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Abstract

Globalvariationalapproximationmethodsin graphical
modelsallow efficient approximateinferenceof com-
plex posteriordistributionsby usinga simplermodel.
The choiceof the approximatingmodeldeterminesa
tradeoff betweenthecomplexity of theapproximation
procedureandthequalityof theapproximation.In this
paper, we considervariationalapproximationsbased
on two classesof modelsthatarericher thanstandard
Bayesiannetworks,Markov networksor mixturemod-
els.As such,theseclassesallow to find bettertradeoffs
in the spectrumof approximations.The first classof
modelsarechain graphs, which capturedistributions
that arepartially directed. The secondclassof mod-
elsaredirectedgraphs(Bayesiannetworks)with addi-
tional latentvariables.Both classesallow representa-
tion of multi-variabledependenciesthatcannotbeeas-
ily representedwithin a Bayesiannetwork.

1 Introduction

A centraltaskin usingprobabilisticgraphicalmodelsis in-
ference. Exact inferencealgorithmsexploit the structure
of the modelto decomposethe task. In general,although
the problemis NP-hard,somestructures(e.g., thesewith
boundedtree width) allow efficient inference. When the
model is intractablefor exact inference,we canstill hope
to performapproximateinference(althoughthat problem
is also known to be generallyintractable). One classof
approximationsthat received recentattentionis the class
of variational approximationalgorithms[6]. Thesealgo-
rithms attempt to approximatethe posterior �������
	�� ,
where 	 is an observationof somevariableand � arethe
remainingvariables,by a distribution 
���������� that has
tractablestructure.Using this approximatingdistribution,
we candefinea lower boundon the likelihood ����	�� . The
parameters� thatdefine 
 areadaptedby trying to maxi-
mizethis lowerbound.

Thesimplestvariationalapproximationis themean-field
approximation[8, 9] thatapproximatestheposteriordistri-
butionwith anetwork in whichall therandomvariablesare
independent.As such,it is unsuitablewhentherearestrong
dependenciesin the posterior. SaulandJordan[10] sug-
gestto circumventthis problemby usingstructuredvaria-

tional approximation.This methodapproximatesthe pos-
terior by a distribution composedof independentsubstruc-
turesof randomvariables.This ideacanbegeneralizedfor
variousfactoredforms for 
 , suchasBayesiannetworks
andMarkov networks[1, 11]. Jaakkola andJordan[5] ex-
plore anotherdirection for improving the meanfield ap-
proximation.They proposeto usea mixtureof meanfield
approximationsin orderto approximatemulti-modalpos-
teriors. Both structuredvariationalapproximationandthe
mixture approximationmethodsallow for a more refined
trade-off betweenaccuracy andcomputationalcomplexity.
In the structuredapproximationsmoreaccuracy is gained
by addingstructure,while in themixtureapproximationwe
canincreasethenumberof mixturecomponents.

In this paper, we generalizeand improve on thesetwo
methodsin order to achieve greateraccuracy given the
availablecomputationalresources.The resultingapprox-
imation resultsenhancetherangeof approximatingdistri-
butions and increasethe ability to trade-off accuracy for
complexity.

We startby consideringextensionsof structuredapprox-
imations. CurrentstructuredapproximationuseBayesian
networks or Markov networks asapproximatingdistribu-
tions. Thesetwo classesof modelshave differentexpres-
sive power. We provide uniform treatmentof bothclasses
by examining chain graphs— a classof modelsthat is
moreexpressive thanBayesianandMarkov networks,and
includeseachoneof themasaspecialcase.

Wethenconsiderhow to addextra hiddenvariablesto the
approximatingmodel. This methodgeneralizesboth the
structuredapproximationandthe mixture modelapproxi-
mation. It enablesus to control the complexity of the ap-
proximatingmodelboth throughthestructureandthrough
thenumberof valuesof thehiddenvariables.Theextrahid-
denvariablesalsoenableusto maintainthedependency be-
tweendifferentvariablesbut control the level of complex-
ity, thuskeepingthe dependenciesin a compressedman-
ner. As straightforwardinsertionof extra hiddenvariables
to the variationalapproximationframework resultsin an
intractableoptimizationproblem,we needto combinead-
ditional approximationsteps.We presenta naturalgener-
alizationof methodssuggestedby JaakkolaandJordan[5]



for mixturesof meanfield models.

2 Variational Approximation with Directed
Networks

Structuredapproximationsapproximatea probability dis-
tribution usingprobabilitydistribution with non-trivial de-
pendency structure. We re-derive standardstructuredap-
proximationschemeswith Bayesiannetworks(suchasthe
onesin [4, 10, 11]) usingtools thatwill facilitatelaterde-
velopments.

Supposewearegivenadistribution � overthesetof ran-
dom variables��� ������������� �!�
" � . Let #�$%� be the
subsetof observed variables.We denoteby �&�'�)(*#
thesetof hiddenvariables.Our taskis to approximatethe
distribution �����+�,	�� by anotherdistribution 
������-��� ,
where� is thesetof parametersfor theapproximatingdis-
tribution 
 .

In this paper, we focus on approximatingdistributions
representedby discretegraphicalmodelssuchasBayesian
networks andMarkov networks. That is, we assumethat���.��������� �/��" � arediscreterandomvariablesandthat � has
a factorizedform ����01�2� 34-576�8:9 8 ��; 8 � (1)

Where< � ���=�>� <@? aresubsetsof � . This representationcan
be a Bayesiannetwork (in which case,each 9 8 is a con-
ditional distribution) or a Markov network (in which case,
each9 8 is apotentialoversomesubsetof � ).

Theapproximatingdistributionwill berepresentedasan-
other graphicalmodel 
����A�*��� . Oncewe specify the
form of this model,we wish to find the setof parameters� thatminimizesthe distancebetween
����B�C��� andthe
posteriordistribution �������D	E� . A commonmeasureof
distanceis the KL divergence[2] between
����&�F��� and
theposteriordistribution �����G�H	�� . This is definedasI ��
����J��� � �����K��	��!�-�MLONFP=QSRUTWV>XZY 
����J������[��	E�]\ (2)

Finding the parametersfor 
 will allow us to computea
lower boundfor V>XZY2����	�� . To seethis, we definea func-
tional ^ of thegeneralform:^@_ 
`��aHbC�cLdNFP�egf hiR T V=XjY ����� � a � 	��
����[��aj�J\
where a is anevidencevectorassignedto a subsetkmln� ,
and 
��poU�Faj� is a shorthandfor 
����q�Faj� . (The reasons
for usingadditionalevidencein thedefinitionwill beclear
shortly.) In thespecialcasewhere kr�ts , ^ becomes^u_ 
UbE�cL N T V>XZY ����� � 	E�
����J� \

We caneasilyverify that

V>XZY2����	��-�M^@_ 
Ubwv I �x
�� � �y�Dz{^@_ 
Ub
The inequality is true becausethe KL divergenceis non-
negative. Hence, ^u_ 
Ub is a lower bound on the log-
likelihood. The differencebetween ^@_ 
Ub and the true
log-likelihoodis the KL-divergence.Minimizing the KL-
divergenceis equivalentto findingthetightestlowerbound.

A simpleapproximationof this form usesa distribution
 thatis aBayesiannetwork
��}|]�-� 6�~ ����� ~ ��� ~ �-� 6i~n����� f � � (3)

where � ~
denotestheparentsof

� ~
in theapproximating

network, and �]��� f � � aretheparametersof thedistribution.
The computationalcomplexity of calculatingthe lower

bounddependson the complexity of inferencein 
 and
on the domainsizeof the factorsof � . To seethat let us
rewrite ^u_ 
Ub in a factorizedform.

Lemma 2.1: If 
��}|]�2�c� ~ �]� � f � � , then^u_ 
��Ha�b�� � 8 LdNFP�egf hiRC_ V=XjY 9 8 ��< 8 � 	E��b���V>XZY 4 5��� ~ LdNFP}egf h�R���V=XjY ��� � f � �i� ��v�V=XjY�
���a��
where 9 8 ��< 8 � 	�� representsa randomvariablewhosevalue
is 9 8 ��; 8 � if ; 8 is consistentwith 	 ; otherwiseit is � .

Our goal is to find a set of parametersmaximizing ^
while conforming to the local normalizationconstraints.
Theoptimalparametersfor 
 arefoundby writing theLa-
grangianfor thisproblemanddifferentiatingit with respect
to them.TheLagrangianis�D��� ��^@_ 
Ub���� ~ � � ��� � ���� � ��� ����� f � � � 3�� 
To differentiatetheLagrangianwe shallusethe following
technicalresult.

Lemma 2.2: Let 
��}|]�-� � ~ ����� f � � , then¡ L N _ ¢£�xk¤��b¡ ����� f � � �t
���� ~ � o LdN-P}egf � �¦¥ � � RE_ ¢£�xk¤��b�vUL N T ¡ ¢£�xk¤�¡ ����� f � � \
Corollary 2.3:¡ ^u_ 
Ub¡ ����� f � � �c
���� ~ �,o��}^@_ 
m�]� ~ � � ~ b§�¨V=XjY�
���� ~ � � ~ �£� 3 �
Notethat V>XZY�
��}� ~ � � ~ �D�©V=XjY�
���� ~ �Sv�V>XZY ����� f � � . Equat-
ing the derivative of the Lagrangianto zeroanddividing
bothsidesby 
���� 8 � andthenrearranging,we get����� f � � � 34 � � o�ª�«�¬i­ P � � ¥ � � R (4)



where
4 � � is a normalizationconstant,and® �¯� �}� ~ � � ~ �2�n^@_ 
m�]� ~ � � ~ b��¨V=XjY�
���� ~ � (5)� LdN-P}egf � ��¥ � � R±°²i� 8 V=XjY 9 8 ��< 8 � 	E�£�t�~!³�´µ ~ V>XZY �]� � ³ f � � ³x¶·�@V=XjY 4F5

To betterunderstandthis characterization,we examine
theterm ^@_ 
m�]� ~ � � ~ b . It is easyto verify thatI �x
����[�]� ~ � � ~ ��� � �����G�]� ~ � � ~ � 	E�/�2��¸^@_ 
��]� ~ � � ~ bwv�V=XjY2���}� ~ � � ~ � 	E�
Thus, ^@_ 
'�¹� ~ � � ~ b is a lower boundon V>XZY����}� ~ � � ~ � 	�� .
This suggeststhatEq. 4 canbe thoughtof asapproximat-
ing ����� ~ ��� ~ � 	�� by ��� � f � � . If we replace

® ��� �}� ~ � � ~ �
by V>XZY������ ~ � � ~ � 	�� in this equation,we would get that����º f � º �M����� ~ ��� ~ � 	�� . �

In order to find optimal parameters,we canusean iter-
ative procedurethat updatesthe parametersof onefamily
on eachiteration. An asynchronousupdateof theparame-
tersaccordingto Eq.4 guaranteesa monotonicincreasein
thelower bound ^u_ 
Ub andconvergesto a local maximum.
This is aconsequenceof thefactthat,for every » andevery
assignmentto the parents� ~ , ^ is a concave function of
the setof parameters

� ��� � f � � �,� ~:¼¾½j¿]À � � ~ �¦� . There-
fore,thestationarypoint is aglobalmaximumwith respect
to thoseparameters.Theconcavity of ^ follows from the
factthatthesecondorderpartialderivativesarenegative¡�Á ^¡ ����� f � � Á �©� 3��� � f � � 
���� ~ �DÂ{�
andthemixedpartialderivativesareall zero.

Thecomplexity of calculating
® ���

asdefinedin Eq.5 is
determinedby thenumberof variables,thesizeof thefam-
ilies in � andby the complexity of calculatingmarginal
probabilitiesin 
 . It is importantto realizethatnot all the
termsin this equationneedto be computed. To seethis
we needto considerconditional independenceproperties
in 
 . We saythat

�
is independentof Ã given Ä in 
 ,

denoted
G� �tÅZÆ ½ � ��Ç ÃÈ��Ä�� , if 
�� � �HÉ �!Ê �Ë�Ì
�� � � Ê �
for all values É and

Ê
of Ã and Ä . If 
 is a Bayesian

network, we candeterminesuchindependenciesusingd-
separation [7]. Now, supposethat 
[� �tÅZÆ ½ � � ~ Ç k)�j� ~ � ,
i.e., 
���a'�J� ~ � � ~ �Í�Î
���a'�±� ~ � . Terms of the formLdN-Pgh�f ��� ¥ � � RE_ ¢£��aj��b canbe ignoredin the updateequations
sincethey changethenew parametersby a constantfactor
which will be absorbedin

4 � � . Thereforewe canreduce
theamountof computationsby definingthesetsof indices
of thefactorsthatdependon

� ~
given � ~

asfollows:ÏÑÐ~ � � »-�j
)Ò� �MÅjÆ ½ � � ~ Ç < 8 �H� ~ ���ÏyÓ~ � �¦ÔjÕ Ò� Ô ��
GÒ� �cÅZÆ ½ � � ~ Ç!� ~ ³ � � ~ ³ ��� ~ ���Ö
Notethattheterm ×�Ø�Ù£Ú*Û}ÜwÝ�Þ in ßjàZá�Ûãâ�Ý�äpÜ¹Ý�Þ canbeignored,

sinceit is absorbedby the normalizingconstant.We include it
above to simplify thedecompositionof ß àHá Ûãâ Ý äpÜ Ý Þ .
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(a) (b) (c)

Figure1: (a)A Bayesiannetworkwith anobservedvariable
(
� �

). (b) A representationof theposteriordistributionasa
chaingraph.(c) anapproximatingchaingraphnetwork.

We canthenredefine
® ���

to be® �¯� �}� ~ � � ~ �A� �8��	��
� LdN-P}egf � ��¥ � � RE_ V>XZY 9 8 ��< 8 � 	E��b§��~ ³��	�
�� LdNFP}egf ��� ¥ � � R�_ V>XZY�
�� � ~ ³ ��� ~ ³ ��b
Dependingon thedecompositionof 
 , this formulamight
involvemuchfewertermsthenEq.5. For example,in mean
field approximation,

ÏÑÐ~
includesonly potentialsthat in-

clude
� ~

, and
ÏyÓ~

is empty.
Similar derivationcanbemadewhen 
 is a Markov net-

work. The main differenceis that in Markov networks
thereis a global constraint(definedby the partition func-
tion) ratherthen local onesfor eachconditionaldistribu-
tion. Dueto spaceconsiderationswe omit thedetails,and
refertheinterestedreaderto [11].

3 Chain Graph Approximations

As is well known, the classesof distributions that can
be representedby Markov networks andby Bayesiannet-
worksarenotequivalent.Therefore,for somedistributions
thebesttractableapproximationsmight be representedby
Bayesiannetworkswhile for otherdistributionsthebestap-
proximationis a Markov network. We cangainmoreflex-
ibility in choosingan approximatingdistribution by using
a more generalclassof probability modelsthat can cap-
turethedependency modelsimpliedby Bayesiannetworks,
Markov networksanddependency modelsthatcanbecap-
turedby neitherof them.

To considera concreteexample, supposethat � is a
Bayesiannetwork. Whatis theform of theposterior�����G�	E� ? For a concreteexample,considerthenetwork of Fig-
ure1(a). When,we observe thevalueof

� �
, we createde-

pendenciesamongthevariables� � � � Á , and ��� . Theposte-
rior distributionisneitheraBayesiannetworknoraMarkov
network (becauseof the v-structurein the parentsof ��� ).
Instead,we canwrite this posteriorin theform:� ��� �]� � Á � � � �p����� � �/����� Á ���S��� � ���S�������p����� � ��� � � ���]�
where

� ��� ��� � Á � � � �2� �5 P����/R ��� ¿ � ��� �]� � Á � � � � is a poten-
tial thatis inducedby theobservationof

¿ �
.

A naturalclassof modelsthat hasthis generalform are
chain graphs [3]. Sucha model factorizesto a product
of conditionaldistributions and potentials. Formally, we



definea chaingraphto have for eachvariablea (possibly
empty)setof parents,andin additionto have a setof po-
tentialsonsomesubsetsof variables.

Whenwe represent
 asa chaingraph,we will have the
generalform:
����J�2� 34 N 6 ~ 
���� ~ ��� ~ � 6 ? � ? ��� ? �
where,as before, � ~

are the directedparentsof
� ~

. In
addition,

� ? arepotentialfunctionson subsetsof � , and4 N � �"! � ~ 
��}� ~ �U� ~ � � ? � ?w�#�Ë?H� is a normalizing
function that ensuresthat the distribution sumsto

3
. Fig-

ure 1(b) shows the chaingraphthat representsthis factor-
ization.

It is easyto checkthat if � is a Bayesiannetwork, then�������Ë	�� can be representedas a chain graph(for each
variable

� ~
in # , adda potentialover theparentsof

� ~
).

In contrast,it is easyto build exampleswheretheposterior
distribution cannotbe representedby a Bayesiannetwork
without introducingunnecessarydependencies.Thus,this
classof modelsis, in somesense,a naturalrepresentation
of conditionaldistributionsin Bayesiannetworks.

This argumentsuggeststhatby consideringchaingraphs
we can representapproximatedistributions that aremore
tractablethan the original distribution, yet are closer to
the posteriorwe want to approximate.For example,Fig-
ure 1(c) shows a simple examplefor a possibleapproxi-
matenetwork for representingtheposteriorof thenetwork
of Figure1(a). In thisnetwork therearetwo potentialswith
two variableseach,ratherthanonewith threevariables.

Giventhestructureof theapproximatingchaingraph,we
wish to find the set of parametersthat maximizes ^@_ 
Ub ,
the lower boundon the log-likelihood. As usual,we need
to definea Lagrangianthat capturethe constraintson the
model. Theseconstraintscontainthe constraintsthat ap-
pearedin theBayesiannetwork case,and,in addition,we
requirethateachpotentialsumsup to one:� h%$ � ? ��& ? �-� 3('*)
To understandthis constraint,notethat the eachpotential
canbe scaledwithout changing
 , sincethe scalingcon-
stant is absorbedin

4 N . Thus, without constrainingthe
scaleof eachpotentialthereis a continuumof solutions,
andthemagnitudeof valuesin thepotentialscanexplode.

Puttingthesetogether, theLagrangianhastheform:�,+�- ��^@_ 
Ub/� � ~ � � º � � � � ��� �]��� f � � � � ? � ? � h%$ � ? ��& ? �
The main differencefrom the Bayesiannetwork approxi-
mationis in theform of theanalogueof Lemma2.2. In the
caseof chaingraphs,we alsohave to differentiate

4 N , and
sowegetslightly morecomplex derivatives.

Lemma 3.1: If 
 is a chaingraphover � , then¡ L N _ ¢£��k¤��b¡ ����� f � � �ML N T ¡ ¢£�xk¤�¡ �]��� f � � \v 
��}� ~ � � ~ ������ f � � o/.xLdNFP�egf � �¦¥ � � RE_ ¢£��k±� b§�:L N _ ¢£�xk¤��b�0¡ L N _ ¢£��k¤��b¡ � ?w��&�?Z� �ML N T ¡ ¢£�xk¤�¡ � ?¹��&�?H� \v 
���a ? �� ? ��& ? � o . LdNFP}egf h%$ RE_ ¢£�xk¤��b§�¨L N _ ¢£��k±� b 0
Note thatwhenwe differentiatêu_ 
Ub we get two terms.

Thefirst, is ^u_ 
m�]� ~ � � ~ � b asbefore,andtheotheris ^@_ 
Ub .
However, since ^u_ 
Ub doesnot dependon thevalueof � ~ ,
it is a absorbedin the normalizingconstant

4 � � . Thus,
thegeneralstructureof thesolutionremainssimilar to the
simplercaseof Bayesiannetworks:��� � f � � � 34 � � ª «�1%2 P � ��¥ � � R� ?w��&�?Z�A� 34 h3$ ª « 1%2 Pgh%$¦R
where® +�- �}� ~ � � ~ � � ^@_ 
m�]� ~ � � ~ b§�¨V=XjY�
���� ~ � � ~ �1v�V=XjY ����� f � �® +4- ��a ? � � ^@_ 
m��a ? b§�¨V>XZY�
���a ? �Sv7V>XZY � ? ��& ? �

To get an explicit form of theseequations,we simply
write the chain-graphanalogueof Lemma2.1 which has
similar form but includesadditionalterms. As in thecase
of Bayesiannetwork, we caneasilyidentify termsthatcan
dependon thevalueof � ~ , andfocusthecomputationonly
on these.This is astraightforwardextensionof theideasin
Bayesiannetworks,andsowe omit thedetails.

4 Adding Hidden Variables

Structuredapproximationswerethefirst methodproposed
for improving themeanfield approximation.Jaakkola and
Jordan[5] proposedanotherway of improving the mean
field approximation: to usemixture distributions, where
eachmixturecomponentis representedby a factorizeddis-
tribution. The motivation for using mixture distribution
emergesfrom thefact thatin many casestheposteriordis-
tribution is multi-modal, i.e. thereareseveral distinct re-
gionsin thedomainof thedistribution with relatively high
probabilityvalues.If thelocationof thedifferentmodesof
the distribution dependson the valuesof severalvariables
than the meanfield approximationcan not capturemore
thanonemode.

Recallthatthemeanfield approximationusesagraphical
model in which all the variablesin � are independentof
eachother. Thus,we canthink of it asa Bayesiannetwork
withoutedges.Themixturedistributionapproximationcan
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Figure2: (a) A simpledynamicBayesiannetwork thatdescribea temporalprocess.Time progressesto the right. Each
vertical “slice” describevariablesthat exist in the sameinstance. (b) and (c) are two approximatingnetworks for the
distribution representedby the network (a) with extra hiddenvariables. (b) Edgeswithin a time slice are maintained.
Correlationsbetweentime slice are modeledthroughthe introductionof the hiddenvariableset

��¿ " �ÁÀ" µ � . (c) Edges
betweentime slicesaremaintained.Correlationsbetweenthethreechainsaremodeledthroughthehiddenvariables

¿ �
,¿ Á

and
¿ � .

be viewed as one that usesa Bayesiannetwork over the
variables � and an extra variable

¿
, such that

¿
is the

parentnodeof each
� ~:¼ � . As before,the parameters

of the mixturedistribution couldbe foundby maximizing
the lower boundof the log likelihoodaspresentedin Sec-
tion 2. Unfortunately, usingthis techniquein a straightfor-
wardmannerwouldnothelpussincetheextrahiddenvari-
ablesintroducescorrelations,which leave uswith anopti-
mizationproblemwhosecomplexity is at leastasgreatas
thisof theoriginal inferenceproblem.JaakkolaandJordan
overcamethis problemby introducinganothervariational
transformationresultingin anotherlower boundto the log
likelihood[5].

In this section,we generalizethe ideasof Jaakkola and
Jordan,andshow a methodwherewe canperformstruc-
turedapproximationwith distributions 
 that aredefined
over �ÃÂÅÄ , whereÄ is asetof hiddenvariablesthatdidnot
appearin theoriginaldistribution. (For clarity, wefocuson
thecaseof Bayesiannetworks,althoughsimilar extension
canbeappliedto chaingraphsaswell.)

Giventhedistribution �����u� andevidence	 we shallap-
proximatetheposterior�����G��	�� with anotherdistribution
����J� � �"Æ 
���� �ÈÇ � . This distribution is definedover
the variableset �ÉÂÊÄ where Ä is a setof extra hidden
variables.Our taskis to find theparametersof 
 thatwill
maximizethelowerbound̂@_ 
�b .

Figure2(b)and(c) aretwo examplesof possibleapprox-
imationsfor thedistribution that is representedby thenet-
work in Figure2(a). Recall the structuredapproximation
for thisnetwork modeledtheapproximatingdistributionby
a network with threeindependentchains. In thenetworks
presentedhere,thecorrelationsaremaintainedthroughthe
hiddenvariables. In Figure 2(a) we addedan extra hid-
denvariablefor every timeslice.Thecorrelationsbetween
time slicesaremaintainedthroughthosehiddenvariables.
The edgeswithin a time slice are maintainedin order to
preserve intra-timedependencies.In Figure2(b) we main-

tainedthe edgesbetweenthe time slicesandaddedextra
hiddenvariablesfor every chain. Correlationsamongthe
chainsaremaintainedby theconnectionsbetweenthehid-
denvariables.

Anotherperspectiveof thepotentialof extra hiddenvari-
ableswassuggestedby Jaakkola andJordan[5]. We can
easilyextendit to our case.This is doneby reexamination
of thelowerbound̂u_ 
Ub .
Lemma 4.1: Let 
����±�-� �ËÆ 
���� �ÌÇ � , then^@_ 
UbE�cLdNFPÎÍDRE_ ^@_ 
m��Ä b>bwv�Å§��� Ç Ä �
where Å§��� Ç Ä ���cL NËÏ V=XjY NFP>Q2f Í�RNFP=QSRÑÐ is themutualinforma-

tion between� and Ä .

Thefirst termis anaverageonlowerboundsthataregained
without introducingextra hiddenvariables.The improve-
mentarisesfrom the secondterm. Given the structureof
theapproximatingnetwork without extra hiddenvariables,
the lower boundcanbe improved if thereareseveral dif-
ferentconfigurationsof theparametersof thesub-network
definedon � thatachieve lower boundsthatarenearopti-
mal. Using an extra hiddenvariablesetto combinethese
configuration,will improvethelowerboundby theamount
of themutualinformationbetween� and Ä .

As describedabove, in the presenceof hiddenvariable,
the optimizationof the functional ^@_ 
Ub is morecomplex.
Thesourceof thesecomplicationsis thefact that V>XZYD
��}|]�
doesnot decompose.Thereforewe shall relax the lower
bound.We startby rewriting ^u_ 
Ub as^@_ 
�b��ML N T>V>XZY ����� � 	E�
���� � Ä@�H\ �ÓÒ���Ä �H�J�
This first termdoesdecompose.Theremainingtermis the
conditionalentropy

Ò���Ä ���±� � L N TWV>XZY 
����J�
���� � Ä@�H\



Insteadof decomposingthis term,wecancalculatea lower
boundfor it by introducingextra variationalparameters.
Thenew parametersarebasedon theconvexity bound[6]�uV>XZY��}�E�Ëzt� � �¤v�V=XjY§� � �1v 3

(6)

We canusethe convexity boundby addingan extra vari-
ationalparameterÔ
�}| �ÈÇ � for every assignmentto �ÕÂÖÄ .
Applying Equation6 for every term in the summationof
theconditionalentropy, we geta lower boundfor thecon-
ditionalentropy:�,Ò���Ä �H�±�z L N T��,Ô
��| �ÈÇ � 
���|��
���| �ÈÇ � v�V=XjY×Ô
�}| �ÌÇ �Sv 3 \� ��� ! ¥ Æ Ô
�}| �ÌÇ �/
��}|��,v�L N _ V>XZY×Ô
��| �ÈÇ ��b�v 3
Obviously, if weaddadistinctvariationalparameterfor ev-
ery assignment| �ÈÇ , theconditionalentropy canberecov-
eredaccurately. Unfortunately, this settingleavesus with
an intractablecomputation.In orderto reducethecompu-
tationalcomplexity of the lower bound,we assumethat Ô
hasa similar structureto thatof QÔ
�}| �ÌÇ �2� 6 ~"Ø ��� ¥ � �

We definethelowerboundon ^ asa new functional:Ù _ 
 � Ô���a�bq� LdN-P}egf h�RUTWV>XZY ����� � a � 	E�
���� � Ä ��a���\� � Æ LdNFP>Q2f h�R�_ Ô
��� �ÌÇ ��bvULdN-P}egf h�R�_ V>XZY×Ô
��� � Ä ��b�v 3
We now candefinetheLagrangianwith thedesiredcon-

straints: �×Ú � Ù _ 
 � ÔÑb�� � ~ � � ��� � � � ��� ����� f � �
UsingLemma2.2,andthenapplyingtheconstraints,we

gettheupdateequationsfor �]��� f � � :����� f � � � 34 � � o�ª]«ÜÛ P � �¦¥ � � R (7)

Where ® Ú �}� ~ � � ~ �-� Ù _ 
 � Ôr�]� ~ � � ~ b���V>XZY���� ~ �
As usual,wecandecomposethis termto asumof terms:® �}� ~ � � ~ �-� � 8 LdNFP�egf � �¦¥ � � RE_ V>XZY 9 8 ��< 8 � 	E��b� �~ ³ ´µ ~ LdNFP�egf ��� ¥ � � RE_ V>XZYË
�� � ~ ³ ��� ~ ³ � bv � ~ ³ LdNFP�egf ��� ¥ � � RE_ V>XZY×Ô
� � ~ ³ ��� ~ ³ ��b� � Æ LdNFP>Q2f � �¦¥ � � RE_ Ô
��� �ÌÇ ��b

theexpression
® Ú

is similarto theoneobtainedfor thesim-
pler structuralapproximation,exceptfor thelasttwo terms
thatarisefrom thelowerboundonthenegativeconditional
entropy. To evaluatethe term � Æ LdNFP>Q2f ��� ¥ � � RE_ Ô
��� �ÌÇ ��b
we perform variable-eliminationlike dynamic program-
mingalgorithm.

To completethe story, we needto considerthe update
equationsfor the parametersof Ô . Simpledifferentiation
resultsin theequation

Ø ��º ¥ � º � Ø ��º ¥ � º�Ë! ¥ ÆÞÝ ß ��� ¥ � � Ô
�}| �ÌÇ �/
��}|�� 
���� ~ � � ~ � (8)

Where the term | �ÈÇ � � � ~ � � ~ denotesassignmentsto� � � Ä�� that are consistentwith � ~ � � ~ . Note that Ø ��º ¥ � º
doesnot appearin theright handside(sinceit cancelsout
in the fraction). Again, we can efficiently computesuch
equationsusingdynamicprogramming.

The Lagrangianis a convex function of both ��� � f � � andØ ��� ¥ � � . Therefore,asynchronousiterationsof Equation8
andEquation7 improve the lower boundandwill eventu-
ally convergeto astationarypoint.

5 Examples

To evaluateour methodswe performeda preliminarytest
with syntheticdata. We createddynamic Bayesiannet-
works with the generalarchitectureshown in Figure2(a).
All the variablesin thesenetworks are binary. We con-
trolled two parameters: the number of time slices ex-
panded,andthenumberof variablesin eachslice. Thepa-
rametersof networksweresampledfrom a Dirichlet prior
with hyperparameter

�Á . Thus,therewassomebiastoward
skewed distributions. Our aim was to computethe like-
lihood of the observation in which all observed variables
weresetto be0. We repeatedthesetestsfor setsof 20 net-
workssampledfor eachcombinationof thetwo parameters
(numberof timeslicesandnumberof variablesperslice).

We performedvariationalapproximationto theposterior
distributionusingthreetypesof networkswith hiddenvari-
ables:The first two typesarebasedon the “vertical” and
“horizontal” architecturesshown in Figure2(b)and(c). We
considerednetworkswith

3
, à , and á valuesfor thehidden

variable. (Note that whenwe considera hiddenvariable
with onevalue,we essentiallyapplytheBayesiannetwork
structuredapproximation.)Thethird typearenetworksthat
representmixture of meanfield approximations.For this
typewe considerednetworkswith

3
, â and ã mixturecom-

ponents(Whenthereis onemixturecomponenttheapprox-
imation is simply meanfield). We run eachprocedurefor
10 iterationsof asynchronousupdates.This seemsto con-
verge on most runs. To avoid local maxima,we tried 10
different randomstartingpoints in eachrun andreturned
thebestscoringone.

Thefigureof merit for ourapproximationsis thereported
upper-boundon the KL-divergencebetweenthe approxi-
mationandthe true posterior. This is simply V=XjY2����	E�D�
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Figure3: Comparisonof thetwo approximatingstructuresof Figure2 andmixtureof meanfields. Thefigureson theleft
columnreport resultsfor the mixture of meanfields approximation,with 1, 4, and6 mixture components.The figures
on the middle columnreport resultsfor the network structurecontainingadditionalhiddenvariablefor eachtime slice
(Figure2(b)) with hiddenvariableswith 1, 2, and3 values.Thefigureson theright columnreportresultsfor thenetwork
structurecontainingadditionalhiddenvariablefor eachtemporalchain(Figure2(c)) with hiddenvariableswith 1, 2, and
3 values.Thefigureson the top row reporton approximationto networkswith 3 variablesper time sliceandthefigures
on thebottomrow reporton networkswith 4 variablespertimeslice.The � -axiscorrespondsto thenumberof time slices
in thenetwork. The ä -axiscorrespondsto theupper-boundon theKL-divergenceV>XZY2����	��,� Ù N _ 
 � ÔÑb normalizedby the
numberof time slicesin thenetwork. Linesdescribeto medianperformanceamong20 inferenceproblems,anderrorbars
describe25-75percentiles.

Ù N _ 
 � ÔÑb . (Theexamplesaresufficiently small,sothatwe
cancomputeV=XjY�����	E� .) We needto examinethis quantity
sincedifferent randomnetworks have different valuesof����	E� andsowe cannotcomparelowerbounds.

Figure3 describestheresultsof theseruns.As wecansee
the differencesgrow with the numberof time slices. This
is expectedastheproblembecomesharderwith additional
slices. The generaltrend we seeis that runs with more
hiddenvaluesperformbetter. Thesedifferencesaremostly
pronouncedin thelargernetworks.This is probablydueto
thehighercomplexity of thesenetworks.

Thecomparisonto mixtureof meanfieldsapproximation
showsthatsimplemeanfield (1 component)is muchworse
thanall the othermethods.Second,we seethat although
mixturesof meanfield improvewith largernumberof com-
ponents,they arestill worsethanthestructuredapproxima-
tionsonthenetwork with 3 variablesperslices.Webelieve
that thesetoy examplesarenot sufficiently large to high-
light the differencesbetweenthe different methods. For
example,differencesstart to emerge whenwe examine6

and7 timeslices.
Our implementationof thesevariationalmethodsis not

optimizedand thus we do not believe that running times
areinformativeon thesesmallexamples.Nonetheless,we
note that runningmixturesof meanfields with 6 compo-
nentstook roughlythesametimeasrunningthestructured
approximationswith hiddenvariablesof cardinality3.

Onecaveatof thisexperimentis thatit is basedonrandom
networks, for which the depenenciesbetweenvariablesis
often quite weak. As suchit is hard to gaugehow hard
is inferencein this networks. We arecurrentlystartingto
applythesemethodsto real-lifeproblems,whereweexpect
to improvementover meanfield type methodsto be more
pronounced.

6 Discussion

In this paperwe presentedtwo extensionsof structured
variationalmethods—basedonchaingraphsandadditional
hidden variables. Each extensionexploits a representa-



tional featurethat allows to bettermatcha tractableap-
proximatingnetwork to the posterior. By perusingsuch
extensionswe hopeto find better tradeoffs betweennet-
work complexity ononehandandtheapproximationof the
posteriordistributionon theother.

We demonstratedthe effect of usinghiddenvariablesin
syntheticexamplesand showed that learning non-trivial
network with hidden variableshelps the approximation.
We arecurrentlystartinglargerscaleexperimentson hard
real-life problems.

Weputemphasisonpresentinguniformmachineryin the
derivationsof the threevariantswe considered.This uni-
form presentationallows for betterinsightsinto thework-
ings of suchapproximationsandsimplifiesthe processof
deriving new variantsfor otherrepresentations.

Oneissuethatwedid notaddressherefor lackof spaceis
efficient computationson thenetwork 
 . Theusualanaly-
sisfocusesonthemaximaltreewidth of thenetwork. How-
ever, muchcomputation(up to a quadraticfactor)canbe
savedby consciousplanningof orderof asynchronousup-
datesandthepropagationof messagesin 
 ’s join tree.

The grandchallengefor applicationsof suchvariational
methodsis to build automaticproceduresthat can deter-
mine what structurematchesbest a given network with
a given query. This is a non-trivial problem. We hope
that someof the insightswe got from our derivationscan
provide initial cluesthatwill leadto developmentof such
methods.
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