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Real-Time Grasping-Force Optimization
for Multifingered Manipulation:

Theory and Experiments
Guanfeng Liu, Student Member, IEEE, and Zexiang Li, Member, IEEE

Abstract—Real-time grasping-force optimization is a vital
problem in dextrous manipulation with multifingered robotic
hands. In this paper, we review two prominent approaches that
have recently been proposed for this problem, and identify their
common need for an appropriate initial condition to start the
recursive algorithms. Then, we propose an efficient algorithm
that combines a linear-matrix-inequality method with a gra-
dient method for automatic generation of initial conditions. By
incorporating the initial conditions, optimal grasping forces can
be generated efficiently in real time. Finally, we implement and
evaluate all the algorithms for grasping-force control in the Hong
Kong University of Science and Technology three-fingered hand
platform. Experimental results demonstrate the efficiency of the
proposed approach.

Index Terms—Friction-cone constraint, grasping-force opti-
mization, linear-matrix inequality, max–det problem.

I. INTRODUCTION

I NSPIRED by the dexterity of the human hand, robotics
researchers have long been fascinated by the design and

control of multifingered robotic hands [1]–[8]. Compared with
current parallel jaw or special-purpose grippers that have dom-
inated industrial applications, a general-purpose multifingered
robotic hand has many distinct advantages, especially with
robots moving from the traditional domains into household,
elderly care, space applications, etc.

First, a much wider class of objects, sometimes with compli-
cated geometries, can be stably grasped by a multifingered hand.
Second, better knowledge about the geometry of the grasped
object and the environment can be acquired through dextrous
motions of the fingers and sensors integrated into the hand. Fi-
nally and more importantly, dextrous manipulation of a grasped
object can be performed in a relatively restricted environment.
Here, dextrous manipulation is achieved through a combination
of four manipulation modes: 1) coordinated manipulation with
fixed contacts [9], [10]; 2) rolling motion [11]–[15]; 3) sliding
motion [16], [17]; 4) finger gaiting [18][19][20]. In any of these
manipulation modes, the fingers have to impart forces on the
grasped object to balance the gravity force and other possible
external forces acting on the object, and are subject to friction
cone constraints imposed by the physics of the contact. Deter-
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mination of appropriate finger forces simultaneously satisfying
these constraints is a fundamental problem in dextrous manip-
ulation by multifingered robotic hands. This problem is made
more difficult by the fact that friction-cone constraints are inher-
ently nonlinear and optimal solutions in real time are required
for even time-varying contacts (rolling and sliding). Sometimes,
the dimension of the problem can become prohibitively large.

Despite these difficulties, there have been enormous pro-
gresses over the last twenty years in understanding the various
issues that pave the way for an ultimate solution of this difficult
problem. Salisbury and Craig [21] made the first attempt by
introducing mathematic models of contacts and the grasp map
that relates applied finger forces to object wrenches. Kerr and
Roth [22] and Cutkosky [23] developed in detail the kinematic
relations needed for fine manipulation in a multifingered hand
system. Montana [24], [25] and Cai and Roth [26] studied the
kinematics of contact and derived elegant formulas relating
contact velocities to the change of contact coordinates. These
fundamental relations pave the way for study of rolling and
sliding motions, as in Li and Canny [27] and Murray et al.
[28], where a general framework for nonholonomic motion
planning and control was developed. Cole et al. [11], Paljug
et al. [12], and Sarkar et al.[13] proposed algorithms for
object manipulation under rolling contacts, whereas Cole et
al. [16] and Zheng et al. [17] developed control algorithms
for object manipulation under sliding contacts. Bicchi [29]
and Okamura et al. [30] provided comprehensive surveys
on status of dextrous manipulation research. Based on the
kinematic relations of a multifingered robotic hand system,
Kerr and Roth [22], Chen and Orin [31], and Jameson and
Leifer [32] developed numerical algorithms for solving the
grasping-force optimization problem with fixed points of
contact. Since their algorithms are obtained by linearizing the
friction-cone constraints, the resulting forces are relatively
conservative and cannot be computed in real time. Nakamura et
al. [9] proposed a nonlinear programming-based algorithm for
off-line computation of optimal grasping forces. Similar works
were also done by Sinha and Abel [33], Kumar and Waldron
[34], and Kvrgic [35].

A breakthrough in the study of grasping-force optimization
was made by Buss et al. [36]. Based on the important observa-
tion that the friction-cone constraints are equivalent to positive
definiteness of certain symmetric matrices, they transformed
the problem into a convex optimization problem in some prop-
erly defined Riemannian manifolds with linear constraints. Sev-
eral gradient-flow type algorithms were developed for real-time
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computation of optimal grasping forces [37], [38]. However,
when these algorithms were applied to time-varying contacts
or to systems with a modest number of fingers, the computation
task becomes formidable. Li and Qin [39] improved the problem
by splitting the computation into an on-line and an off-line com-
ponent and exploring block matrix inversion techniques with
sparse matrices. With this improvement, the computation time
for a two-fingered manipulation with rolling contact was re-
duced from 3 to 0.08 s on a Motorola 68 040 processor [39]. Han
et al. [40], [41] further realized that the friction-cone constraints
can be formulated as linear-matrix inequalities (or LMIs) and
the grasping-force optimization problem as a convex optimiza-
tion problem involving LMIs, with the max–det function as the
objective function. The interior point algorithm [42] and [43]
can be used to provide efficient solutions of the problem with
either fixed points of contact, or time-varying contacts, and also
for a modest number of fingers. A common problem encoun-
tered in all previous approaches [36], [39], [41] was, however,
the need for an initial condition satisfying both the friction-cone
constraints and the force balance equation to start the recursive
algorithms. In [41], Han et al. provided a partial solution to this
problem by solving another max–det problem involving LMIs.
However, this method suffers from singularity issues.

Based on previous works by Han et al.[41], Li and Qin [39],
and Buss et al. [36], this paper aims to provide a complete solu-
tion to the grasping-force optimization problem. First, through
the use of a gradient algorithm at singular configurations and
Han et al.’s LMI algorithm at nonsingular configurations,
an appropriate initial condition is automatically generated in
real-time. Second, by incorporating the initial condition, an
algorithm is developed for efficient computation of optimal
grasping forces. Efficiency of the method for manipulation
tasks involving a large number of fingers and objects of com-
plex geometries derives from the nature of the interior point
algorithm [43], [42]. Finally, experimental studies with the
Hong Kong University of Science and Technology (HKUST)
three-fingered hand are performed to show convergence and
effectiveness of the proposed method.

The paper is organized as follows. In Section II, we formulate
the grasping-force optimization problem and review two impor-
tant approaches for this problem. In Section III, we propose an
algorithm for automatically generating initial conditions satis-
fying both the friction-cone constraints and the force balance
equation. In Section IV, we develop quasi-static control laws
for finger motions. In Section V, we report experimental results
with the HKUST three-fingered hand. In Section VI, we end the
paper with a brief discussion of future works.

II. GRASP MODELS AND PROBLEM STATEMENT

In this section, we review the kinematic model of a
multifingered hand manipulation system and introduce
the grasping-force optimization problem. We discuss two
promising approaches to this problem and the importance of
automatic generation of initial conditions for the recursive
algorithms.

Consider a -fingered hand grasping an object as shown in
Fig. 1. Assume that all fingers make contacts of constant types

Fig. 1. k-fingered hand grasping an object.

with the object. Three contact models, frictionless point contact
(FPC), point contact with friction (PCWF), and soft finger con-
tact with elliptic approximation (SFCE) are considered in our
analysis. Following the notations in [24] and [28], we attach
an object frame to the center of mass of the object, finger
frame to the fingertip of the th finger, and
local frames and to the object and
finger at the point of contact. A configuration of contact is
described by contact coordinates ,
where are the local coordinates of con-
tact relative to the object, the coor-
dinates of contact relative to the fingertip, and the angle of
contact. Collectively, a contact configuration of the system is
described in local coordinates by .
The relation between the applied finger forces and the resulting
object wrench is given by the grasp map

(1)

where , with
and , is the vector of finger forces. The dual map

takes the object velocity to the virtual contact velocity

with denoting the virtual work. The finger force is con-
strained to the friction cone

or collectively to

with and being, respectively, the normal and the tan-
gential components of the finger forces at the th point of con-
tact. Here, denote vector norms described for each of the
contact models by

(2)

(3)

(4)

with and being the friction force components in the
tangential plane, the moment along the contact normal,
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the Coulomb friction coefficient, and the coefficient of tor-
sional friction.

A. Problem Statement

The friction-cone constraints (2)–(4) can be generalized as a
second-order cone (SOC) constraint of the form

(5)

where , and .
The norm in (5) is the standard Euclidean norm, i.e.,

. An important discovery of Buss et al. [36] is that the
quadratic inequalities (5) can be expressed as matrix inequalities
(MI) of the form

(6)

where

The inequality in (6) means that the symmetric matrix is
positive semi-definite. We have, for the FPC model (2), that

for PCWF (3), such that

and , and for SFCE (4), such that

and . Collectively, the friction-cone constraints for the
hand manipulation system are represented as

(7)

where . It can be shown that the allowed
contact force set

(8)

is convex if it is not empty [41], [42].
Remark 1: Using MI (7), the force closure problem can be

transformed into the requirement that [41]:

1)
2) , such that and .
Problem 1: Grasping-Force Optimization Problem: Find an

optimal finger force from the set that minimizes a suitable
cost function.

In general, there exists no unique or natural choice of cost
functions. Several possibilities are discussed in the following
sections.

B. Buss, Hashimoto, and Moore (BHM) Approach With Li and
Qin’s Improvement

A good treatment to the grasping-force optimization problem
is first proposed by Buss et al. [36], [38]. They transformed the
problem into a convex optimization problem on the Riemannian
manifold of positive definite matrices with linear constraints

(9)

subject to

(10)

(11)

where , with , is the constraint matrix obtained
from the balance equation and the special requirement
on elements of denotes the vector operation, and

is a vector whose components are either 0
or the elements of . and are two
weighting matrices chosen for particular control tasks in real
implementations.

The first term in (9) is used to weigh the normal
component of , while the second term is used
as a barrier to ensure that the finger forces lie in the friction
cone. In [38], the second term is replaced by a self-concordant
term . Problem (9) can be solved by the standard
constrained gradient flow algorithm [44]

(12)

with an appropriate step size chosen to ensure convergence.
The optimal solution for finger force is recovered from the
optimal solution for . In algorithm (12), the gradient
flow is based on the standard Riemannian metric. Different al-
gorithms will be obtained if different Riemannian metrics are
used [38]. In [38], a Dikin-type algorithm was developed along
with a guideline for choosing the step size for better con-
vergence. A major difficulty in implementing (12) is that the
computation time for will be formidable for systems
with time-varying contacts and a modest number of fingers. Li
and Qin [39] refined (12) by decomposing the computation of

into the on-line and off-line components. They ob-
served that

with a constant submatrix representing the
structural constraints, and a time-varying subma-
trix describing the force balance constraints. Then

and

where , and
. can be computed off-line as is constant. The

on-line component will be the inverse of the 6 6 matrix ,
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whose computation time is much smaller than that of .
Furthermore, and are, in general, sparse matrix. Thus,
some numerical methods about sparse matrix computation can
be used to further reduce the computation time.

Remark 2: In the BHM approach, the constrained convex set
(8) are imbedded into via the positive semi-definite-

ness constraint (10) and the affine constraints (11). It is there-
fore necessary to find an initial point satisfying both (10) and
(11) to start the recursive algorithm (12). This is, in fact, not an
easy problem in real implementation.

C. Han, Trinkle, and Li (HTL) Approach

Han et al. [41] further observed that is linear in and
by reordering of the components of , (7) can be expressed as
an LMI of the form

(13)

where

and with
being the th column vector of . The affine constraints

can be eliminated by substituting to
(13)

(14)

where
is a special solution, a matrix whose
columns forming a basis for the null space of

, and
with the th element of . The cost function to be
minimized consists of a linear term and a determinant term,
and the problem is refined as a max–det problem (see the
Appendix for a general discussion)

(15)

subject to

(16)

(17)

Here, we have the freedom of arbitrarily selecting
. The only requirement from the max–det problem

is that the matrices , be lin-
early independent. One particular choice is that , and

, and the constraint (17) is automati-
cally satisfied. The vector in (15) is chosen
to weigh the normal component of the finger force . In general,
it varies with the contact configuration and can be specified as

follows. First, select a constant vector
relative to the finger force , e.g., with giving the normal
components of . Then, transform to
by the formula

Note that in (15) is convex and self-concordant.
With this term, the finger forces are confined in the interior of
the friction cone [41]. Problem (15) can be solved by the interior
point algorithm [42] with a given valid initial condition. The
complexity of this algorithm grows slowly with the dimension
of the system, a remarkable property that we choose the HTL
approach as our focus. Furthermore, in the section that follows
we will use the HTL approach to find a valid initial condition
required by both the HTL approach and the BHM approach for
the grasping-force optimization.

III. INITIAL POINT ALGORITHMS

As mentioned in Section II, both the BHM approach and the
HTL approach require an initial point that satisfies
(or an initial point that satisfies ). This problem can
be solved using the following two methods.

A. HTL Method

The HTL method [41] makes use of the max–det formulation
and the interior point algorithm [42] (see the Appendix ). First,
augment the second constraint in the standard max–det problem
with an additional base matrix , and use the interior
point algorithm to solve the following problem:

(18)

subject to

(19)

(20)

where . Since
, the first constraint in the max–det problem is automat-

ically satisfied. An initial point to start the interior point algo-
rithm for (18) and (20) is given by

where is the minimum eigenvalue of . If the op-
timal value of , then, the corresponding so-
lution vector is a valid initial point for the
grasping-force optimization problems in (9) and (15). In prac-
tice, we can stop the computation once is reached.

The HTL method works well in general, but suffers
from some singularity problem in some cases, when

become linearly dependent. This
can be verified by checking

with
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Fig. 2. Three-fingered hand grasping a sphere.

and in general. Although the
probability for the appearance of singular problem is low, it do
exist and will make the HTL method disabled.

In the experiments of grasping a spherical object with a three-
fingered hand, we find the following singular case.

Example 1: A Three-Fingered Hand Grasping a Spherical
Object: Consider a three-fingered hand with cylindric finger-
tips grasping a spherical object of radius m as shown
in Fig. 2. The sphere is parameterized by the spherical coordi-
nates

Let the local coordinates for the three contact points be
, and , re-

spectively, and the weight of the object be 10 N. The contacts
between the fingers and the object are PCWF. The grasp map
and a basis for its null space are given by

and

The solution set for is given by

Substituting the above result into (16) yields

(21)

where

and

Following the HTL method leads to a singular system as

We propose the following remedy to the HTL method.

B. Gradient Method

It is well known that positive definiteness of a given matrix is
equivalent to the positiveness of all its eigenvalues, or its min-
imal eigenvalue. Based on this idea, we develop an algorithm to
find a monotone increasing flow of the minimal eigenvalue so
that it eventually becomes positive.

In (14), the matrix is a linear combination of constant
base matrices, a distinct property based on which we can derive
the gradient flow of its minimal eigenvalue. Let be
the minimal eigenvalue of .

Theorem 1: Gradient Flow of : The monotone in-
creasing flow of is given by

...

where is the unit eigenvector of corresponding to the
minimal eigenvalue.

Proof: Since is the minimal eigenvalue of
, we have

(22)

Taking derivatives on both sides with respect to , yields

Multiply both sides by and consider (22), we have

or
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Fig. 3. (a) Trajectory of y . (b) Trajectory of y .

Fig. 4. (a) Trajectory of y . (b) Trajectory of � .

as . The monotone increasing property of the flow
follows from

Algorithm 1: Find a Valid Initial Condition
Input: A set of base matrices , tolerance ,
and the maximal step ;
Output: A vector such that

.
1) Set ;
2) Initialize ;
3) If , quit from the algorithm and output failure;
4) Else compute ;
5) Finding the minimal eigenvector of ;

Fig. 5. HKUST three-fingered hand.

6) Compute ;
7) If , quit from the algorithm and record the solu-

tion vector ;
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Fig. 6. Control diagram for a k-fingered hand manipulating an object.

8) Else calculate

...

9) If , quit from the algorithm and output failure;
else update ;

10) Set and go to Step 3).

The update factor needs to be tuned according to real
conditions.

Example 2: Finding an Initial Point: Example 1 Con-
tinued: In this example, Algorithm 1 will be used to search for
an appropriate initial point such that in (21). The
starting point is given by

and . After applying the algorithm, the
output is

and the current minimal eigenvalue is given by

which is strictly positive. Hence, the solution vector
can be utilized as a starting point for

the interior point algorithm. Fig. 3(a) and (b), and Fig. 4(a)
shows the trajectory of , and Fig. 4(b) the variance of the
minimal eigenvalue of . It is shown from these figures
that the magnitude of each component of varies in almost
the same speed. This is because the grasp is symmetric. By
using the LAPACK software to compute the eigenvalues and
the eigenvectors, the computation time is about 20 ms on SUN
ULTRA60. In the nonsingular case, the computation time is
about 10 ms.

To conclude this section, we have the following algorithm for
solving the grasping-force optimization.

Algorithm2: Grasping-Force Optimization
Input: Object wrench and contact coordinates of the object

;

Output: Desired minimal contact force .
1) Compute the grasp map from ;
2) Compute a special solution and the basis

of the null space of ;
3) Substitute into to give a new basis

matrices ;
4) If and are linearly in-

dependent, use the max–det algorithm with
, as the input parameters. If , then

gives a desired initial point;
else call Algorithm 1 to obtain an initial point ;

5) Call the max–det algorithm with as
the input parameters and or as the initial point to obtain
the desired optimal grasping force , where
is the optimal internal grasping force.

To compute , in actual implementation, we
use tactile data to first obtain . Then, we solve
for from with Montana’s equation of contact [24]. Fi-
nally, , is obtained by integrating

.

IV. HAND KINEMATICS AND CONTROL

Based on the results of previous sections, we propose in this
section a control algorithm for a multifingered robotic hand
to manipulate an object from an initial configuration to a de-
sired final configuration without dropping it. The control objec-
tives include motion of the object, contact configurations and
grasping forces. In the following, we will derive finger veloc-
ities from velocities of object and points of contact, and also
finger forces.

As shown in Fig. 1, the forward kinematics of the th finger-
object system can be expressed as

(23)

where (3) are constant transformations. Dif-
ferentiating (23) yields

where is the contact velocity of finger with re-
spect to the object. To simultaneously control finger forces and
contact locations, we split the contact velocity into two
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Fig. 7. (a) Convergence of the force of finger 1. (b) Convergence of the force of finger 2.

Fig. 8. (a) Convergence of the force of finger 3. (b) Convergence of the cost function �.

components and as follows. First, is speci-
fied along the direction of contact coordinates variation through
Montana’s kinematics of contact

where is a function of the geometric parameters of the
object and fingertip , and related to the contact model used in
manipulation [39]. Note that the rate of change of contact co-
ordinates can be specified by minimizing some grasp quality
functions as in [14], [45], [39]. The second component
of the contact velocity is chosen to be perpendicular to
and is used to regulate finger force through a com-
pliance control scheme . where is a
compliance matrix.

TABLE I
COMPARING COMPUTATIONAL TIME OF EXISTING ALGORITHMS

Summarizing our discussion, we propose the following con-
trol algorithm for the desired finger velocity:

(24)
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Fig. 9. Finger 1: (a) z-component contact force response. (b) z-component initial contact force.

Fig. 10. Finger 2: (a) z-component contact force response. (b) z-component initial contact force.

where is the desired rate of change of the contact coordinates,
as specified by minimizing some grasp quality functions, is
the desired finger force computed from the grasping-force opti-
mization algorithm. In real implementation, is directly mea-
sured through tactile sensors at th fingertip, and the remaining
components of are computed by inverting Montana’s kine-
matic equations of contact. is obtained through force/torque
sensors integrated with the fingers (see Fig. 5). Fig. 6 shows the
block- diagram of this controller.

V. EXPERIMENTS

The proposed control algorithms have been implemented and
tested on the HKUST three-fingered hand platform as shown in
Fig. 5. Each finger of the HKUST hand consists of a Motorman
K-3S robot, equipped with a force/torque sensor and a 16 16
tactile array fingertip. A VME-based multiprocessor control

system is utilized with three 8-axis digital signal processing
motion control boards for joint-level control, and two Motorola
68 040 processors for object-level motion and grasping-force
control. The two CPUs work in parallel, with one running the
LMI algorithms for grasping-force generation and the other
for planning and generation of contact coordinates and object
motion. Synchronization of the tasks run in the two CPUs
are realized through shared semaphores. This is an important
function of the VxWorks operating system.

A. The Software

There are two software modules for grasping-force optimiza-
tion. First, the maxdet-src module, which is downloaded from
http://www.stanford.edu/~boyd/MAXDET.html, is used for
grasping-force generation at a fixed contact location. Second,
an LMIcall module, is used to compute the grasp map , a
special solution , and the null matrix of . In this module,
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Fig. 11. Finger 3: (a) z-component contact force response. (b) z-component initial contact force.

Fig. 12. (a) Finger 1: Desired trajectory of v . (b) Finger 1: Trajectory tracking of v .

we also compute a set of constant base matrices .
LMIcall calls maxdet-src for yielding the optimal solutions.
We make the final executable file by linking the math library
clapack written in with the object files of the above two
modules using ld68k. We choose ld68k to generate executable
codes which are compatible with Motorola 68040 processors.

B. Experimental Results

First, we test the convergence of the LMI algorithm for
grasping-force optimization at a fixed contact location. The
following parameters are used in the experiments. The weight
and radius of the spherical object are 600 g and 110 mm,
respectively. (from which can
be calculated), and PCWF is assumed for all three contacts
with . The local coordinates of three contact points
are given by , , and

. The absolute tolerance is set to be ,

and the relative tolerance . Fig. 7(a) and (b), and
Fig. 8(a) gives the trajectories of the three contact force vectors
at the three contacts, and Fig. 8(b) depicts the cost function .
The forces are shown to converge to their optimal values within
six steps.

Second, we compare the computation time for an optimal
grasping force by the BHM algorithm without Li and Qin’s re-
finement, the BHM algorithm with Li and Qin’s refinement, and
the LMI algorithm. The results are shown in Table I. It should be
noted that the computation time in Table I also includes the part
on kinematics computation and trajectory generation. The com-
putation time by the LMI algorithm is about 70 ms, the fastest
among the three algorithms. It should be pointed out that the
current system runs slowly even with the LMI algorithm. In fu-
ture works, we will replace the old Motorola 68 040 processors
by other more faster ones to reduce the computation time by the
three algorithms.
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Fig. 13. (a) Finger 2: Desired trajectory of v . (b) Finger 2: Trajectory tracking of v .

Fig. 14. (a) Finger 3: Desired trajectory of v . (b) Finger 3: Trajectory tracking of v .

Third, we verify the performance of the integrated algorithm
in manipulating an object along a desired trajectory under
rolling contact. In the experiment, the object is required to
move 100 mm along the twist in 8 s. Fig. 9(a),
Fig. 10(a), and Fig. 11(a) show the -component contact force
response of the three contacts. It should be noted that the curves
of the desired contact forces shown in these figures are given
by optimal contact forces at the three contact curves. Fig. 9(b),
Fig. 10(b), and Fig. 11(b) show the initial -component contact
forces of the three fingers, from either the LMI algorithm or the
gradient algorithm. Note that the -component contact force
is significantly reduced through the optimization algorithm
since we only consider its contribution in the cost function by
choosing . Figs. 12–14 show the contact coordinates response
of the three contacts which tend to locate at three symmetric
points (regarded as the optimal grasp configuration) of the great

circle . , are planned to be constant in
the experiments. Finally, the trajectory tracking results of the
manipulated object are shown in Figs. 15 and 16. It is clearly
shown from the experimental results that the tracking error of
contact forces is less than 0.8 N, and the object displacement
error is less than 0.9 mm.

VI. CONCLUSION

In this paper, an integrated algorithm for the real-time
grasping-force optimization problem is developed based on the
works of Buss et al., Li and Qin, and Han et al.. The problem of
automatically generating appropriate initial points in real-time
encountered in these algorithms is solved through applying the
LMI algorithm in combination with the gradient algorithm.
Efficiency of this algorithm for manipulation tasks is verified
by experiments with the HKUST three-fingered hand.
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Fig. 15. (a) x-trajectory tracking of the object. (b) y-trajectory tracking of the object.

Fig. 16. (a) z-trajectory tracking of the object. (b) x; y; z-trajectory tracking errors of the object.

APPENDIX

MAX–DET PROBLEM: GENERAL DEFINITION

Consider the optimization problem

(25)

subject to

where is the optimization variable. Functions
and are affine

where and with
, being linearly independent. The inequalities in (25)

denote matrix inequalities. We refer to problem (25) as a
max–det problem subject to LMIs.
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