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To synthesize whole-body behaviors interactively, multiple behavioral primitives need to
be simultaneously controlled, including those that guarantee that the constraints imposed
by the robot’s structure and the external environment are satisfied. Behavioral primitives

are entities for the control of various movement criteria, e.g. primitives describing the
behavior of the center of gravity, the behaviors of the hands, legs, and head, the body
attitude and posture, the constrained body parts such as joint-limits and contacts, etc.
By aggregating multiple primitives, we synthesize whole-body behaviors. For safety and
for efficient control, we establish a control hierarchy among behavioral primitives, which
is exploited to establish control priorities among the different control categories, i.e.
constraints, operational tasks, and postures. Constraints should always be guaranteed,
while operational tasks should be accomplished without violating the acting constraints,
and the posture should control the residual movement redundancy. In this paper, we
will present a multi-level hierarchical control structure that allows the establishment of
general priorities among behavioral primitives, and we will describe compliant control
strategies for efficient control under contact interactions.

Keywords: Behavioral primitives; control hierarchy; whole-body behaviors.

1. Introduction

Emerging applications of humanoids demand higher and higher degrees of autonomy
for efficient interactions in human-populated environments. Controlling humanoids
in these environments requires us to synthesize and change complex whole-body
behaviors on demand in the presence of high uncertainty. To synthesize whole-body
behaviors on demand, we have developed a behavior-oriented methodology where
multiple behavioral primitives are controlled simultaneously. New behaviors are
created by adding or removing individual, or collections of, pre-designed behavioral
primitives, without the need to interrupt the movement. To guarantee the safety
of the robot and its environment, we have designed a control hierarchy among
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primitives, where the control of the most critical ones (i.e. constraints) is always
guaranteed while non-safety related primitives (i.e. operational tasks and postures)
are controlled without violating higher priority controls. In this context, we distin-
guish three priority levels in the hierarchy: constraints (such as contacts, near-body
objects, joint-limits, self-collisions), operational tasks (i.e. manipulation and loco-
motion), and postures (i.e. the residual motion), which should be controlled with
different priority assignments.

In this paper, we will describe in detail this hierarchy based on project-
ing the control of lower priority primitives into the motion null-space of higher
priority primitives. This ordering is selected to reflect the relative importance
among the controlling primitives. Constraints, operational tasks, and postures are
treated as independent control entities. The hierarchies imposed among these cat-
egories allows us to study movement feasibility in realtime and stop or change
the global behavior if needed. In this context, infeasible movements result from
the presence of constraining objects or from inconsistent or conflicting control
primitives.

Control methodologies based on null-space projections10–13 have traditionally
treated constraints as secondary motion criteria, being unable to fulfill the acting
constraints in the case of conflicting tasks. In contrast, our methodology integrates
constraints in the control formulation as primary controls and projects the opera-
tional tasks and the posture primitives into the constraint motion null-space, thus
eliminating the motion components that could cause constraint violations. Addi-
tionally, this formulation introduces null-space projections directly at the kinematic
level, allowing us to implement operational space compliant controllers while com-
plying with the constraints and other higher priority tasks.

This paper is organized as follows. In Sec. 2, we describe previous related work,
and also lay the mathematical foundations for this research based on our previous
work.9 In Sec. 3, we introduce a formulation that integrates constraints directly
into the control formulation and establishes a control hierarchy among behavioral
categories. Section 4 presents a multi-level prioritized framework that allows us to
establish multiple priority levels among categories. We briefly explore the experi-
mental setup in Sec. 5 and demonstrate the framework’s capability by evaluating
an example scenario. Finally, concluding remarks appear in Sec. 6.

2. Related Work

Task-space control was first studied at the inverse kinematic level.1,3,14 It pro-
vided the ability to control specific parts of the robot’s body in local task space. In
1987, the Operational Space Formulation6,7 was introduced to address the dynamic
interaction between the robot’s task-space motion and force. To characterize the
additional task redundancy, the operational space formulation defines a dynami-
cally consistent task null-space. Multiple operational tasks can be controlled if they
are combined into a single task vector and additional criteria can be controlled
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Fig. 1. Task and posture decomposition: In this sequence, we control the robot’s hands to grab a
box while maintaining body self-balance (based on the control of the global center of gravity) and
control of the torso’s upright posture.

within the task-consistent null-space. We previously presented9 a broader exten-
sion of the operational space formulation that efficiently characterizes and controls
additional criteria projected into the task null-space.

We first review the fundamental mathematics that will be used in Sec. 4 to build
a multi-level control hierarchy for the synthesis of whole-body behaviors. We begin
by describing the robot’s joint space dynamics in terms of its joint coordinates q:

A(q)q̈ + b(q, q̇) + g(q) = Γ, (1)

where Γ is the set of joint torques, A(q) is the joint inertia matrix, b(q, q̇) is the
Coriolis and centrifugal torque vector, and g(q) is the gravity torque vector.

The operational space formulation describes the torque level decomposition of
an operational task and a posture (i.e. a secondary control criteria projected into
the task-consistent null-space) according to the torque equation

Γ = Γtask + Γposture. (2)

For an operational task with coordinates xt(q) (in general, this is any arbitrary
function of q) and Jacobian Jt(q) = ∂xt(q)/∂q, the control

Γtask = J T
t Ft, (3)

Ft = Λt ẍt(ref) + µt + pt, (4)

provides the decoupled behavior ẍt = ẍt(ref), where ẍt(ref) is a reference input at
the acceleration level, and Λt, µt, and pt are the mass matrix, Coriolis/centrifugal
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forces, and gravity forces, respectively. A task-consistent null-space5 is defined as
Nt(q) = I − J̄tJt, where J̄t = A−1J T

t Λt is the dynamically-consistent generalized
inverse of Jt.

The control input, Γposture, is used to control a posture criteria with coordinates
xp(q) and Jacobian Jp = ∂xp/∂q. For example, an upright posture would involve the
control of the vertical orientation of the robot’s torso reference frame. For compliant
control of the posture8 and to establish a hierarchy where the posture is projected
within the task null-space (so that the task is always satisfied), we define the control
forces

Γposture = J T
p|tFp|t, (5)

Fp|t = Λp|t ẍp(ref) + µp|t + pp|t. (6)

Here, Jp|t = JpNt is a projection of the posture Jacobian into the task null-space,9

ẍp(ref) is a control reference (a trajectory in free space, a desired force, or a com-
bination of both) for the posture, and Λp|t = (Jp|tA−1Jp|t)−1, µp|t, and pp|t are
dynamic quantities. Notice that Λp|t defines the inertial properties of the posture
provided that no coupling is induced into the task. This control can then be used
to provide compliant control at the posture level.

Under these conditions, Eq. (2) becomes

Γ =
(
J T

t Ft

)
+
(
J T

p|tFp|t
)
, (7)

revealing the implementation of two operational-space control strategies for the task
and posture levels, while the projection of the posture into the task null-space is
integrated into Jp|t.

If Jp|t is full rank, the posture is feasible (within the hierarchy) and this controller
will yield the decoupled behavior ẍp = ẍp(ref). Otherwise, the posture is singular or
conflicts with the task and therefore the posture trajectories should be modified or
its movement should be halted. Figure 1 illustrates the control of an upright posture
with simultaneous control of the position of the hands and the robot’s global center
of gravity, where these last two controls represent operational tasks.

To synthesize whole-body movements, we must control multiple operational
tasks and postures while satisfying all acting constraints on the robot’s body. Fur-
thermore, to integrate these constraints and establish further priorities between the
different control categories, we need to extend the hierarchy expressed in Eq. (3)
and (5) to multiple levels of priorities.

3. Integration of Constraints

The control of robots under constraints has been investigated since the mid-1970s.
In this context, redundancy has received much attention, with most algorithms
being based on instantaneous kinematic solutions with constraint-handling criteria
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projected into the task null-space, i.e.

dq = J# dx + (I − J# J) dqnull. (8)

Here, J is the Jacobian of an operational task, x is a desired task-space trajec-
tory, (I − J# J) is the kinematically-consistent null-space, and qnull is a vector
used to control secondary motion criteria to avoid constraints. The problem with
these methodologies is that the task is allowed to violate the constraints if no addi-
tional redundancy is available to avoid them. Additionally, because these method-
ologies are based on inverse kinematics, they do not provide support for impedance
regulation.

Based on the operational space formulation for redundant robots, further rep-
resented by the torque decomposition

Γ = J T F + N T Γnull, (9)

where F are forces that control an operational task, Γnull is an additional control
component projected in the task null-space, and N = (I−J̄J) is the task null-space,
we present a new approach where constraints are accounted for as high priority
motion controls and the operational task is projected into the constraint null-space.
This decomposition takes the mathematical form

Γ = J T
constraintFconstraint + N T

constraintΓtask, (10)

where Jconstraint is the Jacobian associated with the constrained points, Fconstraint

is a vector of forces to control the distance to, or forces onto the constrained body
parts, and Nconstraint = (I − J̄constraintJconstraint) is the dynamically-consistent null-
space associated with the constrained space. This projection ensures that the oper-
ational task does not introduce acceleration components into the constrained direc-
tions. Therefore, in the case of a motion conflict, the task would be unable to operate
within this projection.

To synthesize complex whole-body behaviors, humanoids need to control multi-
ple body parts at once while satisfying all acting constraints. In Fig. 2, we depict
a sequence where the robot’s right hand is controlled to remain at a fixed location
while an object is moved towards the robot’s body, constraining the global move-
ment. To accomplish the task and handle the constraint efficiently, we apply the
control described in Eq. (10).

In the next section, we extend this framework by introducing a recursive hierar-
chical structure that not only serves as a platform to integrate multiple constraints
but also can be used to create additional hierarchies between the desired operational
tasks and posture primitives.

4. Multi-Level Hierarchy

We propose a multi-level control hierarchy that extends the task and pos-
ture decomposition previously described. We create this hierarchy to integrate
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Fig. 2. Collision avoidance and control of multiple task primitives: This sequence depicts a robot
avoiding an obstacle that is moved interactively towards several points near the robot’s body. While
the right hand is commanded to stay at a fixed location, the center of gravity is controlled for
balance, and the additional posture is controlled to minimize distance with respect to a symmetrical
posture.

constraints and organize additional tasks according to desired priorities, while opti-
mizing the execution of the global task. This framework ensures that all constraints
affecting the robot simultaneously are never violated, and allows us to impose hier-
archies between tasks that may conflict while in motion. The criteria to organize
these priorities will be discussed in a future paper.

A humanoid robot must accomplish a collection of operational tasks while satis-
fying several constraints acting on the robot’s body. At the same time the additional
redundancy (a.k.a. the posture) must also be controlled. Let us suppose there are N

behavioral primitives (constraints, operational tasks, and postures) controlling the
robot’s behavior at a given time. Let us also assume that constraints are to take the
top-most priorities in the hierarchy and that operational tasks are to be projected
into the lower-most levels, ensuring that constraints will be fulfilled first. For the
time being, let us assume that the set of controls to handle the acting constraints
is combined into a single non-prioritized torque control reference, Γconstraints. On
the other hand, for a set of N task primitives defining the robot’s whole-body task,
let us associate a set of task coordinate vectors {xk(q) | k = 1, 2, . . . , N} and task
Jacobians Jk(q) = ∂xk(q)/∂q, where the numbering represents also the desired
ordering of priorities. This ordering is selected to reflect the relative importance of
the controlled tasks. For example, we may want to give higher priority to the control
of the robot’s center of gravity over the control of its hands. The following torque
equation embodies a multi-level control hierarchy integrating both constraints and
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tasks into a single torque control reference:

Γ = Γconstraints + N T
constraints(Γtask(1) + N T

task(1)(Γtask(2) + Ntask(2)

× (Γtask(3) + · · ·N T
task(N−1)Γtask(N)))). (11)

Here, Nconstraints is a null-space associated with all constrained points in the robot’s
body and will be discussed in the follow-up paper, the Γtask(k)’s are the con-
trols for the individual operational tasks, and the N task(k)’s are the associated
dynamically-consistent null-spaces. This nested topology can be simplified by defin-
ing an extended null-space matrix containing the null-spaces of all preceding con-
straints and tasks:

Nprec(k) = N task(k−1)N task(k−2) · · ·N task(1)Nconstraints, (12)

where prec(k) = {task(k−1), . . . , task(1), constraints}. With this notation, Eq. (11)
becomes

Γ = Γconstraints + Γ1|prec(1) + Γ2|prec(2) + · · · + ΓN |prec(N), (13)

where Γk|prec(k) = N T
prec(k)Γtask(k) are the prioritized controls, and the subscript

k|prec(k) indicates that the kth task is projected into the null-space of all preceding
tasks and constraints. To provide compliant control solutions within the hierarchy,
we project the task Jacobians into the null-spaces Nprec(k), i.e.

Jk|prec(k) � JkNprec(k), (14)

and we associate an extended inertia matrix:

Λk|prec(k) = (Jk|prec(k)A
−1J T

k|prec(k))
−1. (15)

The dynamic behavior in task space can be obtained by projecting the robot’s joint
dynamics into the associated task space, i.e.

J̄ T
k|prec(k)(Aq̈ + b + g = Γk|prec(k)) ⇒ Λk|prec(k)ẍk|prec(k)

+ µk|prec(k) + pk|prec(k) = Fk|prec(k), (16)

where J̄k|prec(k) is the dynamically-consistent generalized inverse of the projected
Jacobian and µk|prec(k), pk|prec(k), and Fk|prec(k) are the Coriolis/centrifugal, gravity,
and force vectors of the task, respectively.

4.1. Recursive null-spaces

The null-space of task k in the hierarchy represents the space of motion with no
acceleration effects on any of the preceding levels, or equivalently

∀ i ∈ prec(k), JiA
−1N T

prec(k) = 0. (17)



January 27, 2006 11:37 WSPC/191-IJHR 00059

512 L. Sentis & O. Khatib

This mathematical constraint leads to the following unique solution:

Nprec(k) = I −
k−1∑
i=1

J̄i|prec(i)Ji|prec(i), (18)

where J̄i|prec(i) = A−1J T
i|prec(i)Λi|prec(i) are the individual dynamically-consistent

inverses of the prioritized Jacobians.

Proof. Eq. (18) (by Induction).

(i) For k = 2, J1A
−1N T

prec(2) = J1A
−1 − J1A

−1J T
1 Λ1J1A

−1 = 0.

(ii) For any k and ∀i ∈ prec(k), let us assume JiA
−1N T

prec(k) = 0.
(iii) For k + 1, ∀i ∈ prec(k + 1), and using (2),

JiA
−1N T

prec(k+1) = JiA
−1N T

prec(k)

(
I − J T

k|prec(k)J̄
T

k|prec(k)

)
= 0.

Here, we have used the properties: ∀k
(
Nprec(k)

)n = Nprec(k), and JkA−1

N T
prec(k) = 0, where n represents any integer.

4.2. Control of behavioral primitives within the hierarchy

We accomplish efficient control of tasks xk(q) within the hierarchy (i.e. fulfilling all
preceding controls) by choosing the operational-space control torque

Γk|prec(k) = J T
k|prec(k)Fk|prec(k), (19)

Fk|prec(k) = Λk|prec(k)ẍk(ref) + µk|prec(k) + pk|prec(k). (20)

If Jk|prec(k) is full rank, this controller will yield the decoupled behavior ẍk = ẍk(ref),
where ẍk(ref) is the control reference at the acceleration level.

4.3. Movement feasibility

An operational task k is singular within the hierarchy if the extended Jacobian
Jk|prec(k) drops rank. In this case, the inverted prioritized inertia matrix has the
following eigen-decomposition:

Λ−1
k|prec(k) = Jk|prec(k)A

−1J T
k|prec(k) =

(
Ur(k) Un(k)

)(Σr(k)

0

)(
U T

r(k)

U T
n(k)

)
, (21)

where Σr(k) is a diagonal matrix of non-zero eigenvalues, and Ur(k) and Un(k) are
matrices corresponding to non-zero and zero eigenvectors, respectively. Because
some eigenvalues are zero, it is not possible to fully control ẍk. However, by choosing
the control input

Fk|prec(k) =
(
Ur(k)Σ−1

r(k)U
T

r(k)

)
ẍk(ref) + µk|prec(k) + pk|prec(k), (22)

we accomplish dynamic decoupling in the controllable directions according to the
projection U T

r(k)(ẍk = ẍk(ref)), where Ur(k) defines these directions.
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The singular values of Jk|prec(k), and the eigenvalues of Λk|prec(k) as well, give
us a mechanism to study the feasibility of individual tasks. In the case that an
active task becomes ill-conditioned, we say that the robot’s movement is infeasible.
We can then modify the task trajectory or remove its control while the control
of other higher priority tasks such as balancing or control of the contact points is
maintained. These issues will be discussed in detail in a follow-up paper.

In the next section, we put this control framework into practice by applying
it to the study of a complex behavior formed by controlling multiple behavioral
primitives under joint-limit constraints.

5. Example: Hand Position Control Under Joint-Limit Constraints

We explore an example of a whole-body behavior where the robot’s right hand
position is interactively operated by a user while the controller handles joint-limit
constraints (see Fig. 3). This complex behavior is complemented with additional
tasks to control the robot’s center of gravity and to maintain a body symmetry
posture. For this simulated experiment, we use a humanoid robot model consisting
of 24 degrees of freedom: 2×6 for the legs, 2×4 for the arms, 2 for the torso, and 2

Fig. 3. Hand position control under joint limit constraints: In this sequence, the robot is com-
manded to reach a target position with its right hand while controlling the center of gravity and
while complying with joint limit constraints. When several joint-limits are reached, including the
right elbow, right-leg, and upper body joints, the hand is unable to move further away. Due to the
projection of the hand task into the constraint null-space, joint limits are never violated during
motion.
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for head. The robot’s height is 1.65m and its weight is 71Kg. The robot’s center of
gravity (COG) task is defined by the global center of gravity coordinates and the
associated Jacobian, which can be expressed as

xcog =
1
M

n∑
i=1

mi · xcom(i) , Jcog =
1
M

n∑
i=1

mi · Jcom(i), (23)

where xcom(i) represents the center of mass of link i and M is the robot’s total mass.
The control of the hand is based on the Cartesian position xhand. On the other
hand, the symmetry posture is designed to maximize joint range. To control all
these behavioral primitives simultaneously we first define the following goal criteria
in the form of artificial potential fields4:

VJLC = ‖qviolating − qlimit ‖2 VHAND =‖xhand − xtarget ‖2, (24)

VCOG = ‖xcog − xfeet ‖2 VSYM =‖W
(
q − qmid

)‖2 . (25)

The abbreviations JLC, COG, and SYM stand for joint-limit constraints, cen-
ter of gravity, and body symmetry control, respectively. In addition, qviolating

is the vector of robot joints that, at a given time, have penetrated predefined
joint-limit activation zones, qlimit is the vector of desired safety positions (away
from the hard limits), xtarget is a hand target position (commanded externally
from a 3D tracking device), xfeet is the horizontal position at the center of the
feet’s convex hull, qmid =

(
q−JL + q+

JL

)
/2 comprises the joint mid-range positions,

W = diag
(
q+
JL − q−JL

)
is a normalizing matrix, and q+

JL and q−JL are the upper
and lower joint limit specifications. In this experiment, every task primitive k is
controlled through a simple PD controller that includes velocity saturation, i.e.

ẍk(ref) = −kv

(
ẋk − ν ẋk(des)

)
, (26)

ẋk(des) =
kp

kv
∇Vk , ν = min

(
1,

vmax(k)

‖ẋk(des)‖
)

, (27)

where ẋk(des) is a desired velocity and vmax(k) is a saturation value.
The control of joint-limit constraints is integrated by using the top-most prior-

ity level as specified in Eq. (11), while the operational tasks are projected into the
constraint null-space. Furthermore, we organize the tasks themselves into a hierar-
chy to guarantee that, in case of a conflict, the center of gravity control (a more
critical task) will prevail over the control of the hand task. But first, to evaluate the
performance and determine the optimal ordering, we examine a scenario where the
center of gravity control shares control priority with the hand position control, i.e.

Γ = ΓJLC + N T
JLC((ΓCOG + ΓHAND) + N T

{COG, HAND}ΓSYM). (28)

Here, NJLC is the constraint null-space and N{COG, HAND} is the combined center
of gravity and hand position null-space. As described earlier, constraints need to
be always placed at the top of the chain, while tasks are controlled with lower
priority to avoid constraint violations. Finally, the posture is projected into both
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the constraint and task null-spaces to access the residual redundancy. Since the
center of gravity task and the hand task share priority, we can combine them into
a joined operational task with a combined Jacobian and control input defined by

J =
(

JCOG

JHAND

)
, ẍref =

(
ẍCOG(ref)

ẍHAND(ref)

)
. (29)

The results of this control are shown in Fig. 4. A desired target for the robot’s
right hand position is fixed at the bottom of the image. While in motion, the error in
the center of gravity horizontal position is initially zero while the hand moves down
at steady speed. When the hip, elbow, and knee flexion joint limits are reached at
t = 0.9 s, 1 s, and 1.2 s, respectively, the center of gravity and the hand position
conflict in their control (cannot be simultaneously accomplished). As a result, an
error appears in both tasks according to their control gains. The steady-state errors
for the center of gravity task are 1 cm in the X direction and 3 cm in the Y direction,
while the hand stops approximately 22 cm away from its target.
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Fig. 4. Data recorded when the center of gravity and the hand position tasks share priority: When
the knees flexion and right elbow joint-limits are reached (c and d), the right hand stops its motion
(d), remaining at a fixed distance from its goal. However, the center of gravity horizontal position
cannot be maintained (a), because its control is directly affected by the hand control.
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To demonstrate the effectiveness of further prioritization, we reorganize the con-
trol by assigning higher priority to the center of gravity task and further projecting
the hand position task into the COG null-space:

Γ = ΓJLC + N T
JLC

(
ΓCOG + N T

COG(ΓHAND + N T
HANDΓSYM)

)
. (30)

For the same experiment, we observe (see Fig. 5) that even though the hip, elbow,
and knee flexion joint limits are reached, the maximum error in the center of gravity
position is only 2 mm in the X and Y directions. The hand control is now the only
task unable to reach its goal. Instead, it reaches the closest possible position 24 cm
away from its target. Thus, this second control is much more effective since we not
only satisfy joint-limit constraints, but also prevent the robot from falling down.

In conclusion, the integration of constraints at the top-most level of the hierarchy
has been demonstrated to be an effective methodology to avoid constraint violations.
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Fig. 5. Data recorded when the center of gravity task precedes the hand position task: The center
of gravity error stays small (a) when the knee flexion and right elbow joint limits are reached
(c and d). Because the hierarchy assigns higher priority to the center of gravity task, it maintains
its desired goal position (above the robot’s feet) at all times, while the robot’s hand is prevented
from reaching its goal (b), thus avoiding falling.
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At the same time, critical tasks need to be assigned second highest priorities to avoid
conflicts in which they may be compromised by less important ones.

6. Summary and Discussion

To facilitate the application of humanoids to human environments, we must be
able to control these robots interactively while handling physical and environmen-
tal constraints affecting multiple body parts. Although motion planning techniques
can give us local trajectories for walking and manipulation tasks while avoiding
obstacles, the methodologies presented in this paper address other aspects of the
robot’s motion where motion planning is not applicable. Our research has addressed
a wide set of constraints, such as joint-limits, collision avoidance, and self-collision
avoidance, based on reactive techniques at the whole-body level. In this context,
operational tasks (the tasks controlling manipulation, locomotion and vision) are
projected into the constraint null space to avoid constraint violations. At the same
time, multiple operational tasks can be combined and further organized into hier-
archies. Our major contribution is in presenting a novel and unified framework that
is based on robust theoretical results.

Additionally, for safety under high environmental uncertainty and to provide
robust contact interactions, this framework provides compliant controllers for all
behavioral primitives (i.e. constraints, operational tasks, and posture primitives).

While today the interactive control of humanoids is limited to the online selec-
tion of a few preplanned motions, with this new controller, we construct complex
behaviors at runtime by adding new primitives, or by changing their governing
parameters. This methodology allows us to synthesize new behaviors on demand
while handling all acting constraints.
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