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Abstract

Globalvariationalapproximatiormethodsn graphical
modelsallow efficient approximateanferenceof com-
plex posteriordistributionsby usinga simplermodel.
The choiceof the approximatingmodeldeterminesa
tradeof betweerthe compleity of theapproximation
procedurendthequality of theapproximationln this
paper we considervariational approximationshased
on two classef modelsthatarericherthanstandard
Bayesiametworks,Markov networksor mixturemod-
els. As suchtheseclassesllow to find bettertradeofs
in the spectrumof approximations.The first classof
modelsare chain graphs which capturedistributions
that are partially directed. The secondclassof mod-
elsaredirectedgraphgBayesiametworks)with addi-
tional latentvariables.Both classesllow representa-
tion of multi-variabledependenciethatcannoteeas-
ily representedvithin a Bayesiametwork.

1 Introduction

A centraltaskin usingprobabilisticgraphicalmodelsis in-
ference Exactinferencealgorithmsexploit the structure
of the modelto decomposehe task. In generalalthough
the problemis NP-hard,somestructurege.g., thesewith
boundedtree width) allow efficient inference. Whenthe
modelis intractablefor exactinferencewe canstill hope
to perform approximateinference(althoughthat problem
is also known to be generallyintractable). One classof
approximationghat receved recentattentionis the class
of variational approximationalgorithms[6]. Thesealgo-
rithms attemptto approximatethe posterior P(T | o),
whereo is an obsenation of somevariableand T arethe
remainingvariables,by a distribution Q(T : ©) thathas
tractablestructure. Using this approximatingdistribution,
we candefinealower boundon thelikelihood P(o). The
parameter® thatdefine areadapteddy trying to maxi-
mizethis lower bound.

The simplestvariationalapproximationis the mean-field
approximatior{8, 9] thatapproximateshe posteriordistri-
butionwith anetwork in which all therandomvariablesare
independentAs suchiit is unsuitablavhentherearestrong
dependenciem the posterior Sauland Jordan[10] sug-
gestto circumwentthis problemby usingstructuled varia-

tional approximation.This methodapproximateshe pos-
terior by a distribution composedf independensubstruc-
turesof randomvariables.Thisideacanbegeneralizedor

variousfactoredforms for @), suchas Bayesiannetworks

andMarkov networks[1, 11]. JaaklolaandJordan5] ex-

plore anotherdirection for improving the meanfield ap-

proximation. They proposeto usea mixture of meanfield

approximationsn orderto approximatemulti-modalpos-
teriors. Both structuredvariationalapproximatiorandthe

mixture approximationmethodsallow for a morerefined
trade-of betweeraccurag andcomputationatomplexity.

In the structuredapproximationgnore accurag is gained
by addingstructurewhile in themixtureapproximatiorwe

canincreasdghe numberof mixture components.

In this paper we generalizeand improve on thesetwo
methodsin order to achieve greateraccurag given the
available computationakesources.The resultingapprox-
imation resultsenhancehe rangeof approximatingdistri-
butions and increasethe ability to trade-of accurag for
compleity.

We startby consideringextensionsof structuredapprox-
imations. Currentstructuredapproximationuse Bayesian
networks or Markov networks as approximatingdistribu-
tions. Thesetwo classeof modelshave differentexpres-
sive pawer. We provide uniform treatmentbf both classes
by examining chain graphs— a classof modelsthat is
moreexpressve thanBayesiarand Markov networks, and
includeseachoneof themasa specialcase.

Wethenconsidehow to addextra hiddenvariablego the
approximatingmodel. This methodgeneralizedoth the
structuredapproximationand the mixture model approxi-
mation. It enableausto control the complexity of the ap-
proximatingmodelboththroughthe structureandthrough
thenumberof valuesof thehiddenvariables.Theextrahid-
denvariablesalsoenableusto maintainthedependengbe-
tweendifferentvariablesbut control the level of comple-
ity, thuskeepingthe dependencied a compresseanan-
ner. As straightforvardinsertionof extra hiddenvariables
to the variational approximationframework resultsin an
intractableoptimizationproblem,we needto combinead-
ditional approximationsteps. We presenta naturalgener
alizationof methodssuggestedby Jaaklola andJordan5]



for mixturesof meanfield models.

2 Variational Approximation with Directed
Networks

Structuredapproximationsapproximatea probability dis-
tribution using probability distribution with non-trivial de-
pendenyg structure. We re-derive standardstructuredap-
proximationschemesvith Bayesiametworks (suchasthe
onesin [4, 10, 11]) usingtoolsthatwill facilitatelaterde-
velopments.

Supposeave aregivenadistribution P overthesetof ran-
domyvariablesX = {Xj,...,X,}. LetO C X bethe
subsetof obsened variables. We denoteby T = X \ O
the setof hiddenvariables.Our taskis to approximatehe
distribution P(T | o) by anotherdistribution Q(T : ©),
where0 is thesetof parameterfor theapproximatinglis-
tribution Q.

In this paper we focus on approximatingdistributions
representetdy discretegraphicalmodelssuchasBayesian
networks and Markov networks. Thatis, we assumehat
{X1,...,X,} arediscreteandomvariablesandthat P has
afactorizedform

Pex) =5[] #uta) 1)

WhereDy, ...D;, aresubset®f X. Thisrepresentatiosan
be a Bayesiannetwork (in which case,each¢; is a con-
ditional distribution) or a Markov network (in which case,
eachg; is apotentialover somesubsebf X).

Theapproximatingdistributionwill berepresentedsan-
other graphicalmodel Q(T : ©). Oncewe specify the
form of this model,we wish to find the setof parameters
© that minimizesthe distancebetween® (T : ©) andthe
posteriordistribution P(T | o). A commonmeasureof
distanceis the KL divergence[2] betweenQ(T : ©) and
the posteriordistribution P(T | o). Thisis definedas

log 762 (T) ] (2)

D(Q(T)|P(T | 0)) = Eq() (T | o)

Finding the parameterdor @) will allow usto computea
lower boundfor log P(o). To seethis, we definea func-
tional F of thegeneraform:

FQ | el = Eq(c) [log P(T’c’o)]

Q(T |e¢)

wherec is anevidencevectorassignedo asubseiC C T,
andQ(- | ¢) is a shorthandfor Q(T | ¢). (Thereasons
for usingadditionalevidencein thedefinitionwill beclear
shortly) In the specialcasewhereC = (), F becomes

71Q] = B [log 5 |

Q(T)

We caneasilyverify that

log P(0) = F[Q] + D(Q|P) = F[Q]

The inequality is true becausehe KL divergenceis non-
negatve. Hence, F[Q] is a lower bound on the log-
likelihood. The differencebetweenF[Q] and the true
log-likelihoodis the KL-divergence.Minimizing the KL-
divergencds equivalentto finding thetightestiowerbound.

A simpleapproximationof this form usesa distribution
Q) thatis a Bayesiametwork

Q) = JT Plws [ w5) = ] Ouste, 3)

J

whereU; denoteghe parentsof X; in the approximating
network, andd, . |,,; arethe parametersf thedistribution.

The computationalcompleity of calculatingthe lower
bounddependson the compleity of inferencein @ and
on the domainsizeof the factorsof P. To seethatlet us
rewrite F[Q] in afactorizedform.

Lemma2.l If Q(t) =, 0z, u, then
FlQlel = Y Eqe llogi(Di,0)] —log Zp

=Y Eq(je) [10804;1u;]) +log Q(c)
J

wheee ¢;(D;, o) representa randomvariablewhosevalue
is ¢;(d;) if d; is consistentvith o; otherwiseit is 0.

Our goalis to find a set of parametersnaximizing F
while conformingto the local normalizationconstraints.
The optimalparameter$or ) arefoundby writing the La-
grangiarfor this problemanddifferentiatingit with respect
to them.ThelLagrangians

JBN = ]:[Q] - ZZ)‘HJ‘ (Zawjlu]- - 1)

To differentiatethe Lagrangianwe shall usethe following
technicalresult.

Lemma2.2 LetQ(t) = []; z;)u,, then

OE C 0/(C
% = Q1)) -Eq(. z;.uy [f(C)]+Eq [#]
Corollary 2.3

OF

60fo]‘ = Q(uy) - (F[Q [ zj,u5] — log Q(zj,u;) — 1)

Notethatlog Q(z;,u;) = log Q(u;) + log 8,4, Equat-
ing the derivative of the Lagrangianto zero and dividing
bothsidesby Q(u;) andthenrearrangingye get

awj\uJ' =

1
Z—uj . efan(@j,u5) (4)



whereZ,; is anormalizationconstantand
Epn(zj,u;) = FlQ | zj,u;] —log Q(u;) %)

= EQ(la;my) | 108¢i(Di,0) — > 10g by, u,,
i %
—logZp

To better understandhis characterizationyve examine
theterm F[Q | z;, u;]. It is easyto verify that

D(Q(T | zj,u;)|P(T | zj,u;,0)) =
—FIQ | zj,u;] + log P(z;,u;,0)

Thus,F[Q | z;,u;] is alowerboundonlog P(z;,u;,0).
This suggestshat Eq. 4 canbe thoughtof asapproximat-
ing P(x; | uj,0) by 8,,4,. If wereplaceSpy (z;,u;)
by log P(z;,u;,0) in this equation,we would get that
ezilui = P(z; | ujao)-l

In orderto find optimal parametersye canusean iter-
ative procedurethat updateghe parametersf one family
on eachiteration. An asynchronousipdateof the parame-
tersaccordingto Eq. 4 guaranteea monotonicincreasen
the lower boundF[Q] andcornvergesto alocal maximum.
Thisis aconsequencef thefactthat,for everyi andevery
assignmento the parentsu;, F is a concae function of
the setof parametergf,; |, | z; € dom(X;)}. There-
fore, thestationarypointis a globalmaximumwith respect
to thoseparametersThe concaity of F follows from the
factthatthe secondrderpartialderivativesarenegative

0*F 1
60wj|u]-2 Q(uj) <0

Oz;u;

andthe mixedpartialderivativesareall zero.

Thecompleity of calculating€ gy asdefinedin Eq.5is
determinedy the numberof variablesthesizeof thefam-
ilies in P andby the compleity of calculatingmaiginal
probabilitiesin @. It is importantto realizethatnotall the
termsin this equationneedto be computed. To seethis
we needto considerconditionalindependenc@roperties
in Q. We saythat X is independendf Y givenZ in Q,
denoted) = Ind(X;Y | Z),if Q(X |y,z) = Q(X | 2)
for all valuesy andz of Y andZ. If @) is a Bayesian
network, we candeterminesuchindependenciessing d-
sepaation[7]. Now, supposehat@ |= Ind(X;; C | Uj,),
ie., Q(c | zj,u;) = Q(c | u;). Termsof the form
EQ(c|z;,u;) [f(c)] canbeignoredin the updateequations
sincethey changethe new parameterdy a constanfactor
which will be absorbedn Z,;. Thereforewe canreduce
theamountof computationgy definingthe setsof indices
of thefactorsthatdependon X; givenU; asfollows:

FY = {i:Q Ind(X;;D; | Uj)}
Fy {5" #7: Q¥ Ind(X;; X5, Uy | Uj)}
!Notethatthetermlog Q(u;) in g (27, u;) canbeignored,

sinceit is absorbedy the normalizingconstant. We include it
above to simplify thedecompositiorof Egx (25, u;).
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Figurel: (a) A Bayesiametwork with anobsenedvariable

(04). (b) A representatioonf the posteriordistribution asa
chaingraph.(c) anapproximatingchaingraphnetwork.

We canthenredefine€ gy to be

Epn (i) = Y Eg(ja;uy) [log ¢i(Ds,0)] —
z‘eF;’

> Egja;u;) log QX [ Ujo)]

;7 q
J'EF;

Dependingon the decompositiorof @, this formulamight
involvemuchfewertermsthenEq.5. For example,in mean
field approximation,Ff includesonly potentialsthat in-
cludeX;, andF} is empty

Similar derivationcanbe madewhen( is a Markov net-
work. The main differenceis that in Markov networks
thereis a global constraint(definedby the partition func-
tion) ratherthenlocal onesfor eachconditionaldistribu-
tion. Dueto spaceconsiderationsve omit the details,and
refertheinterestedeaderto [11].

3 Chain Graph Approximations

As is well known, the classesof distributions that can
be representedy Markov networks andby Bayesiamet-
worksarenot equivalent. Therefore for somedistributions
the besttractableapproximationsnight be representedby
Bayesiametworkswhile for otherdistributionsthebestap-
proximationis a Markov network. We cangain moreflex-
ibility in choosingan approximatingdistribution by using
a more generalclassof probability modelsthat can cap-
turethedependengmodelsmplied by Bayesiametworks,
Markov networksanddependeng modelsthatcanbe cap-
turedby neitherof them.

To considera concreteexample, supposethat P is a
Bayesiametwork. Whatis theform of the posteriorP(T |
0)? For a concreteexample,considerthe network of Fig-
ure 1(a). When,we obsene thevalueof Oy, we createde-
pendenciesmongthevariablesT’, Ty, and73. Theposte-
rior distributionis neitheraBayesiametwork noraMarkov
network (becauseof the v-structurein the parentsof T%).
Insteadwe canwrite this posteriorin theform:

Y(T1, To, T3) P(T1) P(T2)p(T3)p(Ta) P(T5 | T3,T})

wherey (T, Tz, T3) = ﬁP(ol | Ty, Ty, T3) is apoten-
tial thatis inducedby theobsenationof o, .

A naturalclassof modelsthat hasthis generalform are
chain graphs[3]. Sucha modelfactorizesto a product
of conditionaldistributions and potentials. Formally, we



definea chaingraphto have for eachvariablea (possibly
empty)setof parentsandin additionto have a setof po-
tentialson somesubset®of variables.

Whenwe represent) asa chaingraph,we will have the
generafform:

Q(T) = ZLQHQ(w,- | uy) [ w(C)
7 k

where, as before, U; are the directedparentsof X;. In
addition, ¢, are potentialfunctionson subsetf T, and
Zg = > 11;Qz; | ) 1, ¥ (Ck) is a normalizing
function that ensureghat the distribution sumsto 1. Fig-
ure 1(b) shows the chaingraphthat representshis factor
ization.

It is easyto checkthatif P is a Bayesiannetwork, then
P(T | o) canbe representeds a chaingraph(for each
variableX; in O, adda potentialover the parentsof X;).
In contrastjt is easyto build exampleswvherethe posterior
distribution cannotbe representedby a Bayesiannetwork
without introducingunnecessargependenciesThus, this
classof modelsis, in somesensea naturalrepresentation
of conditionaldistributionsin Bayesiametworks.

This argumentsuggestshatby consideringchaingraphs
we can represenfpproximatedistributions that are more
tractablethan the original distribution, yet are closerto
the posteriorwe wantto approximate.For example,Fig-
ure 1(c) shawvs a simple examplefor a possibleapproxi-
matenetwork for representinghe posteriorof the network
of Figurel1(a). In this network therearetwo potentialswith
two variableseach ratherthanonewith threevariables.

Giventhestructureof the approximatingchaingraph,we
wish to find the setof parameterghat maximizesF[Q)],
thelower boundon the log-likelihood. As usual,we need
to definea Lagrangianthat capturethe constraintson the
model. Theseconstraintscontainthe constraintghat ap-
pearedn the Bayesiametwork case,and,in addition,we
requirethateachpotentialsumsupto one:

Z‘ﬁk(%) =1Vk

To understandhis constraint,note that the eachpotential
canbe scaledwithout changing@, sincethe scalingcon-
stantis absorbedn Zg. Thus, without constrainingthe
scaleof eachpotentialthereis a continuumof solutions,
andthe magnitudeof valuesin the potentialscanexplode.
Puttingthesetogetherthe Lagrangiarhastheform:

Jce = f[Q]_ZZ Ay Zewjluj' _Z)‘k lek(ck)
Jooug Tj k Sk

The main differencefrom the Bayesiannetwork approxi-
mationis in theform of theanalogueof Lemma2.2. In the
caseof chaingraphswe alsohave to differentiateZg, and
sowe getslightly morecomplex derivatives.

Lemma 3.1 If Q isachaingraphoverT, then

dEQ[f(C)] _ ., [f(C)
leuj = [86:61“1]
+ ngjih,uj) (EQ(fz;.up Lf(C)] = EQ[£(C)))

9EqQ[f(C)] _ o [ 9f(C) ]

O (ck) O (cr)
+ i(&i)) - (Eq(ien) [f(C)] = Eq [f(C)])

Note thatwhenwe differentiateF[()] we gettwo terms.
Thefirst,is F[Q | z;, u;)] asbefore andtheotheris F[Q)].
However, since F[()] doesnot dependon the valueof z;,
it is a absorbedn the normalizing constantZ,,,. Thus,
the generalstructureof the solutionremainssimilar to the
simplercaseof Bayesiametworks:

— 1 efca(@iug)

Zy

Oz;1u; .
J
ieSCG(Ck)

Yr(er) =

Ck

where

FIQ | zj,u;] — log Q(z;,u;) + log b, |y,
FlQ | ck] — log Q(ck) + log ¢k (cr)

To get an explicit form of theseequations,we simply
write the chain-graphanalogueof Lemma2.1 which has
similar form but includesadditionalterms. As in the case
of Bayesiametwork, we caneasilyidentify termsthatcan
dependonthevalueof x;, andfocusthe computatioronly
onthese.Thisis astraightforvardextensionof theideasin
Bayesiametworks,andsowe omit the details.

4 Adding Hidden Variables

Structuredapproximationsverethefirst methodproposed
for improving the meanfield approximation.Jaaklola and

Jordan[5] proposedanotherway of improving the mean
field approximation: to use mixture distributions, where
eachmixture components representetly afactorizeddis-

tribution. The motivation for using mixture distribution

emegesfrom thefactthatin mary caseghe posteriordis-

tribution is multi-modal,i.e. thereare several distinctre-

gionsin the domainof the distribution with relatively high

probabilityvalues.If thelocationof thedifferentmodesof

the distribution dependon the valuesof severalvariables
than the meanfield approximationcan not capturemore
thanonemode.

Recallthatthe meanfield approximatiorusesa graphical
modelin which all the variablesin T areindependenbf
eachother Thus,we canthink of it asa Bayesiametwork
withoutedges.Themixturedistributionapproximatiorcan

Eoa(zj,u) =
Ecoaler) =



(b)

Figure2: (a) A simpledynamicBayesiametwork that describea temporalprocess.Time progresse$o the right. Each
vertical “slice” describevariablesthat exist in the sameinstance. (b) and (c) aretwo approximatingnetworks for the
distribution representedby the network (a) with extra hiddenvariables. (b) Edgeswithin a time slice are maintained.
Correlationsbetweentime slice are modeledthroughthe introductionof the hiddenvariableset {V,,}2V_,. (c) Edges
betweertime slicesare maintained.Correlationsbetweerthe threechainsare modeledthroughthe hiddenvariablesV!,

V2 andV3.

be viewed as one that usesa Bayesiannetwork over the
variablesT and an extra variable V', suchthat V' is the
parentnodeof eachX; € T. As before,the parameters
of the mixture distribution could be found by maximizing
the lower boundof the log likelihoodaspresentedn Sec-
tion 2. Unfortunately usingthis techniquen a straightfor
wardmannemould not helpussincetheextrahiddenvari-
ablesintroducescorrelationswhich leave us with an opti-
mization problemwhosecompl«ity is at leastasgreatas
this of the original inferenceproblem.JaaklolaandJordan
overcamethis problemby introducinganothervariational
transformatiorresultingin anotherower boundto thelog
likelihood[5].

In this section,we generalizethe ideasof Jaaklola and
Jordan,and shav a methodwherewe can perform struc-
tured approximationwith distributions ) that are defined
overTUV, whereV is asetof hiddenvariableghatdid not
appeaiin theoriginal distribution. (For clarity, we focuson
the caseof Bayesiametworks, althoughsimilar extension
canbeappliedto chaingraphsaswell.)

Giventhedistribution P(X) andevidenceo we shallap-
proximatethe posteriorP(T | o) with anotheristribution
Q(T) = Y, Q(T,v). This distribution is definedover
the variablesetT U 'V where'V is a setof extra hidden
variables.Our taskis to find the parametersf () thatwill
maximizethelower boundF[Q)].

Figure2(b) and(c) aretwo examplesof possibleapprox-
imationsfor the distribution thatis representedy the net-
work in Figure 2(a). Recallthe structuredapproximation
for this network modeledheapproximatingistribution by
a network with threeindependenthains. In the networks
presentedhere the correlationsaaremaintainedhroughthe
hiddenvariables. In Figure 2(a) we addedan extra hid-
denvariablefor everytime slice. Thecorrelationsdbetween
time slicesaremaintaineathroughthosehiddenvariables.
The edgeswithin a time slice are maintainedin orderto
presereintra-timedependenciedn Figure2(b) we main-

tainedthe edgesbetweenthe time slicesand addedextra
hiddenvariablesfor every chain. Correlationsamongthe
chainsaremaintainedby the connectiondetweerthe hid-
denvariables.

Anotherperspectie of the potentialof extra hiddenvari-
ableswas suggestedby Jaaklola and Jordan[5]. We can
easilyextendit to our case.This is doneby reexamination
of thelower boundF[Q].

Lemma4.l LetQ(T) =), Q(T,v), then
FlQl = Eqev) [71Q | V]I + I(T; V)

wheeI(T;V) = Eg [log Q&',P)’)] is themutualinforma-
tion betweeril and'V.

Thefirsttermis anaverageonlowerboundghataregained
without introducingextra hiddenvariables. The improve-
mentarisesfrom the secondterm. Given the structureof
the approximatingnetwork without extra hiddenvariables,
the lower boundcanbe improvedif thereare several dif-
ferentconfigurationsof the parametersf the sub-netvaork
definedon T thatachieve lower boundsthatarenearopti-
mal. Using an extra hiddenvariablesetto combinethese
configurationwill improvethelowerboundby theamount
of themutualinformationbetweerT andV.

As describedabove, in the presenceof hiddenvariable,
the optimizationof the functional F[Q)] is more complex.
The sourceof thesecomplicationds thefactthatlog Q(t)
doesnot decompose.Thereforewe shall relax the lower
bound.We startby rewriting F[Q] as

P(T,o)
Q(T, V)

Thisfirst termdoesdecomposeTheremainingtermis the
conditionalentropy

71Q] = Eo [l |-mvim

H(V|T) =



Insteadof decomposinghisterm,we cancalculatealower

boundfor it by introducing extra variational parameters.

Thenew parametersrebasedn the corvexity bound[6]
—log(z) > =Mz +log(A) +1 (6)

We canusethe corvexity boundby addingan extra vari-
ationalparametei?(t, v) for every assignmento T U V.
Applying Equation6 for every termin the summationof
the conditionalentropy, we geta lower boundfor the con-
ditional entroyy:

—H(V|T)

Q(t)
Q(t,v)
- Z R(t,v)Q(t) + Eg [log R(t,v)] + 1

> Eq [—R(t,v) +log R(t,v) +1

Obviously, if we addadistinctvariationalparametefor ev-

ery assignment, v, the conditionalentropy canberecov-

eredaccurately Unfortunately this settingleaves us with

anintractablecomputation.In orderto reducethe compu-
tationalcompleity of the lower bound,we assumehat R

hasa similar structureto thatof Q

R(t’ V) = H p$]'au]'
J
We definethelower boundon F asanew functional:

P c,o

= Eg(zie) [R(T, V)]

+EQ(.|C) [log R(T,V)] +1

We now candefinethe Lagrangianwith the desiredcon-

straints:
Jun =G[Q,R] — E ,§ :’\Uj E :ewj\uy'
jouj zj

UsingLemma2.2, andthenapplyingthe constraintsye
gettheupdateequationdor 4, |,

owjluy' =

1
Z—u], . efr(@iug) 7)
Where

Eu(zj,u5) = G[Q, R | zj,u;] — log(uy)
As usual,we candecomposghis termto a sumof terms:

E(zj,u5) = Z EQ(.|2;,u;) [log ¢:(D;, 0)]

> Eq(ja;uy) log QX | U]
J'#3

+ Y Eg(io; ) g R(Xj | Uj)
jl

— Y Eq(vje;uy [R(T, V)]

theexpressiorfy is similarto theoneobtainedor thesim-
pler structuralapproximationgxceptfor thelasttwo terms
thatarisefrom thelower boundon the negative conditional
entroy. To evaluatethe term )" Eqg(t|s; u;) [E(T, V)]
we perform variable-eliminationlike dynamic program-
ming algorithm.

To completethe story, we needto considerthe update
equationdor the parameter®f R. Simpledifferentiation
resultsin the equation

Pziu;

Pz;u; =
Et,v|=zj,Uj R(t) V)Q(t)

Wherethe term t,v = z;,u; denotesassignmentgo
{T, V} thatare consistentwith z;,u;. Note that p,, v,
doesnot appeaiin theright handside (sinceit cancelsout
in the fraction). Again, we can efficiently computesuch
equationsusingdynamicprogramming.

The Lagrangianis a corvex function of bothd,,,, and
pz; ;- Therefore,asynchronougterationsof Equation8
and Equation7 improve the lower boundandwill eventu-
ally convergeto a stationarypoint.

Q(zj,u;)  (8)

5 Examples

To evaluateour methodswe performeda preliminary test
with syntheticdata. We createddynamic Bayesiannet-
works with the generalarchitectureshovn in Figure 2(a).
All the variablesin thesenetworks are binary. We con-
trolled two parameters:the number of time slices ex-
pandedandthe numberof variablesin eachslice. The pa-
rametersof networks weresampledirom a Dirichlet prior
with hyperparameteli. Thus,therewassomebiastoward
skewed distributions. Our aim wasto computethe like-
lihood of the obsenationin which all obsered variables
weresetto be 0. We repeatedhesetestsfor setsof 20 net-
workssampledor eachcombinationof thetwo parameters
(numberof time slicesandnumberof variablesperslice).

We performedvariationalapproximatiorto the posterior
distribution usingthreetypesof networkswith hiddenvari-
ables: Thefirst two typesare basedon the “vertical” and
“horizontal” architectureshavnin Figure2(b)and(c). We
consideredhetworkswith 1, 2, and3 valuesfor the hidden
variable. (Note that whenwe considera hiddenvariable
with onevalue,we essentiallyapply the Bayesiametwork
structuredapproximation.jThethird typearenetworksthat
representmixture of meanfield approximations.For this
typewe consideredhetworkswith 1, 4 and6 mixturecom-
ponentgWhenthereis onemixturecomponentheapprox-
imationis simply meanfield). We run eachprocedurefor
10 iterationsof asynchronousipdates.This seemdo con-
verge on mostruns. To avoid local maxima,we tried 10
differentrandomstartingpointsin eachrun andreturned
thebestscoringone.

Thefigure of meritfor ourapproximationss thereported
upperboundon the KL-divergencebetweenthe approxi-
mationandthe true posterior This is simply log P(o) —



Mixture of meanfields

“Vertical” approximation

“Horizontal” approximation
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Figure3: Comparisorof the two approximatingstructureof Figure2 andmixture of meanfields. The figureson theleft
columnreportresultsfor the mixture of meanfields approximationwith 1, 4, and6 mixture components.The figures
on the middle columnreportresultsfor the network structurecontainingadditionalhiddenvariablefor eachtime slice
(Figure2(b)) with hiddenvariableswith 1, 2, and3 values.Thefigureson theright columnreportresultsfor the network
structurecontainingadditionalhiddenvariablefor eachtemporalchain(Figure2(c)) with hiddenvariableswith 1, 2, and
3 values. Thefigureson the top row reporton approximationto networks with 3 variablespertime slice andthefigures
onthebottomrow reporton networkswith 4 variablespertime slice. The z-axis correspond$o the numberof time slices
in thenetwork. They-axis correspondso theupperboundon theKL-divergencdog P (o) — Go[®, R] normalizedby the
numberof time slicesin the network. Linesdescribeo medianperformanceamong20 inferenceproblemsanderrorbars

describe25-75percentiles.

GolQ, R]. (Theexamplesaresuficiently small, sothatwe
cancomputelog P(o0).) We needto examinethis quantity
since differentrandomnetworks have different valuesof
P(0) andsowe cannotcompardower bounds.

Figure3 describesheresultsof theseruns.As we cansee
the differenceggrow with the numberof time slices. This
is expectedasthe problembecomedarderwith additional
slices. The generaltrend we seeis that runs with more
hiddenvaluesperformbetter Thesedifferencesaremostly
pronouncedn thelargernetworks. Thisis probablydueto
the highercompleity of thesenetworks.

Thecomparisorio mixture of meanfields approximation
shavsthatsimplemeanfield (1 component)s muchworse
thanall the othermethods. Second we seethat although
mixturesof meanfield improvewith largernumberof com-
ponentsthey arestill worsethanthestructuredapproxima-
tionsonthenetwork with 3 variablegerslices.We believe
that thesetoy examplesare not sufficiently large to high-
light the differencesbhetweenthe different methods. For
example, differencesstartto emege whenwe examine 6

and7 timeslices.

Our implementationof thesevariationalmethodsis not
optimizedand thus we do not believe that running times
areinformative on thesesmall examples.Nonethelessye
note that running mixturesof meanfields with 6 compo-
nentstook roughlythe sametime asrunningthe structured
approximationsvith hiddenvariablesof cardinality 3.

Onecaveatof thisexperimenis thatit is basednrandom
networks, for which the depenenciebetweenvariablesis
often quite weak. As suchit is hardto gaugehow hard
is inferencein this networks. We are currently startingto
applythesemethodgo real-life problemswherewe expect
to improvementover meanfield type methodsto be more
pronounced.

6 Discussion

In this paperwe presentedwo extensionsof structured
variationalmethods—baseoh chaingraphsandadditional
hiddenvariables. Each extensionexploits a representa-



tional featurethat allows to better matcha tractableap-
proximating network to the posterior By perusingsuch
extensionswe hopeto find bettertradeofs betweennet-
work compleity ononehandandtheapproximatiorof the
posteriordistribution on the other

We demonstratedhe effect of usinghiddenvariablesin
synthetic examplesand shawved that learning non-trivial
network with hidden variableshelps the approximation.
We arecurrentlystartinglarger scaleexperimentson hard
real-life problems.

We putemphasi®n presentinginiform machineryin the
derivationsof the threevariantswe considered.This uni-
form presentatiorallows for betterinsightsinto the work-
ings of suchapproximationsand simplifiesthe processof
deriving new variantsfor otherrepresentations.

Oneissuethatwe did notaddresserefor lack of spacds
efficient computation®n the network Q. The usualanaly-
sisfocuseonthemaximaltreewidth of thenetwork. How-
ever, much computation(up to a quadraticfactor) canbe
sared by consciougplanningof orderof asynchronousip-
datesandthepropagatiorof messagem ’sjoin tree.

The grandchallengefor applicationsof suchvariational
methodsis to build automaticprocedureghat can deter
mine what structurematchesbesta given network with
a given query This is a non-trivial problem. We hope
that someof the insightswe got from our derivationscan
provide initial cluesthatwill leadto developmentof such
methods.
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