectionof therobot.
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Figurel4: An exampk with therealrobotusingon-the-flyreplanning.

8 Conclugon

We have presented@ simple, efficientrandomizedlannerfor kinodynamicmotion plannirg in the
presencef moving obstaclesOur algorithmrepresentshe motion constraintdy anequationof
theform $ = f(s, u) andconstructsa roadmapof sampledmilesbnesin the statextime spaceof
arobot. It samplesnen milestoresby first picking at randoma pointin the spaceof admissble
control functionsandthenmappingthe point into the statespaceby integratingthe equationof
motion Thusthemotion constraintsarenaturallyenforcedduringtheconstructiorof theroadmap.
Thealgorithmis generalandcanbe appliedto awide classof systemsincludingonesthatarenot
locally controllable. Theperformancef thealgorithmhasbeenevaluatedthroughboththeoretical
analysisandextensve experiments.

We have generalizedhe notion of expansvenesspriginally proposedn [HLM97] for (geo-
metric) path planning. The main purposeof the generalizations to addresshe complications
introducedby kinematicand dynamicconstraints. Using the expansvenessto characterizehe
complity of the statexspacewe have proven that, undersuitabe assumpbns, the failure prob-
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ability of the plannerconvergeto O atanexponental rate,whena soluion exists. This resultalso
holdsfor robotsthatarenotlocally controllable.

Experimentallythe plannerhas demonstratedts effectivenessboth in simulation andon a
realrobot. The experimentson the real robotindicatesthat the plannerworks well despitemary
adwersarialconditions including (i) severe dynamicconstraintson the motion of the robot, (ii)
moving obstaclesand(iii) varioustime delaysanduncertaintiesnherentto anintegratedsystem
operatingin a physcal environment. In particular they demonstratehat the efficiency of the
plannerenablest to be usedin realtime whenobstacledrajectoriesarenotknown in advance.

In the future, we planto apply the plannerto ervironmentswith morecomplex geometryand
robotswith higherdofs. Geometricalcompleity increaseshe costof collision checking,but as
discussedn Section2.4, hierarchicalalgorithmscan deal with this issueeffectively. In fact, a
similar, but simplerplannerhasbeenusedsuccessfullyto computegeometricdisasserly paths
with CAD modelshaving up to 200,000triangles[HLM99].

We arealsointerestedn reducingthe standarddeviation of runningtimesfor our randomized
planner Quite possibly the thin andlong tail of the runningtime distribution shovn in Figure9
is typical of all PRM plannersdeveloped so far. However, it is moreimportantto reduceit for
single-queryplanners becausehey areintendedto be usedinteractvely or in realtime. Large
standardeviationsin thesesettingsareclearlyundesirable.

More importantly, we needto further develop tools to analyzethe efficiency of randomized
motionplanners.Thenotionof expansvenesss a stepforwardin thatdirection.However, the pa-
rameterscharacterizinganexpansve spacecannotbe easilydeterminedandsowe cannotdecide,
in advance the numberof milestonesieededor agiven query It is importantto continuelooking
for new analysistools if we cannotmeasurehe performanceof thesealgorithns quantiatively,
we will notbeableto comparejmprove, andthusadvanceour understandingf them.
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