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The  amount o f  infomation  about   the 
angle   of   arr ival   of  a plane wave incident  on 
a l i ne   ape r tu re  i s  shown t o  depend on the 
bandwidth of the   inc ident   s igna l   as  w e l l  as 
on the exten t  of the aperture.  Conventional 
antenna  theory assumes the  angular  resolution 
of  an antenna  depends only on the aperture 
extent and illumination. However, by auto- 
correlation  techniques  further  angular  reso- 
lu t ion  can  be  obtained. This addi t iona l   d i -  
r e c t i v i t y  depends  on the extent  of the   s igna l  
bandwidth. It i s  shown for l i ne  a r r ays   t ha t  
the obtainable   direct ivi ty   information de- 
pends on the   aper ture   i lhmina t ion   func t ion  
and the  autocormlat ion  funct ion of the 
inc ident   s igna l .   In  view of the   vas t  amount 
o f  information  available  concerning conven- 
t ional   antennas,   the   resul ts  of t h i s  paper 
have been related  to  conventional  antenna 
theory. The antenna  designer can specify  the 
des i r ed   d i r ec t iv i ty  pattern in terms of a con- 
ventional  single-frequency  aperture  illumina- 
t ion  funct ion.  The e f f ec t s  of this  s ing le  
frequency  i l lumination  function can then  be 
achieved f o r  wide-band s igna ls  by a simpler 
i l lumination  function. Some examples of t h e  
theory  are  given. 

Introduction 

The d i r ec t iv i ty   pa t t e rn  of a col inear  
antenna  array  can be calculated  by  taking 
the  Fourier  transform of the aperture illu- 
mination  functi0n.l However, the   pa t te rn  
so obtained  applies only to CW sinusoidal  
s igna ls .   In   pu lse   radar   appl ica t ions  the 
incident   s ignal  i s  not a CW sinusoid, and 
thus   the   ac tua l   pa t te rn  will d i f f e r  from t h e  
calculated  pat tern.  T h i s  difference becomes 
important when the reciprocal of t h e  signal 
banduidth  approaches the time required  for  
t h e   s i g n a l   t o   t r a v e l  from  one end of t h e  

1 Superscript  numbers refer to t he  Referen- 
ces a t  the  end of t h e  Hper. 

antenna to   the  other .  T t  i s  the  purpose  of 
t h i s  paper t o  show hou the dependence of   the 
d i rec t iv i ty   pa t te rn   on  the type of s igna l  
used  might  lead to in te res t ing  consequences 
in radar  antenna  design. 

Le t  us i l l u s t r a t e  these remarks by a 
simple example. Consider  the tu0 element 
antenna  array shown i n  Fig. 1. The ar ray  
consis ts  of two isotropic   col lectors   spaced 
a dis tance 2x1 apart. A radar echo signal,  
s ( t ) ,  of known form is  incident  upon the   a r r ay  
a t  some angle 8 . Using the  ordinary 
Fourier   t ransfonn  technique  for   calculat ing 
the   d i rec t iv i ty   pa t te rn ,   g (u) ,  we obtain  the 
standard  multi-lobe i n t e r f e m e t e r   p a t t e r n .  
If I(x) i s  the antenna  aperture  illumination 
densi ty   funct ion and if g(u) i s  the antenna 
d i r ec t iv i ty   pa t t e rn  f o r  a s ine  wave o f  angu- 
l a r  frequency, WO , then t h e  following 
Rur i e r   t r ans fo rm  pa i r s   r e l a t e  I(x)  t o  g(u). 

-0J 

and 

where 

x = distance from aperture   center  in 
meters 

u = s i n  8 

c = veloc i ty  of l i g h t   i n  meters/sec 

In the two-element array  shorn in Fig. 1, 
I(x) i s  a Dirac  delta  function  placing a l l  of 
the  weighting  density e t  C XI. By evaluating 
the  Fourier  transform, m-f ind   tha t   the  
d i r e c t i v i t y   p a t t e r n   f o r   t h i s   a r r a y  is given 
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g(u) = cos L J O k c Y I  
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When ~Z,>)XO = x , this pat tern  has  
many lobes and thus no unambimous directi- 
vity  information  can be obtaged .  Such a 
pa t te rn  i s  shown in Fig. 2. However, the 
pa t t e rn  shown in Fig. 2 i s  relevant  only when 
the incident s ignal  is a CW sinusoid. It i s  
well known tha t   the   d i rec t iv i ty   ambigui ty  
can be reduced if s(t)  i s  a wide-band signal. 
Kock and Stone2  have  pointed  out t h a t  by  cross- 
correlation  techniques  such two-element a r rays  
can  be  used for   pass ive   loca tors  of  wide- 
band noise  sources.  Other work by  Jacobsed 
explored  the  capabili t ies and l imi ta t ions  
of  two-element array  correlation  techniques.  
For example, if a r ada r   t a rge t   r e f l ec t s  a 
short  pulse  toward  the  array from an  angles ,  
this angle  can  be  estimated by measuring the  
re la t ive   de lay  between the  reception of t he  
echoes  by  elements number one and two.  When 
the  reflected  echo is received  simultaneously 
by both  elements,  the  target must be per- 
pendicular t o  t h e   l i n e  connecting  the ele- 
ments. If element number one receives   the 
echo f irst ,  then   the   t a rge t  must be t o   t h e  
l e f t  o f  t he  antenna, and so forth.  If t h e  
re turn  echo s igna l ,   s ( t ) ,  i s  not a shor t  
pulse  but  has  the same bandrsidth a s  does a 
short   pulse,   then  by matched f i l t e r  tech- 
niques it can be compressed t o  a short   pulse 
and the  same pr inc ip le  will apply.* 

Mathematical  Formulation 

Let  us r e fe r   aga in   t o   t he  two element 
antenna  i l lustrated i n  Fig. 1. The r e l a t ive  
delay between reception of the  echoes y 
elements number one and two will be ?.$4.&e 

volta&s from the  elements  through a matched 
f i l t e r  we will obtain  the  output 

e_ a21A.L . If we pass   the  sum of t he  

where 

R , ( r )  = the   autocorrelat ion  funct ion 
of s ( t )  

* A f t e r  passing s ( t )  through a matched filter 
the   s igna l  form will be changed t o   t h e   a u t o  
correlat ion  funct ion of s ( t ) .  The autocor- 
re la t ion  funct ion w i l l  be a pulse whose width 
i s  inversely  proport ional   to   the  s ignal ' s  
bandddth. 

@ (u,t)  w i l l  peak  up for   the   appropr ia te  
values  of u and t. In our example, 4 (u,t)  
will reach a maximum  when t 0 and when 
II = 0. We can  dist inguish  without  dkfficulty 
a t a r g e t  producing  an  output  4,(u,t) from 
one  causing  the  output @*(u,t) only i f  @, is  
m a l l  when&attains i ts  maximum. Thus, 
@ (u,t) i s  an  Wubigui ty   funct ion"  in   both 
angle and range. Its use i s  s i m i l a r   t o   t h e  
ambiguity  function i n  range and velocity  of 
Woodward.4  When the  range of t he   t a rge t  is 
known exactly, @(u,o) is the  ambiguity  func- 
t i o n  of t he   t a rge t ' s  angle. Let us c a l l   t h i s  
ambiguity  function, 4 (u), the  actual-   pattern 
of t h i s   tm-e lemen t   a r r ay   r e l a t ive   t o   t he  
s igna l   s ( t ) .  Then, 

It should  be  noted a t  this po in t   t ha t  
when s ( t )  is a CW sinusoid, 0 (n) becmnes t h e  
interferometer  pattern  given i n  Eq.( 2). Bat 
when s ( t )  i s  a band-limited  signal whose 
power is spread  evenly  over a bandwidth of 
B cps, then4(u)   t akes  on a e shape a s  

shown i n  Fig. 3. The center  frequency  of the 
band i s  f,. 4 (u) is a maximum when u = 0 
o r  &en the   t a rge t  i s  ref lect ing  touard  the 
a r r ay l s  broadside.*  Targets  off  broadside 
by an mount  such  that  u is much greater   than 

c can e a s i l y  be  distinguished  from 

U 

BTl  
broadside  targets.  The pa t t e rn  beamwidth then 
i s  about c radians. 

BXl 
l e t  us r e l a t e   t h e   r e s u l t s  we have ob- 

tained so f a r   t o  conventional  theory. To 
obtain  the  pat tern shown in ng. 3 the  aper- 
ture   i l luminat ion would have t o  be a s  shown 
in Fig. 4 i f  a CW sinusoid,  of  frequency fp, 
were the  jncident  signal. We will c a l l   t h l s  
aper ture   i l luminat ion  the  ar t i f ic ia l   aper ture ,  
Io(y).  That is, to   ob ta in   t he  same pat te rn  
a s   t h a t  shown i n  Fig. 3 we would have t o   u s e  
the   a r t i f ic ia l   aper ture   i l lumina t ion  i f  we 
restricted  ourselves  to  conventional  theory. 
By us ing   the   s igna l   s ( t ) ,  however, we can 

+By adding the  appropriate time delay t o   t h e  

(u) peak up f o r   t a r g e t s  off broadside. I n  
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achieve  the same e f fec t   w i th   t uo   i so t rop ic  
elements a s  shorn i n  Fig. 1. The bandwidth 
of the  signal  gives  an  apparent  breadth  to 
t h e  elements of the   array.  Consequently the  
d i r e c t i v i t y  of  a p a i r  of these  apparently 
isotropic  elements  increases i n  proport ion  to  
the  percentage  bandnidth of the  signal  being 
received. 

Let us now consider a more general case-- 
one i n  which our array itself is d i rec t ive   fo r  
single  frequencies and is made up of  a series 
of 2N isotropic  elements  spaced i\ apart. We 
then have elements  atX=*ii,%aA, ..+ Z L 4  ... . 
Suppose we ueight  the  output o f  the 4 i t h  
element  by 1% so that   the   weight ing Ts an 
even function  about  the  array  center.  We then 
proceed as before,  passing  the  weighted  sig- 
nals  thmugh a  matched f i l t e r  and then  adding 
the  result ing  autocorrelation  functions.  The 
resu l t ,  when the   t a rge t   range  i s  known, i s  
the  angle  ambiguity  function  for this multi- 
element  array.  That is, 

We can generalize Eq. ( 5 )  t o  an in tegra l   as  
the  point   col lectors  cane closer  together,  
and a s  Ii approaches a continuous  density 
function of X. The result is 

Eq.(6) i s  the  angle  pattern  that   can  be 
obtained  with  an  actud antenna ape r tu re   i l l u -  
mination  function I.(x), and  an incident   s ignal  
whose autocorrelation  function is R s ( T ) .  We 
have assumed however, t h a t   t h e   s i g n a l  form 
i s  hawn exactly--this  assumption  implies 
t h a t  the ref lect ing  target‘s   range and  velo- 
city are h o r n  exactly. The result also  
assumes that   the   aper ture   i l luminat ion I(x), 
is  an even function of x. Since %(‘t ) is 
even, so a l s o  will be Q) (u). 

Let us now determine what t h e   a r t i f i c i a l  
aperture  i l lumination Io(y) would have t o  be 
t o  g ive   the   pa t te rn   +(u)  i f  a s inusoidal  
s igna l  of radian  frequency Do were used.  For 
this calculation  ue uill use   the   cos ine   fom 
of  the  second f o m u l a   i n  Eq.( 1)   replacing 
g(u) by the   desired  pat tern (#l (u) 

Subs t i tu t ing  Eq. (6) i n t o  Eq. (7)  we obtain 

After changing  the  order of integration, ue 
obtain 

Frm t h e  Wiener-ICintchine  theorem the power 
spectral  density, G s ( L d ) ,  of   the  incident  
s ignal  i s  r e l a t ed   t o   t he   au tocor re l a t ion  
function by the   Four ie r   in tegra l :  

0 

Making use of Eq.(lO) i n   t h e   i n n e r   i n t e g r a l  
of Eq. (9) yie lds  

Eq.(l l)+  gives  the  aperture  i l lumination that 
would  have t o   b e  used in conjunction  with a 
s ine  wave s igna l   to   g ive   the  same pat te rn  ob- 
ta ined by using some aperture  i l lumination 
I (x )  in conjunction  with a s ignal  whose  power 
spec t ra l   dens i ty  is Os(&)). 

9 If x and y a r e  independent random variables  
with  densi ty   funct ions fx(x) and fp-(y), res- 
pectively, and if z = x-y, then the  densi ty  
function f Z ( z )  is given  by 

The consequences  of ~ the analogy  between t h e  
equat ion  for  fz (z)  and Eq, (ll) have not 
yet been Arlly explored. 
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Examples 

An expression, Eq. (ll), has  been  derived 
i n  which the  i l luminat ion  funct ion of an aper- 
ture incorporating a cor re la t ion  scheme and 
the  power spectrum of the   incident   s ignal  are 
re la ted   to   the   i l lumina t ion   func t ion  of an 
a r t i f ic ia l   aper ture   opera t ing   a t -  a s ing le  
frequency, w, . The use   o f   t h i s   r e l a t ion -  
sh ip  can be shown by a simple example. 

Consider the  case o f  a uniformly illuni- 
nated  aperture  of  length D [ 't f;;Llxl 4 % 

I(x) = (12) 
erwise 

and a rectangular power spectral   density  func- 
t ion  centered about k), and of  width 2T-B 

Then, from Eq.(ll) 
X2 

where the  limits of  integration,  determined 
by the  boundaries of G s ( d  ), are  

%L x2 = 
whichever is smaller 

and 

k = a&!!? = percentage  bandwidth of the  

M b  D 
It is noted  that  Io(y) = 0 f o r  I$ I ?  d . 
The complete  specification of  Io(y) i s  then 

N O  incident  signal 

I(x), Gs(Q) and Io(y) f o r  this example a r e  
shown i n  Fig. 5. 

It is apparent   for   th i s   case   tha t  unless 
the  percentage  bandwidth becomes appreciable 
the   a r t i f ic ia l   aper ture   i l lumina t ion  w i l l  be 
only   s l igh t ly   d i f fe ren t  from the   ac tua l  i l lu- 
mination  function. Thus, the  apel-turels 
pa t t e rn   fo r  wide-band s igna ls  will d i f f e r  from 
the  s inusoidal   pat tern  only when k becomes 
large.  The uniform  illumination  function 
used in this example makes e f f ic ien t   use  of 
the  length D o f  the  aperture.  The use of 
wide-band s igna ls  does l i t t l e  to   increase   the  
direct ivi ty   information  avai lable  from  such 
an eff ic ient ly   i l luminated  aper ture   unless  k 
becomes large.  The two element a r r ay  con- 
s idered   ear l ie r ,  however, makes i n e f f i c i e n t  
use of its aperture. It was noted tha t   t he  
use  of wide-band s ignals   great ly   increased 
the  direct ivi ty   information  avai lable  from 
the  two element  array. 

An in t e re s t ing  example will now be  given 
t o  show  how a uniform a r t i f i c i a l   a p e r t u r e  
illumination  can be obtained from an ac tua l  
i l lumination of de l ta   func t ions   (d i scre te  
elements)  with a saving on t h e  number of 
elements ~ i c h  would be  required in the   s ing le  
frequency  case. A band-limited  spectrum will 
be  used to   cons t ruc t   t he   a r t i f i c i a l   i l l nmina -  
tion. If the  actual  element  spacing i s  equal 
t o   o r   sma l l e r   t han  "b/=( 2 b b e i n g   t h e  wave- 
length of the  highest  frequency  received) it 
i s  assumed the   r e su l t an t   pa t t e rn  will no t  
d i f f e r  from t h a t  of a cont inurns  i l lminat ion.  

As an in t roduct ion   to   the  problem it is  
advisable   to   reconsider   the two i so t ropic  
element  case. The elements were l o c a t e d   a t  
x = S x1 as shown i n  Fig. 1 and the   resu l tan t  
a r t i f i c i a l   i l l u m i n a t i o n  due t o   t h e  bandwidth 
of the  received  signal i s  shown i n  Fig. 4. 
The addition of two more elements a t   d i s tance  
X = 4x2 makes it poss ib le   to   increase   the  
e x t e k  of t h e   a r t i f i c i a l   i l l m i n a t i o n .  With 
the  proper  choice of x2, t h e   a r t i f i c i a l   i l l u -  
mination shown i n  Fig. 6 can be achieved. 
The required number of elements  needed in t he  
s ing le   f requency   case   to  produce the same 
pattern  could  be  greater  than  four and thus a 
saving o f  elements  might  be  achieved  by  using 
wideband signals.  The number of  elements t o  
be  saved will be shown t o  be  dependent upon 
the  extent of the  desired  i l luminat ion and 
t h e  bandwidth  of the  received  signal. 

In order t o  der ive   the   re la t ionship  
ex is t ing  between  bandwidth and element  spacing, 
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the  general   case  *ere I(x) i s  a se r i e s  of 
del ta   funct ions spaced a t  x . =  XI, x2, ~ 3 ; - - q  
and  weighted  by A1, 112, .... Au, respectively, 
w i l l  be  considered. The artificial il lumina- 
t ion  as  expressed  by  Eq.(U) dl be  of t h e  
form 

IJY) 

The 
waveform 

spec t ra l   dens i ty  of the  received 
has been  assmned t o  be flat,  cen- 

tered  about @o , and band-limited t o  W cps 
and  thus  can  be  expressed  as 

By  specifying  the  desired  i l luminat ion 
t o  be uniform, the  spacing  of  the  elements 
must be chosen jud ic i a l ly  and the  amplitudes 
of t he   i nd iv idua l   a r t i f i c i a l   i l l umina t ion  due 
t o  any two elements  must  be made equal. The 
second  condition  can  be  achieved  by  adjusting 
A i ,  the   gain of the  individual  elements, t o  
equal Xi. 

The a r t i f i c i a l   i l l umina t ion  now becomes 

The judicial   spacing  of.   the  elanents can be 
obtained  by  requiring  the  leading  edge of t he  
a r t i f i c i a l   i l l u m i n a t i o n   f o r  element p a i r  

t o   j u s t  meet t h e   t r a i l i n g  edge of t h e  
a r t i f i c i a l   i l l umina t ion  for element p a i r  5. 
Since the   l ead ing  edge  due t o  element  pair 
s-1 is specif ied by wb = .pm , and 
t h e   t r a i l i n g  edge  due t o  elem p a p   b y  

wL = , the  above condition dll 
b e  met when 

Solving f o r  5 gives 

where xl is the  first element whose t r a i l i n g  
edge is matched t o   t h e   l e a d i n g  edge of   the  
next  element. The reason xl has been defined 
in such  a  vague manner is because of the  
previous  condition  that   the  spacing between 
elements shal l   not   be   smaller   than l b / z  , 
and therefore xl in general w i l l  not  be  the 
c loses t  element t o  the   cen ter  of the  array.  
The element  spacing  for a l l  elements  between 
x 0 and x = x1 will be >\b/a(see  Fig. 7). 

It is now p o s s i b l e   t o   s o l v e   f o r   t h e  po- 
s i t i o n  of xl by first not ing   tha t   the   re la t ive  
distance between any tu0 elements t o   t h e  left 
of XI, is . Therefore  the  posit ion of 
x1 ern the  center  of the a r r a y  is Ab/& 
where PI is an unknown i n t ege r .   In   o rde r   t o  
determine M, the   dis tance between  elements 
t o   t h e   r i g h t   o f  xl must be  fomulated and 
d l  yield  the  expression 

T - %-1 3 &/a 
o r  

5-1 (&-I) 7 

By l e t t i n g  5-1 = xl i n  Eq.(22) we obtain 

o r  subs t i tu t ing  x 
expression  gives 

= M i n t o  the above L 

and theref  ore  
I - I 1 ---- 

(25) 

where k is  the  percentage  banduidth of t h e  
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received  signal. The smallest   integer M 
which s a t i s f i e s  Eq.(25) must be  considered 
the  only  possible  solution if overlapping of 
i nd iv idua l   a r t i f i c i a l   i l l umina t ion  i s  t o  be 
prevented. 

In   order   to   determine  the number of ele- 
ments needed t o  cons t ruc t   t he   a r t i f i c i a l  
illumination,  the  upper  extent, yu, of y must 
be found. This is determined from the  
expression 

xN being  the  last  element  of  the  array, 
Solving  for  yu gives 

The t o t a l  number of elements needed f o r   t h e  
array  using bandwidth will be 2 (N + M - 1). 
Through the  use of Eqs.(20), (25), and (27); 
N and M can  be  determined from speci f ied  
values of k and yu. Note t h a t   e i t h e r  y, and 
12 might  have t o  be   s l igh t ly   ad jus ted  i n  order 
t o  insure t h a t  N and M will  be integers.  A 
numerical example has  been  solved  using 
k = 0.1 and yu = 50 h o. The required number 
of elements was 66 as compared u i t h   t h e  200 
which would be  required i n   t h e   s i n g l e  fre- 
quency case. 

There is a  great  saving of required 
elements f o r  the  particular  numerical  example 
solved. However this  percentage  decrease.  
should  not  be  expected 5n smaller  arrays. 
It is  further  pointed  out  that   there will be 
a decrease in the  signal t o  no i se   r a t io  due 
t o   t h e   d e c r e a s e   i n   t h e  number of  receiving 
elements. 

Conclusion 

must be less than  the  propagation  time  across 
the  aperture.  One of  the most in te res t ing ,  
and possibly most profitable,  ways in  which 
l a rge  bandwidths a l t e r   t h e  antenna  design 
problem is i n   t h e   s a v i n g  of a   substant ia l  
number of elements  required to   synthesize  a  
given  receive  pattern. 

Many questions  remain t o  be answered. 
For  instance, i s  the re  a  generalizea Radar 
Uncer ta in ty   Pr inc ip le ,   s imi la r   to   tha t  of 
Woodward, covering  the six parameters of 
interest: range,  range-rate,  the two angles, 
and t h e  two angle-rates? The one dimensional 
l inear   a r rays   cons idered   in  this paper  should 
be  extended t o  a r e a   o r  perhaps volume arrays. 
Also of i n t e r e s t  a r e  the  very  nide-base-leg, 
wide-band systems i n  which the  target   angle ,  
and perhaps  the  target echo form, a re   d i f -  
fe ren t   for   the   d i f fe ren t   co l lec t ing   e lements  
of the  array.   Final ly   the problem of  the 
e f f ec t s  of  corrupting  noise on both  the  reso- 
l u t i o n  and the  accuracy  capabili t ies of these  
s p a t i a l  systems  should  be  studied. 
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Examples have  been  given t o  show t h a t  
t he  bandwidth  of  a signal incident upon a 
colinear  array  accounts  for  the  extra  direc- 
t iv i ty  information  obtainable  from  such an 
array.   Before  the  effects o f  bandwidth be- 
come appreciable   the  length of time repre- 
sented  by  the  reciprocal of  the  bandmidth 
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Fig. 1. Two isotropic elements with s(t) incident at an angle 8 .  

Fig. 2. Multilobed pattern for a two-element array. 
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Fig. 6. The artificial illumination for a  four-element array. 

Fig. 7. Element spacing for a uniform artificial illumination. 


