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Expert advice often extends beyond a simple recommendation, includ-
ing information about alternative options. To explore the role of this
referential advice, we enrich the expert’s informational advantage in a
canonical model of communication with hard information. We show that
when constructed just right, referential advice dissuades the decision
maker from choosing options other than the recommendation, thereby
making the recommendation itself more persuasive. We identify an equi-
librium in which, with probability 1, the expert is strictly better off pro-
viding referential advice than she is in any equilibrium in which she pro-
vides a recommendation alone.
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I. Introduction

Advice takes many forms. A common form is for an expert to simply offer
a recommendation: a librarian recommends a book, a travel agent rec-
ommends a tour, or a sales assistant recommends a pair of shoes. In many
situations, however, an expert does not limit herself to only a recommen-
dation. Instead, the expert provides advice that is more expansive and
that conveys information about options beyond the one recommended.
This richer, contextual advice—what linguists refer to as referential infor-
mation (Jakobson 1960)—is particularly relevant when the expert pos-
sesses complex knowledge. For instance, in addition to recommending
a treatment, a doctor will often discuss alternative treatments and why
she does not recommend them. Similarly, a mechanic might detail likely
outcomes should a car owner undertake only superficial repairs instead
of the more extensive and expensive ones she does recommend.

The role that referential information plays in the supply of expert ad-
vice has not previously been examined. As such, it is unclear whether ref-
erential information plays a meaningful role in communication or whether
it is superfluous or even babbling. The objective of this paper is to offer
the first analysis of referential information and address these questions.

In a model of hard (verifiable) information, we show that referential
advice fundamentally changes the nature of strategic communication.
By supplying referential advice in just the right way, the expert is able
to leverage her expertise and systematically sway decisions in her favor.
We identify an equilibrium in which the expert provides referential ad-
vice and obtains a payoff that is strictly higher than in any equilibrium
in which she provides only a recommendation. This equilibrium implies
that the mechanic, by providing referential advice, is able to induce the
owner to spend more money on repairs, regardless of the true damage
to a car, than were she to provide a recommendation alone.

To begin to understand the role of referential advice, we need to exam-
ine more deeply what it means to be an expert. In the classical formula-
tions of Milgrom (1981) and Crawford and Sobel (1982), expertise is
modeled as a single piece of information that the expert alone possesses.
This formulation provides no space for referential advice. Because the
same single piece of information affects all options (often in an identical
way), advice about one option is necessarily advice about all options.
Moreover, this simple view of expertise conflicts with how expertise is com-
monly understood. Weber (1922) emphasizes that the gap in knowledge
between an expert and a decision maker is large and that itis this gap that
provides the source of an expert’s power.'

' Gerth and Mills (1958, 232) remarked, “Under normal conditions, the power position
of a fully developed bureaucracy is always overtowering. The ‘political master’ finds himself
in the position of the ‘dilettante’ who stands opposite the ‘expert.””



THE POWER OF REFERENTIAL ADVICE 3075

Taking inspiration from Weber, we build a model that broadens the
conception of what it means to be an expert. Specifically, we suppose
that each option is associated with a unique state variable that deter-
mines the outcome of that option and that the states are imperfectly cor-
related. The expert knows these states but the decision maker does not,
and the gap between them is large.” The degree of correlation across
what the expert knows measures the complexity of her expertise.

The key novelty of this approach is that it allows the expert to commu-
nicate precisely yetimperfectly. This matters because it implies that the in-
formation that spills over from the recommendation to other options is
incomplete. Informational spillover that is incomplete resonates more
closely with expertise in practice. It says that in recommending a treat-
ment for migraines, for example, a doctor reveals some information about
the likely outcome of similar treatments but does not reveal all of her
expertise.

This contrasts with the canonical formulation in which informational
spillover is complete. An expert who communicates precisely also com-
municates perfectly. The expert is unable to use her information to make
a precise recommendation without revealing all of her expertise to the
receiver and, in effect, rendering the receiver an expert. This leads to
the seminal result of the hard information literature—the famous unrav-
eling result—that in the unique equilibrium, the expert’s information ad-
vantage unravels and she fully reveals her information to the decision
maker (Grossman 1981; Milgrom 1981; see also Matthews and Postlewaite
1985; Milgrom and Roberts 1986; Seidmann and Winter 1997). As aresult,
the expert retains no leverage and the decision that is made aligns fully
with the preferences of the decision maker.

Our richer notion of expertise provides the expert with greater ability
to keep her information private, to use her information and protect it at
the same time. We show that she is able to do this to the maximal extent.
We identify a continuum of equilibria in which the expert reveals the
minimum amount of information to influence decision making—that
is, the outcome of a single state variable. The option that is revealed con-
stitutes a recommendation—what linguists refer to as the conative func-
tion of language (Jakobson 1960)—and the decision maker follows the
recommendation.

The existence of recommendation-only conative equilibria implies
that complex expertise does not necessarily imply complex communica-
tion. A doctor can, despite her extensive knowledge, simply recommend
a treatment and know that the patient will follow her advice. As these

* The gap in knowledge may go the other way as well if the receiver has information
about his preferences that the expert does not. We do not explore this possibility here.
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equilibria maximize the expert’s ability to shield her information from
the decision maker, it may be reasoned that they are the expert’s pre-
ferred equilibria. We show, however, that this is not the case and that
she can do strictly better with referential advice.

The expert’s leverage is limited in conative equilibria because informa-
tional spillovers, while imperfect, still exist. The decision maker can take
the information in a recommendation and, though unsure about what it
implies about other options, use the information it does reveal to find a
better alternative. A cautious doctor, for example, has limited ability to
persuade because when she recommends 4 weeks of physiotherapy for
a knee injury, the less cautious patient can infer that his injury is not
life-threatening or even permanently disabling and instead decide that
a few sessions are enough. This allows the decision maker to extract the
surplus from expertise. We show that in the case in which the decision
maker has quadratic utility, the expected decision in the receiver-optimal
conative equilibrium is equal to what the decision maker would choose in
the absence of expertise. This means that a risk-neutral expert is, at best,
indifferent between providing conative advice and not having expertise
at all.®

Referential advice allows the expert to avoid this fate. By supplement-
ing her recommendation with referential advice, the expert is not so
much able to avoid information spillover but to redirect it in her favor.
To understand how, it is important to understand that effective commu-
nication is a process of both persuasion and dissuasion. To persuade the
decision maker to follow a recommendation, the expert must simulta-
neously dissuade him from choosing another option. Referential advice
allows the expert to separate these tasks. The recommendation persuades
and the referential advice dissuades. A recommendation alone cannot
carry the weight of both tasks.

Although some referential equilibria benefit the expert, notall do. Full
revelation is an equilibrium in our setting, for example, and it reveals the
maximal amount of referential advice while delivering to the receiver his
optimal action. While full revelation eliminates the expert’s leverage, it
informs why better referential equilibria do exist. Referential advice cre-
ates an expectation in the receiver for extra information, and this expec-
tation ties the hands of the sender, limiting her ability to strategically
choose the advice she conveys. When done poorly, as with full revelation,
this expectation is bad for the sender. When done right, the expectation
helps the sender precisely because tying her hands makes her messages
more credible and thus dissuasion more effective.

* We follow the hard information literature in assuming that the expert cares about the
decision made (the cost of repairs to the mechanic), whereas the decision maker cares
about the outcome.
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The richer notion of expertise we introduce significantly expands the
space of types, messages, and beliefs. This reflects the reality of expertise
in practice, but it does mean that a complete characterization of equilib-
rium is out of reach. Nevertheless, we are able to establish a general dom-
inance result. We show that one particular referential equilibrium—the
interval equilibrium—dominates all conative equilibria and dominates
all equilibria that also dominate all conative equilibria and that it is
undominated across a broad class of equilibria. The interval equilibrium
is intuitive and simple to describe and captures clearly the power of ref-
erential advice.

Related literature—We are not the first paper to enrich the informa-
tional structure of the canonical sender-receiver model, although the fo-
cus and intention of those papers are very distant from ours, and we are
the first to identify a role for referential information. The knowledge of
the sender (the expert) is generalized to multiple dimensions in Shin
(2003), Glazer and Rubinstein (2004), and Dziuda (2011). More recently,
Hart, Kremer, and Perry (2017) generalize further and assume only that
knowledge satisfies a partial order (see also Ben-Porath, Dekel, and Lip-
man 2019; Rappoport 2020). In these settings, the information thatis stra-
tegically withheld from the receiver (the decision maker) is relevant to all
options, and in equilibrium, the receiver is uncertain of the outcome he
will receive from his choice. In equilibrium in our model, in contrast, the
receiver is certain of the outcome he will receive from his decision, as all
unrevealed information is irrelevant to his choice. This provides a sharp
distinction in interpretation. In our setting, the extra information pro-
vided is purely referential and aimed at dissuasion (and persuasion indi-
rectly, as explained above), whereas in these other models, the conative
and referential functions of language are intermingled, and all informa-
tion thatis provided constitutes part of the recommendation and is aimed
at persuasion directly.

A separate prominent strand of the hard information literature, due to
Dye (1985), incorporates the possibility that the sender is uninformed
and thus not an expert at all (see also Dziuda 2011). This implies that
should the receiver not receive some information, he is unsure of whether
the sender is deliberately withholding the information or whether she
does not have itatall. This concern is not presentin our model. Through-
out our analysis, the sender is informed and the receiver knows this with
certainty.

In his famous treatise, Jakobson (1960) delineates six purposes of lan-
guage, and we borrow only two. Although there is a considerable chasm
between the setting of Jakobson (1960) and the formalism of models of stra-
tegic communication, we find resonance. According to Jakobson (1960),
the conative function of language is a call for action, what we take as a
recommendation. The referential function of language, in contrast, is
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to provide context and is the additional nonprescriptive information that
a speaker may offer about the world. This translates in our setting into the
information an expert provides beyond her recommendation, as by con-
struction, this information does not affect beliefs about the recommen-
dation itself.*

Our approach represents a novel use of stochastic process—in particu-
lar, the Brownian motion—in strategic communication with hard infor-
mation. The use of the Brownian motion to represent uncertainty has re-
cently found application in models of search (Callander 2011; Garfagnini
and Strulovici 2016) and other symmetric information environments.
Callander (2008) examines a model of cheap talk communication when
the expert cares about the outcome rather than the action, as is the case
here. He identifies an informative equilibrium, although referential ad-
vice plays no role and communication is purely conative. The equilibria
we identify are logically distinct.

Our model is also distinct from the flourishing literature on informa-
tion design (Rayo and Segal 2010; Kamenica and Gentzkow 2011). Our
core difference with that literature is the absence of commitment. In
our model, neither the receiver nor the expert can commit to any partic-
ular course of action. Similarly, communication in our model is without
institutional constraint. In political economy, the influential model of
Gilligan and Krehbiel (1987) demonstrates how legislatures can organize
themselves by committing to formal institutional structure and rules that
incentivize and leverage expertise in policy making. Our model, instead,
contributes to our understanding of how and why experts can wield
power even in the absence of commitment or institutional structure.

II. Model

A sender and a receiver play a game of strategic communication with
hard information. We introduce a novel notion of rich expertise but oth-
erwise hew as closely as possible to classical models of hard information
(Milgrom 1981; see also Gibbons, Matouschek, and Roberts 2013; Meyer
2017). We follow the convention of using the female pronoun for the
sender and the male pronoun for the receiver.

A, Technology

To expand beyond expertise as a single variable, we suppose that exper-
tise is knowledge of an entire function. To capture the reality that this

* We treat the hard information about the recommendation as part of the recommen-
dation itself. An alternative interpretation is to treat that information also as referential.
Sobel (2013) was the first to connect Jakobson’s typology to games of strategic communi-
cation, and he offers a more complete translation and interpretation into the language of
strategic communication games.
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knowledge is multifaceted and complex, we represent the function using
a stochastic process that in the limit is given by a Brownian motion. Fig-
ure 1 depicts one such path.

To construct this path, we study a discrete stochastic process that con-
verges on the Brownian motion in the limit. The set of options is D =
{dy, &y, ..., d,}, where n>2, dy = 0, and

1
d; = di- + NG
for i =1,2,...,n. The n+ 1 options, therefore, span the interval
[0, n'/2], with each being equally far from its neighbors. Option d gener-
ates outcome X(d) according to the outcome function X(:). The out-
come function is the realization of a random walk with drift. Specifically,
X(dy) = 0 and

X(d) = X(d-- )+\/_'+f
fori = 1,..., n,where each 0;is independently drawn from the standard
normal distribution, g > 0 measures the expected rate of change from
one option to the next, and ¢ > 0 scales the variance of each option rel-
ative to its neighbors.

In the limit, this outcome function X(-) becomes the realization of a
Brownian motion with drift u and scale ¢ on the nonnegative half line
[0, o). For simplicity of exposition, we focus on this limit case through-
out the paper, and each reference to the limit is in this sense. This enables

outcome
b M\/
U =

option

Fic. 1.—Example of outcome path.
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simpler expressions and clearer intuition for our results, even though our
formal results apply to the discrete model.”

We denote the state of the world by 6 = (6,, ..., 0,) and the set of pos-
sible states of the world by © = R". Since 4, is the only option whose
outcome is fixed, we refer to it as the default option and its outcome
X(dy) = 0 as the default outcome. It is sometimes convenient to make
the dependence on 0 explicit, so we also write X(d; 0) to denote the out-
come of option d in state 0.

B.  Preferences

As is standard in games of verifiable information, the receiver has prefer-
ences over outcomes and the sender over the option chosen. The receiver
has an ideal outcome 6 > 0, and for transparency, in the main text, we fo-
cus on the functional form ug (x) = —(x — b)?, where xis the realized out-
come. With the sole exception of corollary 1, all of our results are proven
under more general utility functions, and general receiver utility does
not qualitatively change our results. We refer to appendix A for details.

The sender’s utility is strictly monotonic and declining in the choice
of option; an example is the linear form us(d) = —d. The assumption
of decreasing utility is more than a normalization, given the default op-
tion is fixed. We discuss this issue and explore the opposite case in which
the sender prefers larger options in appendix A.

C. Information

The sender is an expert. She is privately informed about state § and thus
outcomes X(d;) for i = 1, ..., n. We often refer to  as the sender’s type.
All other information is public, including the outcome of the default op-
tion d, and parameters y and o.

In accordance with Weber (1922), the informational advantage of the
expert is significant. The advantage is n distinct pieces of information,

> We work with the finite option space to deal with technical issues that emerge at the
limit, in particular, in the formation of off-path beliefs. It has been known generally since
the work of Seidmann and Winter (1997) that the existence of a worst option for the sender
is important for the existence of equilibria in games of strategic communication. Finiteness
ensures that such an option always exists, regardless of the message sent, and that it is attractive
to the receiver. To see the technical issue, suppose that the option space is the interval [0, 1]
and that b = 1, and consider the existence of a fully revealing equilibrium, for example. The
message m that communicates only the hard information X(1) = —1 is off equilibrium path.
Suppose that upon receiving m, the receiver chooses option d. Option 1, the worst possible
for the sender, is not as attractive for the receiver as option 0, so we must have d < 1. Now
consider a state such that the receiver gets his ideal outcome only for options in (d, 1)
and that is consistent with message m. In such a state, the sender is better off concealing in-
formation and sending m instead, which rules out the existence of a fully revealing equilib-
rium. This argument is quite general.
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although the significance of the advantage depends on how correlated
the information is. We define the complexity of expertise by the ratio
0®/u, which also reflects the complexity of the underlying decision prob-
lem. As 0®/u— 0, the receiver can infer much about the environment
from his knowledge of the default option, whereas as 0®/u— o, such in-
ference is increasingly useless.

To ensure that communication is nontrivial, we impose the following
minimum bound on the extent of the preference misalignment between
the sender and receiver:®

b
2p

D. Communication

For each option, the sender has a piece of hard information that verifies
its outcome. The sender can hide or reveal any number of these pieces of
information, but she cannot fake them. Her message is formally de-
scribed by a mapping m: D —R U {J}, where m(d) = & if she hides
the outcome of option d; otherwise, she reveals it, and m(d) must be
the outcome of option d.” We denote the set of messages by M.

E.  Timing

First, nature draws the outcome function—the state of the world—and
the sender learns the realization. Second, the sender sends her message.
Third, the receiver updates his beliefs and chooses one of the options. Fi-
nally, the sender and the receiver realize their payoffs and the game ends.
Note that neither party has commitment power: the sender cannot com-
mit to a message rule and the receiver cannot commit to a decision rule.

F. Solution Concept

A strategy for the sender is a mapping M : © — M. A strategy for the re-
ceiver is a mapping D : M — D. The receiver’s beliefs are described by a
belief mapping B: M — A(0) that assigns a probability distribution over

¢ Without this restriction, the sender trivially gets her first best for every n large enough:
it is an equilibrium for the sender not to communicate any information and for the re-
ceiver to choose the default option (see sec. IV.A).

7 This does rule out vague communication, such as when the sender reveals an outcome
is in some range, although this restriction is immaterial to our results. If we allow for a rich
language in the terminology of Seidmann and Winter (1997), then any equilibrium in our
setting continues to be an equilibrium with the general message space, as we prove formally
in app. A.
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states to every possible message. The solution concept is perfect Bayesian
equilibrium. Throughout, E denotes the expectation operator under the
original state distribution, and E*™ denotes the expectation operator
when states are distributed according to belief B(m).

G.  Terminology

The focus of our analysis is the amount and the nature of information
communicated in equilibrium. To that end, some terminology is helpful.
An interaction between sender and receiver is the message sent and the
option chosen. This is the pair of observable actions, the advice provided
by the mechanic about potential repairs, and the repair chosen by the
customer. The mechanic makes a recommendation if one of the repairs
he describes is chosen by the customer. If a recommended repair is all
he says, the interaction is conative (by convention, we include in this def-
inition the recommendation and choice of the default option). Advice
beyond the recommended repair is referential. We say that an interaction
is prescriptiveif it contains a recommendation—whether it contains refer-
ential advice or not—otherwise, the interaction is nonprescriptive® An
equilibrium is referential/prescriptive/etc. if equilibrium interactions
are referential /prescriptive/etc.

Our model has many equilibria, some of which differ only in minor
and extraneous details of the sender strategy. To simplify the statement
of our results, we say that two equilibrium profiles are equivalent if they
generate the same mapping from sender type to receiver choice.

So that comparisons of equilibria are not dependent on the functional
form of utility, we evaluate welfare properties via dominance. We distin-
guish between a strict and a weak form of dominance.

DEFINITION 1. An equilibrium (M, D, B) weakly (strictly) dominates
an equilibrium (M, D', B') in state 0 if D(M(0))D(M(6)) is no greater
than (less than) D'(M'(6)).

We then say that an equilibrium weakly (strictly) dominates another if
it weakly (strictly) dominates on a probability 1 set of states of the world.
When this condition holds, therefore, the sender prefers the dominant
equilibrium for any (decreasing) utility function.

Finally, to study an equilibrium property with n large, we consider not
just one equilibrium but a sequence of equilibria—one equilibrium for
each value of n. Throughout the paper, sequences of equilibria implicitly
refer to sequences indexed by n, the dimension of the state space. A
property holds in the limit when the probability that such a property

% Thus, a nonprescriptive interaction is necessarily referential other than if no advice is
offered.
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holds for given n converges to 1 as n goes to infinity.” All convergence
statements refer to convergence in probability.

H. Off-Path Beliefs

The richness of the type and message spaces ensures that there are many
off-path messages available to the sender, all of which require the spec-
ification of beliefs for the receiver.'” Moreover, for any given equilibrium
interaction, there are many off-path beliefs that can support the equilib-
rium. We refer to these as suspicious beliefs.

To define these beliefs, some additional notation is required. We say
that a state § and a message m are compatible if the hard information in-
cluded in m does not rule out §. For a message I'(m) represents the set of
all the states that are compatible with m.

DeriNiTION 2. Given a strategy profile (M, D, B), off-path beliefs are
suspicious when for every m¢& M (0),

D / S EB(M) Xd )

I(m) N T(m) # @

The definition is complicated, although its intent is simple: it ensures
that all deviations off the equilibrium path are potentially unprofitable.
It stipulates that for every off-path message m, beliefs are such that at
least one optimal response is possible by the receiver that makes the
sender weakly worse off, regardless of which on-path message m' the re-
ceiver was expected to play in equilibrium.

Suspicious beliefs imply that the deviation may be unprofitable. To en-
sure it is unprofitable, it must be that the receiver chooses one of the op-
tions that leaves the receiver weakly worse off. When the receiver does so,
we say that his off-path decisions are suspicious. Formally, off-path deci-
sions are suspicious if for all m¢M(O) and all states 0 € I'(m), D(m) >
D(M(6)). Combining these two requirements, we have the following im-
mediate result."!

Lemma 1. Offpath beliefs and decisions are suspicious in all equilibria.

Beliefs are suspicious in the sense that the receiver presumes that the
sender deviates to avoid revealing unfavorable information. A receiver is,

¢ For example, if we discuss an equilibrium defined for every n and say that equilibrium
interaction is conative in the limit as n goes to infinity, the corresponding fully formal state-
ment is that the probability that equilibrium interaction is conative converges to 1 as n goes
to infinity.

'* We use the following terminology: a message is on path if it is communicated in some
state; otherwise, it is off path. The set of on-path messages associated with sender strategy M
is thus M(©).

" All omitted proofs can be found in app. C.
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of course, entitled to more credulous beliefs, but credulous beliefs will
not support equilibrium. Milgrom (1981) shows in his canonical model
that the unique equilibrium requires maximally suspicious beliefs, what
he labels skeptical beliefs. The equilibria here do not always require such
extreme beliefs, and for many off-path messages they can involve little or
no suspicion at all. In appendix B, we give general conditions on the ex-
istence of suspicious off-path beliefs.

This richness means that, unlike Milgrom (1981), the equilibrium in-
teractions we identify can be supported by many different off-path sus-
picious beliefs. In fact, any interaction that can be supported as an equi-
librium for less suspicious beliefs can also support an equilibrium for
more suspicious beliefs. To avoid equilibrium multiplicity that is not ac-
tion or outcome relevant, whenever possible we refer to the class of equi-
libria that differ only in off-path suspicious beliefs and decisions as a sin-
gle equilibrium."

III. Preliminaries
A, Informational Spillovers and On-Path Beliefs

In choosing her message, the sender must consider not only what she re-
veals but also how that information will spill over into the receiver’s be-
liefs about other options. The nature of the spillover is important to the
existence of equilibrium. To understand the forms it can take, begin by
considering the following example.

ExampLE 1. The sender’s strategy is reveal X(d") if X(d") < b/2—
otherwise, reveal X(d")—for some d’ > d' > 0.

The spillover of information in this example is both direct and indirect.
The direct component is unavoidable and comes purely from knowledge
of a particular point. In revealing the outcome of option d’, the sender
conveys that the outcome function passes through that point and this
knowledge shapes beliefs in either direction. The indirect component
is what the receiver can infer in addition to that knowledge. In the exam-
ple, revealing the outcome of d”also reveals information about the option
d‘, namely, that the outcome is larger than 5/2, and this indirect knowl-
edge also informs beliefs.

Indirect informational spillovers complicate the receiver’s inference
problem. He must ask himself: What information did the sender reveal
and why did she reveal it? The answer depends on the strategy used by

' Multiplicity may also arise because of ties, as then the receiver’s best response is not
unique. As ties occur for prescriptive interactions with zero probability, we assume without
loss of generality that when indifferent, the receiver chooses the option preferred by the
sender.
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the sender and leads to complicated beliefs that generally do not permit
closed form representations.

The receiver’s inference problem is considerably simpler if informa-
tional spillover is only direct. In this case, the receiver need not ask the
why question. He can take the information at face value, as it does not
depend on the strategy used to reveal it. Fortunately, strategies exist that
have only direct spillovers, and the class of such strategies plays an impor-
tant role in our analysis. The following is an example.

ExampLE 2. The sender’s strategy is reveal X(d") for some d* > 0.

The spillover from this strategy is only direct, as the decision to reveal
the outcome of d"is independent of not only the other options but also
the outcome of d” itself. Without indirect spillover, the receiver’s beliefs
condition only on the hard information. When this holds, we say that be-
liefs are neutral.

DEFINITION 3. Given a message m and an associated belief B(m), we
say that B(m) is neutralwhen B(m) is the original distribution over states 6
conditional on 6 € T'(m).

Thus, B(m) is neutral when it is equal to the state distribution condi-
tional on the hard information in m. In the context of Gaussian outcome
paths, neutral beliefs yield particularly simple and tractable functional
forms. If d"is the rightmost known option, beliefs for options d > d” are
normally distributed with mean

E[X(d) | X(d")] = X(d') + p|d — d'| (1)
and variance
Var[X(d) | X(d")] = 02|d —d|. (2)

These beliefs follow immediately from the law of motion that defines the
distribution of X(d) and represent an intuitive extrapolation from what is
known. The drift term, u, measures the expected rate of change with the
variance of beliefs increasing linearly in distance from d’, capturing the
idea that beliefs are more uncertain the further an option is from what
is known. The receiver’s beliefs are neutral at the beginning of play, with
the default option, d,, providing the anchor point.

For options between two known points, d € (d', d"), a Gaussian bridge
forms. Beliefs are again normally distributed with mean

d—d

E[X(d) | X(d), X(d)] = X(d) + 5= (X(a) = X(@))  (3)
and variance

ld —d'|-]d—d| ,
a—d

Var[X(d) | X(d'), X(d")] = (4)
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Equations (3) and (4) follow from the projection formulas for jointly nor-
mal random variables. The expected outcome is now a simple interpola-
tion of the two neighboring points and independent of the drift. The var-
iance is a concave function across the bridge, reaching a maximum in the
middle and approaching zero in the ends. By the Markov property, beliefs
depend only on the nearest known points (as they did ford > d" above).
In the limit as n goes to infinity, the beliefs in both cases are depicted in
figure 2.

B.  Nondeceptive Strategies and Neutral Beliefs

Neutral beliefs—and the absence of indirect informational spillovers—
are important because they connect directly to the receiver’s inference
and the sender’s credibility. If a message is effective at dissuading and per-
suading the receiver, the expert will want to send that message as often as
she can. But the more often she does so, the less effective the message is,
as the credibility of the message itself will be undermined. Successful per-
suasion therefore requires that a message be difficult to imitate.

One way to avoid imitation is to make it impossible. For some strate-
gies, the sender has only a single on-path message that is consistent with
her hard information. Full revelation is an example, although there are
others. In this class of strategies, incentive compatibility across on-path
messages is not so much satisfied as itis rendered moot. Either the sender
sends the one on-path message available to her or she deviates off the
equilibrium path. This means that all deviations are detectable by the re-
ceiver and the sender cannot deceive the receiver about her type. We re-
fer to this class of strategies as nondeceptive.

outcome

Fi6. 2.—Neutral beliefs with knowledge of option d'. A color version of this figure is
available online.
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DeriNiTION 4. A sender strategy is nondeceptive if, in every state of the
world, any deviation by the sender can be detected by the receiver. Oth-
erwise, the sender strategy is deceptive. An equilibrium is nondeceptive if
the sender strategy is nondeceptive.

The inability to deceive does not necessarily imply a full separation of
types, which in our setting would require full revelation.'” The message
available to a type may be a message that many types can send, and upon
observing the message the receiver does not know for sure which type he
is facing, but he knows that it could be sent only by the types that the
strategy dictates send it."*

The connection of nondeceptive strategies to neutral beliefs is that
they are effectively the same constraint. A nondeceptive strategy gener-
ates neutral beliefs, and neutral beliefs imply that the strategy is nonde-
ceptive with probability 1. The link connecting these ideas is a lack of con-
ditionality. To not have a choice in on-path messages means that the
strategy cannot condition on information that is not revealed. To make
this connection tight, we need to allow for zero probability events. We
say that a sender strategy is almost nondeceptive when, for every message
m, the probability that the sender sends m is 1, conditional on the state
being compatible with m. We then have the following equivalence.

LeEMMA 2. In any equilibrium, the sender strategy is almost nonde-
ceptive if and only if the on-path receiver beliefs are neutral.

A nondeceptive strategy ties the hands of the sender. It takes away the
sender’s ability to strategize in her choice of message without being de-
tected by the receiver. This limits, to be sure, what can be communicated
in equilibrium, but it guarantees that what is communicated is credible.
Moreover, the upside is that it does so in a way that limits informational
spillover to only be direct, thereby allowing the sender to control her in-
formation to a greater degree.

The class of nondeceptive strategies will play an important role in our
analysis. They are not the only strategies that can support equilibria. But
they are sufficient to establish that referential advice can deliver leverage
to the sender relative to providing a recommendation alone.

IV. Conative Advice
A, The First-Point Conative Strategy

A natural strategy for the expert is to simply offer a recommendation
and nothing more. One way to do this is to reveal a point that achieves

¥ In cheap talk games, no strategy is nondeceptive other than a fully pooling strategy.

" An appealing feature of nondeceptive strategies is that they are, in a sense, strategically
simple. The sender sends the message that is expected of her or she deviates off path. The
inability to deceive also reflects a form of trust and a plain-spoken style of communication
that is observed in practice in many relationships.
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a minimum standard, such as an outcome within some fixed distance of
the receiver’s ideal. This cannot be done with a nondeceptive strategy
and neutral beliefs."”” Butit can be done in a way such that the recommen-
dation conditions only on information in one direction. We refer to this
as a first-point conative strategy.

DeriNiTION 5. The sender follows a first-point conative strategy when,
for some A > 0, the sender reveals the smallest option whose outcome
falls in the range [b — A, b + A], and if no such option exists, the sender
reveals everything. A first-point conative equilibriumis an equilibrium where
the sender follows a first-point conative strategy and the receiver imple-
ments the recommendation.

An example of a first-point conative strategy is depicted in figure 3,
where d' is the recommendation. In the limit, the revealed point will
be exactly at the lower boundary, 6 — A. The only exception is when
the mapping fails to reach this outcome and all information is revealed,
although this is a zero probability event.'®

Itis important that in this strategy it is the first point to meet the stan-
dard thatis revealed. It is important because it ensures on-path incentive
compatibility for the sender. The strategy is deceptive, and thus nonde-
tectable deviations exist. For instance, the sender could reveal the second
point that meets the standard and not be detected. Yet, critically, none of
these deviations are to the left of the recommendation and profitable for
the sender. The first pointis important too because the recommendation
conditions only on information to the left. Thus, there are no indirect
spillovers to the right and beliefs are neutral in that direction.'” This illus-
trates how limiting deviations and opportunities to deceive can make in-
centive compatibility easier to satisfy.

Proposition 1 establishes that the first-point conative strategy can sup-
port an equilibrium. It shows, however, that to satisfy incentive compat-
ibility for the receiver, the recommendation must not be too far from the
receiver’s ideal outcome. Defining

o? w
Al]]ax - + , 5
o% " aym (5)

we have the following.
ProrosITION 1. A first-point conative equilibrium exists if and only if
A S Amax.

"> As the strategy must condition on the outcome of the revealed option.

! For the discrete space of options, the mapping may jump over the boundary, and it is
for this reason that the strategy is defined as a band. As the number of options increases,
the probability the mapping does not fall into the band goes to zero.

' This is a slight abuse of our terminology in that it applies neutral beliefs directionally.
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F16. 3.—First-point conative strategy. A color version of this figure is available online.

The existence of the first-point conative equilibrium confirms that
communication need not be complex simply because expertise is com-
plex. Moreover, it shows that an expert can use her expertise while pro-
tecting it to a maximum degree. Yet is also shows that her ability to per-
suade the receiver is limited when she does so.

The first-point conative equilibrium that is optimal for the sender is at
A" when the band is the widest. This equilibrium both delivers the small-
est option when a point falls within the band and minimizes the probabil-
ity that the sender is compelled to fully reveal. This is the receiver’s least
preferred of these equilibria, although even in this equilibrium the receiver
extracts value from the expert. He faces no uncertainty in accepting the
recommendation, and he obtains an outcome not too far from his ideal.

This raises the question of why. Why must the expert concede so much
to the receiver yet, at the same time, not concede everything such that
the receiver obtains his ideal outcome?

The answer is informational spillovers. To persuade the receiver to ac-
cept the recommendation, the sender must dissuade him from choosing
other unrevealed options. Unfortunately for the sender, the informa-
tional spillover from her recommendation helps the receiver. In fact, a
positive complementarity develops such that the better the recommenda-
tion is for the receiver—the more persuasive it might be—the more attrac-
tive other options are, and the less the recommendation dissuades. It is
only when the recommendation is not too distant from the receiver’s
ideal that persuasion dominates and the receiver is willing to accept the
recommendation.

To see this, we must understand how the receiver evaluates unrevealed
options. To the right of the recommendation, the receiver faces a simple
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risk-return trade-off. This is easiest to see in the limit with the Brownian
motion. Experimenting with a larger option increases the expected out-
come linearly at rate p, but it also increases the variance at rate ¢% as
given earlier by equations (1) and (2). How the receiver trades off risk
against return depends on the shape of his utility function. The quadratic
loss functional form delivers a particularly sharp answer to this trade-off,
as it admits a separable mean-variance representation. For a recommen-
dation d°, we have for all d > d° that

Elur(X(d) | X(d))] = = (b =(X(d') + u(d = d)))* = o*(d = d').  (6)

expected distance from & variance

Differentiating delivers the limit threshold ¢*/2u from proposition 1.
This thresholds represents the boundary on whether the risk of experi-
menting is worth the return. For outcomes closer than this to b, the re-
ceiver accepts the recommendation and does not experiment. He consid-
ers such outcomes good enough even though he does not obtain his ideal
outcome.

Beyond this boundary, outcomes are not good enough, and the receiver
overrides the recommendation and experiments. The return is then
worth the risk. In this case, the threshold ¢°/2u represents the expected
outcome of his optimal experiment. That is, the receiver is willing to trade
off increased risk for a better expected outcome up until he reaches this
threshold, such that he chooses the risky option d* > d with

E[X(d) | X(d)] =

|
>
|

(7)
Var[X(d) | X(d)]

((-3)-m0)7

This implies that, regardless of the quality of a recommendation, if it is
beyond the good enough threshold, the receiver’s optimal experiment
will set the expected outcome equal to that threshold. This does not im-
ply, however, that the receiver’s expected utility is unaffected by the rec-
ommendation. Observe that the variance of his optimal experiment is de-
creasing in X(d"), the recommended outcome. This is because the better
the recommendation is, the less boldly the receiver has to experiment,
and the less risk he has to endure.

This represents the positive complementarity that plagues the expert.
The better the recommendation is for the receiver, the better unre-
vealed outcomes also are. In revealing an attractive outcome, the sender
also reveals that even better outcomes are likely nearby, and this embold-
ens the receiver to continue to experiment. The informational spillover
from the recommendation undermines the recommendation itself. The
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more the recommendation persuades, the less it dissuades. Proposition 1
establishes that this complementarity exhausts itself only when the rec-
ommendation delivers an outcome that the receiver considers is good
enough. In equilibrium, therefore, the receiver is able to capture the value
of expertise.

The receiver may, of course, choose an option to the left of the recom-
mendation. In this case, the informational spillover is both direct and in-
direct, and beliefs are not neutral. In recommending the first option to
meet a standard, the sender is also revealing that options to the left do
not meet the standard. This indirect spillover, however, shows that these
options are even less attractive to the receiver than the recommendation
itself and so are not tempting to him. To the left of the recommendation,
therefore, the indirect spillover helps the sender dissuade the receiver.

To complete the logic of equilibrium in proposition 1, we must consider
deviations by the sender off the equilibrium path. Full revelation cannot
be profitable, as the receiver would then choose the same or a larger op-
tion. This leaves partially revealing deviations. To be profitable, the sender
cannotreveal the equilibrium recommendation or any option that does as
well or better for the receiver. The receiver will be suspicious upon seeing
out-of-equilibrium advice, and itis easy to construct beliefs that cause him
to choose the equilibrium recommendation or a larger unrevealed op-
tion, thereby supporting equilibrium behavior.

The power of suspicious beliefs supports the existence of multiple first-
point conative equilibria. In each equilibrium, the receiver expects advice
of a certain form and he will be suspicious ifitis different. This expectation
binds the sender, compelling her to provide advice of the expected form,
even if this information is more favorable to the receiver than required
in other equilibria. Although this expectation can, in this case, hurt the
sender, we will see thatin other contexts it can be used to help the sender.

B. Conative Advice: The General Case

The first-point conative strategy is just one way to generate conative ad-
vice. There are other ways to do so, and many of these ways support equi-
librium behavior. Nevertheless, in every conceivable conative strategy, the
sender faces similar constraints as in a first-point conative strategy, and
the sender’s ability to persuade the receiver is limited. Theorem 1 char-
acterizes exactly what is possible in equilibrium with conative strategies.
It shows, in fact, that the sender can do no better than she can in her most
favorable first-point conative equilibrium.

ThHEOREM 1. For all sequences of equilibria that are conative in the
limit, the equilibrium outcomes are in the range [b — ¢* /2y, b] in the limit.
Moreover, for any x € [b — 0®/2p, b], there exists a sequence of equilibria
that are conative in the limit in which the outcomes converge to x.
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Establishing this result formally requires us to consider the full family of
conative interactions. We show that for a conative interaction to support
an equilibrium, the sender’s strategy must satisfy a generalization of the
first-point conative strategy in definition 5. As in that definition, the sender
must reveal the first option that meets some absolute standard, although
that standard need not be a fixed band around b. The standard can vary in
the option itself, it can be nonmonotonic, it can even have multiple thresh-
olds such that the standard is not only a single band. Nevertheless, for all
these possibilities, we show that for any sequence of equilibria that is cona-
tive in the limit, the sender can move the outcome no further than o?/2u
from the receiver’s ideal outcome.

The logic for this result follows from that for the first-point conative
strategy if the sender is using a first-point style strategy for all states. As
a first-point strategy generates neutral beliefs to the right, a recommen-
dation will be acceptable to the receiver only if it is good enough and
within ¢/2u of his ideal outcome."®

The final piece of intuition for theorem 1 is why the sender’s strategy
must be of the form of a first-point strategy with neutral beliefs to the right
of the recommendation. The only alternative for the sender to do better is
to use a deceptive strategy that generates indirect spillovers to the right of
the recommendation and to do so in a way that the nonneutral beliefs are
able to dissuade the receiver from experimenting. Unfortunately for the
sender, this is not possible in equilibrium. To see why, suppose that she
recommends option d° with outcome X(d) < b — 0?/2u and that this
paints a picture of the world such that experimenting to the right is unap-
pealing, so much so that the receiver is willing to accept the recommenda-
tion. For this to be possible, some sender types who could send the mes-
sage do not, and they must choose not to because of information to the
right of the recommendation. This is optimal only if these sender types
recommend an option to the left of d°. Butif all types who could send this
message instead of d* do so, beliefs at d° must be neutral. Nonneutral be-
liefs cannot be sustained in equilibrium here precisely because messages
are too easy to imitate. Every sender type who can send a message does so
unless they can send an even better message. As this selection conditions
only on information to the left of the recommendation, the credibility of a
message is undermined if the informational spillover to the right of the

'® Along the sequence of equilibria for finite n, the sender may use a first-point strategy
for some states but not for others, creating the complication that the receiver’s beliefs need
not be neutral, even in the states where the interaction is conative (e.g., if the same recom-
mendation is made in a different state as part of a deceptive strategy). Nevertheless, we
show that beliefs necessarily become approximately neutral as »n grows large, such that
the receiver will implement the recommendation if and only if it is within the range that
the receiver considers good enough.
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recommendation is indirect. In this case, the sender’s freedom to deceive
undermines her ability to persuade.

C. The Value of Conative Advice

It follows from theorem 1 that the sender-optimal conative equilibriumis the
first-point conative equilibrium in which A = A™. In the limit, the out-
come of this equilibrium converges almost surely to b — ¢®/2pu.

This outcome is better for the sender than outcome b, yet it does not
necessarily correspond to a better option than would be chosen in her
absence. Without an expert, the receiver experiments on his own, follow-
ing the logic of equation (7). In this no-advice benchmark, the receiver’s
choice, d™, has expected outcome b — ¢°/2p and corresponds to the
point where the drift line from the default option intersects this thresh-
old, as depicted in figure 4.

It is striking that this is exactly the outcome produced by the sender-
optimal conative equilibrium. The difference is that this outcome is ob-
tained with certainty in the conative equilibrium, whereas in the no-advice
benchmark itis obtained only in expectation. Relative to no advice, there-
fore, the sender-optimal conative equilibrium will sometimes pull deci-
sions to the left of d™—to option d" for the mapping in figure 4—and
other times it would push the decision to the right, depending on the re-
alization of the path. The net effect is particularly stark when the receiver
has quadratic utility. In this case, the expected decision in the sender-
optimal conative equilibrium is exactly equal to the actual decision in the
absence of advice. Consequently, for all conative equilibria that converge

outcome

F16. 4.—No-advice benchmark (d™). A color version of this figure is available online.
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to a different outcome, the expected outcome is strictly larger than it is
without the expert."?

CoroLLARY 1. In any sequence of equilibria that are conative in the
limit, the expected equilibrium decision is no smaller than d™ in the limit
as n — 0. Moreover, in the first-point sender-optimal equilibrium, the ex-
pected equilibrium option converges to d™ as n — oo.

This says that a sender with linear utility can gain nothing from her ex-
pertise with conative advice and that, for many conative equilibria, she will
be strictly worse off. This conclusion holds with even greater force for a
sender with concave utility. A sender with convex utility must temper this
loss against the gain in utility from the dispersion of the options chosen.

V. Expert Power: Can the Sender Do Better?

In conative equilibria, the receiver extracts all of the surplus from exper-
tise. Not only does he benefit from the removal of uncertainty in the out-
come, but also the outcome itself shifts toward his ideal point in all but
the sender-optimal conative equilibrium. Scope for the sender to do bet-
ter exists. The question we address in this section is whether this is possi-
ble and, if so, how much of the surplus the sender can extract.

A natural approach is for the sender to say less. Less than conative is to
say nothing, and this forfeits the sender’s opportunity to influence the re-
ceiver’s decision. Saying nothing is also not an equilibrium strategy. No
advice is a nondeceptive strategy, and the receiver forms neutral beliefs.
He faces, therefore, the same decision as if the expert were not present.
His optimal choice is to experiment on his own with option d™ that has
an expected outcome of b — ¢°/2u. A profitable deviation exists for sender
types in which the mapping crosses b before d™ and not again, such as in
figure 4. By fully revealing the mapping, the sender renders off-path beliefs
moot, and this compels the receiver to choose the crossing point d*. This
makes the sender better off; therefore, the strategy of no advice is not an
equilibrium.”

The other route for the sender is to say more. It is easy to see that the
addition of referential advice by itself need not change equilibrium behav-
ior and deliver leverage to the sender. For instance, each conative equilib-
rium can be amended to include all information to the left of the recom-
mendation. Because the receiver infers in equilibrium that these options
are less attractive than the recommendation, and because information
from these options does not spillover to the right of the recommendation,

' With general receiver utility, this comparison is not strict, yet the sender’s weakness in
influencing the decision with conative advice persists. See app. A for a discussion.

* The use of full revelation as a deviation in this way points to the general difficulty in
supporting nonprescriptive equilibria. We take up this issue in sec. V.D.



THE POWER OF REFERENTIAL ADVICE 3095/

revealing these points does not change the receiver’s optimal decision.
The referential equilibrium that this produces is exactly equivalent in
outcomes to the conative equilibrium that it extends and thus leaves the
sender neither better nor worse off.?!

Indeed, it is possible that referential advice hurts the sender. Another
referential equilibrium is for the sender to fully reveal her information.
With knowledge of the complete mapping, the receiver will obtain his
ideal outcome, choosing one of the options where the mapping inter-
sects with b. Even in the best case for the sender, in which the option cho-
sen is the first crossing point, this is equivalent to the worst conative equi-
librium for the sender and leaves her worse off than in all other conative
equilibria.

To help the sender, therefore, referential advice needs to be constructed
in just the right way—enough information to influence the receiver’s de-
cision but not too much information such that the information serves the
receiver’s interests rather than the sender’s.

A, The Interval Strategy

In the referential extension of conative equilibria, the referential advice is
not outcome relevant because it is not decision relevant. The additional
outcomes revealed are dominated by the recommendation itself, and they
do not change beliefs about the remaining unrevealed options. For refer-
ential advice to be impactful, it must be that it is decision relevant, and for
it to improve upon conative equilibria, it must include information to the
right of the recommendation. To that end, consider the following strategy.

DeriNiTION 6. The sender follows the interval strategy when the sender
reveals the outcomes of options {dy, 4, ..., d"}, where d’is the smallest op-
tion that satisfies

max g (X(d)) 2 max E[ue(X(d)) | X(d)], (8)
with d" = d, if no such option exists. An interval equilibrium is an equilib-
rium where the sender follows the interval strategy and the receiver im-
plements his most-preferred revealed option.

The interval strategy represents a stopping rule. In the limit, it takes the
following form. Starting at the default option, the sender reveals points
until the path hits a lower threshold. This threshold is a function of
the peak revealed so far, increasing in the height of the peak. Eventually,
the lower threshold equals the peak—at what can be thought of as an up-
per threshold—and when it does, the sender necessarily stops revealing.

! The referential extension of the conative strategy is nondeceptive, in contrast to the
conative strategy itself.
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If neither threshold is ever met, the sender fully reveals. The interval strat-
egy is nondeceptive, and thus beliefs for unrevealed options are neutral.

To understand the thresholds, consider the path depicted in figure b
that hits the lower threshold at d’. Naturally, the recommendation is the
option d’ that obtains the peak (the option that is receiver optimal among
those revealed) and not the rightmost revealed option, d’. This means that
the referential advice is decision relevant for the receiver. The points re-
vealed to the right of d” do not change the receiver’s beliefs about d” it-
self, but they do change the receiver’s beliefs about unrevealed options
further to the right. They dissuade only. Nevertheless, by changing the at-
tractiveness of further experimentation, the referential advice changes
the relative appeal of the recommendation and potentially the receiver’s
decision.

By construction, the referential advice is worse for the receiver than the
recommendation itself. This matters because of the positive complemen-
tarity between information revealed in a recommendation and the receiv-
er’s utility from experimenting. In the conative equilibria, this comple-
mentarity undoes the power of the sender, as the better the outcome
that she reveals is, the more emboldened the receiver is to experiment.

In the interval strategy, this complementarity is turned around so that
it works to the sender’s benefit. By revealing bad outcomes, the sender
makes experimenting less appealing to the receiver, which, in turn, makes
him more likely to accepta recommendation that he otherwise would not.
The key is the disconnect between the spillover and the recommendation.
With only a recommendation, these forces are inseparable. When sepa-
rated with referential advice, the recommendation and the spillover can

outcome

b— Amax

neutral beliefs

Fic. 5.—Interval strategy hitting lower threshold. A color version of this figure is avail-
able online.
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be made to work in opposite directions, and this enables the sender to in-
fluence the receiver’s decision to a greater extent.

The lower threshold in the interval strategy is defined as exactly the
point at which the receiver is indifferent between accepting the recom-
mendation and experimenting further (left-hand and right-hand side of
eq. [8], respectively). For the limiting case as n grows large, this becomes

—(b— X(d")* = - <GQ>2 - (b S X(d”)) io‘i ©)

2u 2u

where the right-hand side follows from the mean-variance representation
in equation (6) and is the expected utility from option d‘in figure 5.
This simplifies to
0.2

b—X(d) =5 (b — X(d")* + o (10)
mn

Q

As X(d’]) increases, the right-hand side decreases, and, therefore, so too
must X(d'). The threshold increases in the peak and meets the peak
when X (d’) equals b — ¢°/2pu. This is exactly the same outcome as defines
the sender-optimal conative equilibrium and is marked in the figure by
option d°. If the upper threshold is reached, revelation stops. The recom-
mendation is the rightmost revealed option itself, and additional dissua-
sion is not needed.

Proposition 2 establishes that the interval strategy supports an equilib-
rium. This equilibrium benefits the sender. At worst, the decision is the
same as in the sender’s most preferred conative equilibrium. In many
cases, however, the path hits the lower threshold earlier, and the option
chosen is strictly to the left of that chosen in all conative equilibria. As this
occurs with strictly positive probability, the interval equilibrium weakly
dominates the sender-optimal conative equilibrium.

ProrosiTION 2. The interval equilibrium exists. It strictly dominates
the sender-optimal conative equilibrium with positive probability and
weakly dominates for all states.

In dissuading the receiver from experimenting, the sender does not
convince him that a good option does not exist. By construction, an op-
tion whose outcome is arbitrarily close to the receiver’s ideal almost al-
ways exists if n is large enough. Rather, the receiver is dissuaded from ex-
perimenting because he is now more uncertain as to where good options
lie. He knows they are to the right of d’, but he does not know how far.
And the further the outcome of d"is from his ideal at b, the greater his
uncertainty is, and the less inclined he is to experiment. Note that he still
prefers to experiment than accept the outcome of d’, but the construc-
tion of the interval strategy is such that the rightmost option d"is no lon-
ger the reference point; rather, it is the peak of the interval at dr.



3098 JOURNAL OF POLITICAL ECONOMY
B.  Dominance of the Interval Equilibrium

Referential advice in the interval equilibrium allows the sender to paint a
picture of the world that is unfavorable to the receiver and to do so cred-
ibly. It is intuitive that this is possible some of the time, that if the path of
outcomes turns down sufficiently, the sender will be able to use the inter-
val strategy to deter the receiver from experimenting. The subtlety of the
interval strategy is that this is possible not just some of the time but, in the
limit, it is possible all of the time.

In theorem 2, we establish that as n grows large, the probability ap-
proaches 1 that the lower threshold is reached before the decision in
the sender-optimal conative equilibrium. Thus, in the limit, the interval
equilibrium strictly dominates all possible conative equilibria.

In fact, we prove a stronger result. We establish in a broad class of equi-
libria, including all prescriptive equilibria that are nondeceptive, that if
an equilibrium dominates all conative equilibria, then the interval equi-
librium necessarily dominates it.

To formalize this result, we focus on the strategic supply of information
to the right of the recommendation. We do this by presuming that strat-
egies are fully revealing to the left of the recommendation. We say that an
interaction is fully revealing to the left if the sender reveals at least every op-
tion from the default option up to and including the receiver decision.
We then have the following.

TaeoreEM 2. For every sequence of equilibria X;, Z,, ... that are cona-
tive in the limit, the interval equilibrium strictly dominates X, in the limit
as n — . Moreover, if X is an equilibrium whose interactions are fully re-
vealing to the left with probability 1 and that weakly dominates the sender-
optimal conative equilibrium, then the interval equilibrium weakly dom-
inates X.

This implies that not just some sender types can find a peak and a down-
turn that deters experimentation but that (almost) every sender type can.
These recommendations may get close to the limit threshold of & — ¢*/
2u, but one can always be found. This is possible because as the peak ap-
proaches b — /2y, the value of experimenting is itself small and getting
smaller. As such, the downward step needed to dissuade the receiver from
experimenting also gets smaller, and the noise in the outcome path is suf-
ficient to ensure that such a step almost surely occurs despite the drift of
the path being positive.

That all types can dissuade in this way contrasts with existing intuitions.
Typically, if one set of types separates with a picture of the world that is un-
favorable to experimentation, the receiver infers that the remaining types
are favorable to experimentation. Instead of condemning these types to a
worse outcome, the interval strategy resets in a sense at a slightly higher
recommendation and allows another set of sender types to separate and
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paintaslightly less unappealing picture that nevertheless dissuades the re-
ceiver. Theorem 2 establishes that this process iterates and thatin the limit
all sender types can be separated in this way.

The class of strategies that are fully revealing to the left is broad. It in-
cludes the interval strategy, as well as full revelation, and strategies that
are deceptive to the right, among others. Moreover, many equilibria with
strategies outside this class have equivalent equilibria within the class. As
noted above, all first-point conative equilibria are equivalent to equilibria
in which all information to the left of the recommendation is revealed.

In fact, this equivalence is tight for nondeceptive equilibria. We show in
appendix B (lemma B3) that for a nondeceptive strategy to support an
equilibrium and be prescriptive, it must be that interactions are fully re-
vealing to the left with probability 1. To be sure, there are nondeceptive
strategies that are not equivalent to a strategy that is fully revealing to the
left, yet the lemma shows that such strategies cannot support an equilib-
rium.** Such strategies fail because, with neutral beliefs, full revelation is
profitable for sender types that cross b at one of the unrevealed points to
the left of the recommendation and never again, in the same way that full
revelation undermines no advice as an equilibrium. Thus, the class of
equilibria that are fully revealing to the left includes all nondeceptive
equilibria that are prescriptive.”

Given the focus until this point of the paper on manipulations of infor-
mation to the right of the recommendation, the reader may wonder why
a restriction on information to the left is necessary at all to establish the-
orem 2. Throughout the paper, information to the left of the recommen-
dation has proven innocuous, and it is manipulations to the right that
have been important. The complication is exactly when information sup-
plied to the left of the recommendation is interdependent with informa-
tion to the right. The fully revealing to the left restriction imposes a sep-
aration between the two sides. If we instead assume strategies such that
revelation of information to the left and right of the recommendation
are independent, then theorem 2 is easily extended to all prescriptive
strategies. We cannot construct an interdependence such that the equi-
librium is not equivalent to an equilibrium that is fully revealing to the
left, letalone one that dominates the interval equilibrium, but we cannot,
alas, rule it out.*

* For example, the strategy in which the sender always and only reveals the outcome of
option d, for ¢ > 2 is neither fully revealing to the left nor equivalent to a strategy that is.

** We discuss nonprescriptive equilibria in sec. V.D.2.

* This seemingly represents a technical rather than substantive difficulty. The purpose of
information to the right of the recommendation is to dissuade, and theorem 2 establishes that
on its own, this cannot be used to dominate the interval equilibrium. Similarly, information to
the left cannot do this and, in fact, is often unnecessary in equilibrium. The Markov property
of the outcome function implies that there is no direct informational spillover from the left of
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F16. 6.—Receiver’s decision as a function of ¢® for no advice (dark gray), sender-optimal
conative equilibrium (light gray), and interval equilibrium (black) for parameter values
p="b=1and n = 1,000 and sample size 10,000 for every value of ¢°. A color version of
this figure is available online.

Simulations.—We can obtain further insight into the interval strategy
numerically. Figure 6 depicts the average option chosen for 10,000 simu-
lations as the complexity of the underlying issue varies. As can be seen,
the sender’s leverage can be considerable and is maximized at intermedi-
ate levels of complexity. Even without advice, the sender is better off the
more complex the issue is, as uncertainty makes the receiver more tenta-
tive in his experiment. For low complexity (low %), the receiver’s choice
approaches 2 and the expected outcome converges on b, whereas for
high complexity (high ¢%), the experiment approaches zero (following
from the key threshold b — ¢°/2pu). At either extreme, the sender has lit-
tle leverage. For high complexity, she has little leverage because there is
simply little to leverage. The receiver is already making a very favorable
decision. At the other extreme, the sender has little leverage because
the outcome follows a more narrow path, and there are no radical peaks
and troughs that dissuade the receiver to a significant degree. Even in this
case, persuasion and dissuasion are always possible, yet the simulation
shows that the power of dissuasion is small. The middle range of moder-
ate complexity is the sweet spot for the sender and where her leverage is
greatest.

arecommendation to the right. Thus, the indirect spillover—the deception—is caused by the
strategy alone and not the realization of outcomes. In effect, such strategies allow the sender
to randomize within a pure strategy the information she reveals to the right of the recommen-
dation, and this randomization makes the analysis demanding.
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The simulations also provide insight into why the receiver accepts the
sender’s advice, even when the sender holds so much leverage. In accept-
ing the recommendation, the receiver is accepting an outcome poten-
tially far from his ideal, and in many cases he would obtain a better out-
come by experimenting on his own. Using the same parameter values as
in figure 6 and fixing o®> = 1, simulations show that this, in fact, occurs a
majority of the time. The receiver is made worse off 60% of the time from
accepting the sender’s advice than she would be from going it alone. She
nevertheless accepts the advice because while the upside of going it alone
is bounded, the downside is not. The interval equilibrium, no matter how
favorable to the sender, guarantees the receiver an outcome no further
than b from his ideal. Going it alone, in contrast, could leave her with
an arbitrarily bad outcome. The value of advice, therefore, is as insurance,
and the sender’s ability to offer that insurance is what allows her to move
the decision in her favor. This explains why we rely on experts yet so often
feel ripped off in doing so.

C. How Much Referential Advice Is Needed?
Credibility and the Interval Strategy

The key pieces of information in the interval equilibrium are the peak
and the end point. The peak persuades, while the end point dissuades.
This raises the question as to whether the additional information re-
vealed—the rest of the interval—is necessary. This question is particularly
pertinent given that theorem 2 leans on equilibria fully revealing to the
left that presume all of this information is provided.

The additional information beyond the peak and the end point plays
an important role in establishing credibility and, therefore, in making
referential advice effective. While all of the information is not necessary
to support equilibrium, some of it is required, and, in particular, a better
equilibrium for the sender cannot be constructed by conveying less
information.

To see this, consider the strategy that follows the interval strategy but
reveals only from the recommendation to the right. This differs from the
interval equilibrium in omitting information to the left of the recom-
mendation. It can readily be verified that this strategy too supports an
equilibrium and that it is equivalent to the interval strategy. This equiv-
alence is akin to that between conative equilibria and the conative exten-
sion presented above. With the omission of some information, the amended
interval strategy is deceptive, and thus the sender can now deviate on path.
Critically, however, these deviations only move the decision to the right
and are unprofitable. By construction, there is no suitable peak and end
pair of points to the left, as otherwise the interval strategy would have
played it.
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The referential advice to the right of the recommendation is not so eas-
ily dismissed. Were the sender to reveal only the peak and the end point,
even more on-path deviations would be opened up, and, critically, some
of these would move the recommendation to the left and be profitable.
This undermines the equilibrium. For instance, by revealing a lower out-
come to the right of where the interval strategy would stop, the sender
can potentially support a recommendation with an even less appealing
outcome for the receiver to the left of that in the interval equilibrium.

The information between the peak and the end pointis important be-
cause it provides credibility to the sender. The receiver need not ask, Why
did the sender reveal the peak that she did? By seeing all of the points be-
tween the peak and the end, the receiver can be sure there is no better
peak for him and thus accept the recommendation with confidence.
Without this referential advice, the receiver cannot be sure he is seeing
what he is supposed to see.

The common thread across these equilibria is that they implement a
relative rather than an absolute standard (as in conative equilibria). Con-
vincing the receiver that the recommendation meets a relative standard
requires credibility, and this in turn requires the sender to provide addi-
tional referential advice. In these equilibria, advice fulfills three roles. It
persuades, it dissuades, and it provides credibility. In our model, persua-
sion and dissuasion each lean on only a single piece of information. The
interval equilibrium shows that the third requirement—that of credibil-
ity—can require more information and possibly much more.

D.  Other Referential Equilibria
1. Referential Advice with Less Information

Referential equilibria exist that are neither fully revealing to the left nor
equivalent to an equilibrium that is. Advice in some of these equilibria
can be very limited. Indeed, in some states, these equilibria can require
the sender to reveal only a single piece of referential advice. Here is an
example.

ExampLE 3. Given some 7%* < 0, the sender reveals the smallest op-
tion d such that X(d) < T** and, if no such option exists, reveals all the
options.

If the lower threshold is reached, revealing that point dissuades the re-
ceiver from experimenting on his own and thereby persuades him to ac-
cept the default option as a recommendation. The referential advice
when the threshold is met is a single piece of information. If the thresh-
old is not met, the sender fully reveals her information.

This equilibrium improves on the interval equilibrium in some states.
In the limit, she is able to persuade the receiver to choose the default
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option with positive probability, whereas in the interval equilibrium, this
is a zero probability event. The cost of doing so, however, is that she fully
reveals if the threshold is not met, and in these cases she does strictly
worse than not only the interval equilibrium but also the sender-optimal
conative equilibrium.

Full revelation is a rather excessive response to the threshold not be-
ing met, and this raises the question of whether the sender can do better
in these states. To see what can be accomplished in the limit, and to see
the tension in such equilibria, consider the following example.

ExampLE 4. Suppose that nis a perfect square such that option d,,»» =
¢, a fixed distance from d, for all such n.* For some T < 0, the sender’s
strategy is as follows:

i. she reveals option d,,= if X(d,») < T*; otherwise,
ii. she fully reveals all options if X(d) > b — A™ for some d € [0, d,,:],
or
iii. she follows the sender-optimal first-point conative strategy with
Amax.

Referential advice in this equilibrium can still involve a single piece of
information, and the sender wields this minimal advice to persuade the
receiver to choose the default option. Moreover, rather than always com-
pletely revealing her information when this threshold is not met, the
sender transitions to the sender-optimal conative strategy in part iii.

The conative strategy cannot be used all the time in this situation,
however. Attempting to persuade with the default option carries a cost
when it does not come off, and this is evident in part ii. When the sender
fails to reveal that the outcome of d,,» is sufficiently bad, information
spills over indirectly into the smaller options. Knowing that X(d,,) is
above T, the receiver’s beliefs for all smaller options are also higher.
Thus, he is unwilling to accept an outcome A™** from his ideal, as with-
out the risk of a very low outcome, he would be emboldened to experi-
ment further should that be the recommendation.

The strategies in examples 3 and 4 can be combined and sliced in many
different ways. The resulting equilibria can outperform the interval equi-
librium in some states by inducing a smaller action up to and including
the default option. Nevertheless, no matter how this is done, theorem 2
tells us that it has to involve a cost. In other states, the equilibrium must
lead to larger actions; in fact, in some of these states, the option chosen
is worse than even the sender-optimal conative equilibrium.

* More generally, we can consider the case of any » if we replace d,,» by d,», where
L gn'/? | refers to the integer part of gn'/?.
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2. Nonprescriptive Equilibria

A nonprescriptive equilibrium requires that the receiver choose an op-
tion that is not revealed. As such, such an equilibrium is necessarily ref-
erential. In our environment, it is difficult to construct equilibria that
are nonprescriptive. We have been unable to do so, although we have
also been unable to rule them out.

We saw earlier that no advice cannot support equilibrium behavior,
since with neutral beliefs, full revelation is profitable for some types. This
argument extends to all nondeceptive strategies. Full revelation under-
mines any nondeceptive strategy that is nonprescriptive. The only excep-
tion is if the option the receiver chooses is immediately adjacent to a re-
vealed point, as then there is no space for the mapping to cross b between
a revealed option and what the receiver will choose. We refer to such
equilibria as near prescriptive.

DEFINITION 7.  An equilibrium is near prescriptive when, for every on-
path message m, either the receiver chooses an option disclosed in m or
the receiver chooses an option just above or just below an option dis-
closed in m.

Such an equilibrium does not capture the spirit of nonprescriptiveness,
however, for as n grows large, the option space grows dense and these equi-
libria effectively become prescriptive. Nevertheless, for nondeceptive strat-
egies, this is the only type of nonprescriptive equilibrium that is possible.

LemMA 3. Ifan equilibrium is nondeceptive, then it is near prescriptive.

For a truly nonprescriptive equilibrium to exist, therefore, the strategy
must be deceptive. To rule out the full-revelation deviation, it must also
be that any message with a gap cannot profitably be sent by a type in which
the path crosses bin that gap and nowhere else to the right. Intuition sug-
gests that this makes supporting an equilibrium difficult, although dem-
onstrating this formally with nonneutral beliefs (and without closed-form
representations) is challenging.*

3. Receiver-Optimal Equilibria

The amount of referential advice required in equilibrium is put into
sharp relief for receiver-optimal equilibria. Full revelation is receiver

* For instance, consider the following strategy that is nonprescriptive for some states
and prescriptive for others: denote by d” the smallest option such that X(d*) > b; then
for some d"" large, (1) if d* < d", reveal all options up to and including d"; (2) otherwise,
reveal nothing. In case 1, the receiver chooses option d*, and in case 2, he chooses d".
Case 2 is nonprescriptive, and the receiver knows that the outcome is strictly below b. Nev-
ertheless, if d™ is sufficiently large, the density may be packed sufficiently tightly to 4 that
he prefers d™ than to experiment further to the right. Clearly, however, even were this
strategy able to support an equilibrium, it does not dominate the sender-optimal conative
equilibrium, let alone the interval equilibrium.
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optimal, of course, but it is not uniquely so. One may wonder how little
information the sender can provide in such an equilibrium and whether
that advice can be conative.

With a finite set of options, advice is necessarily referential in any
receiver-optimal equilibrium. In fact, we show in appendix B (proposi-
tion B1) thatin any receiver-optimal equilibrium, the sender must reveal
the best option for the receiver and all options to the right of it. She can
reveal more up to full revelation, but she can reveal no less than this.

The reason referential advice is required is because, with a finite set of
options, the best option for the receiver is a relative standard. The receiver
does not know what outcome is her best among those available, and so he
needs to be convinced that the recommendation made is indeed the best.
He is convinced only when he knows that the sender has no profitable de-
viations available, and for that to hold, the receiver must reveal all infor-
mation to the right. The strategy is deceptive when the sender reveals only
these points, although as with the other examples above, this strategy has a
nondeceptive equivalent equilibrium in full revelation.

This example provides insight into the distinction between a relative
and an absolute standard in advice. While the receiver’s optimal option
is relative in a finite sample, it is absolute in a continuum. With probabil-
ity 1, an option exists that produces outcome b, and if the receiver is ad-
vised to take that option by the sender, he requires no additional advice
to convince him that it is the best option for him. In the limit, therefore,
the relative standard becomes absolute, and advice in a receiver-optimal
equilibrium can be conative.

In appendix B (proposition B2), we show that a sequence of conative
equilibria implement the receiver-optimal outcome in the limit and that
equilibria in this sequence are better for the sender than any exactly
receiver-optimal equilibria. By letting the size of the band, A, in a first-
point conative equilibrium converge to zero, the sender must reveal a bet-
ter and better option to the receiver, such that in the limit the option re-
vealed produces outcome b. We show that this can be done slowly enough
as n increases, such that the probability an outcome falls within this band
goes to 1, and the interaction is conative almost surely in the limit.

VI. Concluding Discussion

Expertise is everywhere, and its importance verges on being self-evident.
Yet grasping why and how it matters—and teasing its effects out empiri-
cally—has proven more elusive than one may have expected. The objec-
tive of this paper has been to shed more light on the role of expertise, how
it manifests in advice, and when it matters. At an abstract level, we hope
that the use of referential information resonates with intuition and expe-
rience and opens up new questions. At a practical level, we aim for our
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results to open up new channels of understanding and new interpreta-
tions of old data. Before concluding, we briefly offer here several areas
where this opportunity is most promising.

We have analyzed an environment with unrestricted communication.
In practice, a design choice for decision makers is how much information
they allow experts to provide to them. Chief executive officers (CEOs) fa-
mously prefer executive summaries over lengthy reports, Congress re-
quires that only the text of a bill be reported to the floor by a committee
without supporting reports, and common law dictates that only judicial
decisions themselves form binding precedent and not any supporting ar-
guments contained in a judge’s written opinion. The wisdom of these re-
strictions depends on what equilibrium is expected to be played were
communication unrestricted. If it is the interval equilibrium, then the
CEO is better off with only a recommendation, whereas if the decision
maker can expect (or mandate) full disclosure of private information, re-
stricting the channel of communication helps the expert and not the de-
cision maker.?”

Beliefs play an important role in our analysis. They are rich, broad, and,
at times, subtle. This suggests that equilibrium refinements may shed ad-
ditional insight into which equilibria are the more reasonable. Standard
refinements can be applied here, although their ability to refine pre-
diction is limited; for instance, the never-weak-best-response refinement
eliminates none of the equilibria of interest. A more promising and novel
route that our framework opens up is to distinguish between deviations
that overcommunicate versus those that undercommunicate. A sender
overcommunicates when she sends an equilibrium message plus additional
information. Undercommunication is then deviations that are not a superset
of any equilibrium message. It seems plausible that overcommunication con-
veys sincerity and openness, whereas undercommunication indicates decep-
tion and breeds mistrust. If so, overcommunicated information is then
taken at face value and beliefs are neutral.?® This refinement eliminates
all nonprescriptive equilibria that are Pareto inefficient, yet the interval
equilibrium and all first-point conative equilibria survive.* Exploring these

*” This suggests that the impact of expertise may be identified through what and how
much an expert communicates and the range of outcomes that it produces. Conative equi-
libria exist only in a relatively narrow band, whereas referential equilibria range from the
worst possible for the expert up to the interval equilibrium and perhaps beyond. Evidence
of expertise should also exist beyond the choice itself and in the beliefs a decision maker
holds over all options.

* One may interpret overcommunication through the lens of speeches that motivated
early refinements. The sender is showing the equilibrium outcome and then, in effect, say-
ing, “Here is additional information that will make us both better off.”

* The Pareto requirement eliminates the possible equilibrium described in n. 26. It also
implies that the sender can overcommunicate all information to the left of the recommen-
dation without upsetting the equilibrium, meaning that the surviving nonprescriptive
equilibria have near-prescriptive analogues.
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ideas in theory and particularly in the lab promises to yield more insight
into the psychology and strategy of communication.”

Although the focus has been on equilibria when the number of options
is large, the results are characterized for finite n. Indeed, for referential
advice to help the expert in equilibrium, there can be as few as three op-
tions (since with only two options, there is no space for arecommendation
and referential advice that dissuades). Our results show simply that the
bigger the set is, the more likely the opportunity will arise for referential
advice to be able to influence the decision maker and for referential equi-
libria to dominate conative ones.” A similar conclusion emerges if the out-
come space is bounded. The insurance value of advice is a relative effect,
and even in bounded domains the decision maker would be tempted to
accept a good enough outcome to avoid potentially worse outcomes.

One stark assumption in the model is that the expert knows the state of
the world precisely. This aids tractability but is not necessary. Our results
are unchanged if we add an independentnoise term to the expert’s knowl-
edge of each outcome. A variant more in the spirit of our model is to in-
stead suppose that the precision of the expert’s knowledge also varies in
the option itself, increasing in the distance an option is from the known
default option. In appendix A, we formalize this idea via a noise term that
itselfis modeled as a Brownian motion and anchored at the default option.
The striking implication to come from this is that the conative equilibria
no longer exist whereas the referential equilibria do, providing more sup-
port for our focus on referential advice. Conative equilibria break down
as a recommendation that is far from the default implies that the expert
is very unsure of the recommendation herself, and for a sufficiently distant
recommendation the receiver will prefer an option near or at the default.
The interval equilibrium, in revealing all outcomes from the default to the
right, does not succumb to this problem.

The model we develop in this paper exposes clearly how strategic com-
munication is deeply intertwined with experimentation. The receiver’s
decision to accept advice is made in comparison to what he can achieve
by experimenting on his own, and the benefit of experimentation is itself
affected by the advice that is conveyed. While our model differs from the
communication literature in relaxing the perfect correlation of states, it is
notable that it simultaneously differs from the experimentation literature
in relaxing the independence of states. By parameterizing the correlation,

* There is scope also for refinements based on traditional arguments. For example, the
classic idea that beliefs are inherently uncertain—such that a receiver would accept a recom-
mendation that is close enough to his ideal, even if he is uncertain it is the absolute best—
would eliminate full revelation as an equilibrium or any exactly receiver optimal equilibria.

*' Referential advice would likely be more effective in settings in which the expert were
able to convince the decision maker that a good option does not exist. Our setting makes
the task more difficult by ruling out that possible channel of influence.
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our model demonstrates how the literatures can be connected. We ex-
plore a static model, as is standard in the communication literature, al-
though there is no logical barrier to it being dynamic, as is the experi-
mentation literature. We hope that the connection between these areas
of economic decision-making can be explored more deeply in further
research.

Appendixes

The appendixes are organized as follows.

Appendix A offers four extensions of the main model. Section Al con-
siders receiver utility beyond the quadratic case. Section A2 explores the
case in which the sender has a preference for larger options. Section A3
discusses the case in which the sender is imperfectly informed about the
outcomes. Section A4 extends the message space of the main model by
allowing the sender to send, as message, a set of states that includes the
true state.

Appendix B includes results omitted from the main text. Section Bl
provides sufficient conditions on the existence of off-path suspicious
beliefs needed to sustain an equilibrium. Section B2 shows that on the
equilibrium path of a prescriptive equilibrium, the sender is always infor-
mative. Section B3 shows that in every nondeceptive prescriptive equilib-
rium, interactions are fully revealing to the left. Section B4 formalizes
the facts mentioned in section V.D of the main text regarding receiver-
optimal equilibria.

Finally, appendix C contains the proofs of the results stated in the
main text.

Appendix A
Extensions
Al.  General Receiver Utility

To simplify the presentation, in the main text we have developed the model for
quadratic receiver utility. Our results do not depend on this restriction, with
the sole exception of corollary 1. In this section, we develop general conditions
on receiver utility under which our results continue to hold. The intuition in this
general setting remains unchanged, even though the details can be technical and
complex. All the proofs for our results (in app. C) are provided under general
receiver utility, and to that end, we establish in this section several intermediary
results relevant to this environment.

Without quadratic utility, how the receiver trades off risk and return depends on
the degree of underlying uncertainty and the expected outcome itself. This means,
for example, that absent expert advice, the receiver’s favored option will not always
deliver outcome b — o? /2u; rather, it will depend on the default outcome. Despite
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this, the principles that underlie all of our equilibria and that lead to dominance of
the interval equilibrium carry through. When we relax quadratic utility, our results
continue to hold if the following assumptions on receiver utility hold. We define

(%) and P(x) = — Z‘%((;C))

as the coefficients of absolute risk aversion and absolute prudence, respectively.*

AssumPTION 1. urissmooth to the fourth order and exponentially dominated.*

AsSUMPTION 2. up < 0 and uR(x) is maximized at x = b > 0, the ideal out-
come of the receiver.

AssumPTION 3.  On the range (—oo, ), R' > 0.

AssumMpPTION 4. If P #0, P <0.

ASSUMPTION 5. R(0) < 2u/0>.

Assumption 1 is a technical condition to ensure expectations are well defined.
Assumption 2 ensures that w is strictly concave and an ideal outcome for the re-
ceiver exists. Assumptions 3 and 4 ensure that the optimization problem the re-
ceiver faces is concave (see lemma Al), using the concepts of absolute risk aver-
sion and absolute prudence from the literature on decision making under
uncertainty (for a discussion of these conditions, see Callander and Matouschek
2019). Finally, assumption 5 is the analog of the requirement b > ¢?/2u that en-
sures the sender’s problem is nontrivial.

If receiver utility meets assumptions 1-5, the logic for conative equilibria is the
same, although the condition describing the first-point conative equilibria is
more involved. Let x be the unique outcome x < b at which the coefficient of ab-
solute risk aversion is equal to 2u/0®. Similarly, let X be the unique outcome x > b
such that uz(x) = ur(x). Therefore, the receiver utility of any outcome outside
the range [, x] is less than the receiver utility of all outcomes inside that range.
By assumption 5, we have x € (0, b). Lemma A2 then implies that the sender can-
not get her first best in equilibrium if n is large enough (following the argument
used in the main text to show the necessity of equilibrium advice). Observe that
for the case of quadratic receiver utility in the main text, x = b — ¢*/2p and
x = b+ ¢°/2p. The existence and uniqueness of x follow from assumptions 3
and 5, together with the fact that the coefficient of absolute aversion —ug(x)/
uy (x) becomes unbounded as x approaches b because, by assumption 2, «" is
bounded above negatively while « vanishes. The existence and uniqueness of x
follow from assumption 1.

We now extend the definition of first-point conative sender strategy to the case
of general receiver utility.

DeriNtTION 8. In the case of general receiver utility, we say that the sender
follows a first-point conative strategy when there exists A, A > 0, with (b — wrA) =
ug(b + A), and such that the sender reveals the smallest option whose outcome

5

# Assumptions 1 and 2 imply that the coefficient of absolute risk aversion is well defined
and positive on the range (—, ) and that the coefficient of absolute prudence is well de-
fined everywhere.

* Formally, ug is four times continuously differentiable, and for all o > 0, ug)(x)e’“‘”‘ —
0 as |x| — o, where ) denotes the derivative of order k.
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falls in the range [b — A, b + A], and if no such option exists, the sender reveals
everything.

The sender-optimal conative strategy is then the first-point conative strategy
with the largest range [b — A, b + A] that supports a prescriptive equilibrium,
analogous to the case of quadratic receiver utility, and as n grows to infinity, this
largest range becomes [x, x]. Regardless of the default outcome, there exists an
outcome that the receiver is willing to accept risk free rather than to engage in
more experimentation.

Similarly, the interval equilibrium carries the same logic, although the thresh-
old that stops revelation is more complicated, depending on how the receiver
trades off risk from his optimal experiment should he ignore the advice. This
means that the exact equilibrium behavior will vary from that with quadratic utility
and potentially vary a lot for specific mappings.

Despite this variation, the comparison of the interval equilibrium to the sender-
optimal conative equilibria carries through exactly as before. The thresholds for
each equilibrium may vary, but as the logic of the interval equilibrium depends on
the level of the sender-optimal conative equilibrium, it remains the case that the
necessary condition will be satisfied before the conative threshold is reached.

The one result that does not extend to general receiver preferences is corol-
lary 1, which reveals a precise equivalence in the expected outcome of the sender-
preferred conative equilibrium and when the expert is absent (and provides no
advice). The logic of that result is general, although the exact equality is special.
It depends on the independence of the receiver’s optimal experiment from the
default outcome that holds only with quadratic utility. The difference is, however,
small in the sense that the leverage of the expert is small in the receiver-optimal
conative equilibrium, with the relative comparison depending on the curvature
of utility and not any fundamental property of strategic communication.

We end this section with two technical lemmas needed in the proofs of our
main results to account for general receiver utility. In each lemma, Zis an inde-
pendent random variable that follows the standard normal distribution.

Lemma Al.  Forall x, € R, the mapping A ~ E[ug(x) + pA + 0A'?Z)] defined
for A > 0 is strictly concave.

Proof—1Let x, € R and f(A) = Elug(x + pA + ¢A'*Z)]. First, when absolute
prudence is strictly decreasing, by continuous differentiation,

(a)* — o
()"

except possibly on a set of measure zero. Since up <0, w" <0, and w' <
( I ////)1/2

<0,

ugug’) ", except possibly on a set of measure zero. Then, observing that
[E{u{z(xo + pA + a\/ZZ)Z} = (r\/Z[E[uR(xO + pA + a\/ﬁZ)},
[E{u{{(xo + uA + a\/KZ)Z} = oV/AE [u{{(xo + A + U\/KZ)],
we get

f(a) = uE[ug(xo +pA + 0\/KZ)} + %Q[E[u{{(xo + A+ m/Zz)],
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and

L) = [E[u{{(xo +pA + 0\/KZ)]
u
+2( g JE[uu + ua + ava2)]

9\ 2

+ (;—) [E[u]/{"(xo + pA + 0\/KZ)].
w

Finally, using that u;” < 0 and uy < (ugug)'"?

sure zero),

(except possibly on a set of mea-

Lrw)

P
< f[E[(ujé(xo + pA + oVAZ) — (%) u (%0 + pA + a\/KZ)ﬂ,

so that f/”(A) < 0 and (s strictly concave. QED
Lemma A2. Let fbe the mapping Aw E[ug(x) + pA + 0A'?Z)] defined for
A=>0.

« If x > x, f(A) is maximized at A = 0.
o If x) < x, there exists A > 0 such that for all A € (0, B),f(A) > £(0).

Proof—As in the proof of lemma Al, we have

10) = wai() + 5 (x),

and fis strictly concave by lemma Al. By assumptions 3 and 5, f'(0) < 0if x, > x,
so f(0) is a maximal value by concavity of /. Similarly, /'(0) > 0 if x, < x, so fis
strictly increasing in a neighborhood of 0. QED

A2.  Sender Prefers Larger Options

The assumption that the sender prefers smaller options is not a normalization. It
implies that the option that is best for the sender is the one that, in the absence
of any advice, is safest for the receiver. We now explore the opposite case in which
the sender wants to convince the receiver to choose the option about which, in
the absence of advice, he is most uncertain about.

So suppose that the sender’s preferences are strictly increasing in d, using
us(d) = +d as the sender’s utility function. The receiver’s utility function re-
mains quadratic, as in section II. Since the sender plays no role in the no advice
benchmark of section IV.C, this change does not affect the option the receiver
would choose in the absence of any advice, which is still given by d™, the option
that produces outcome b — ¢°/2p in expectation.

Now suppose the receiver knows that X(d*) = x*, and let us briefly revisit the
case of optimal receiver decision assuming neutral beliefs. Note that, the receiver’s
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preferences being unchanged, the case x* < b is already treated as part of sec-
tion IV and theorem 1. The case x* > b—relevant when the sender prefers larger
decisions—is more subtle. If x* > b, then letting

B(d) = min{%(\/b2 + 2do* — b), b},
we have the following:

« If d* <40*/d® so that B(d) = (1/2)[(0* + 2d0*)"* — b], then for x* <
b + B(d*), the receiver’s optimal decision is d". As x” increases, the optimal
decision decreases. In the limit as x* grows to infinity, the optimal decision
converges to 0.

If d* > 4b°/¢®, so that §(d) = b, then for x* < b + B(d*) = 2b, the receiv-
er’s optimal decision is d*. For x* € [2b, (6°/2b)d*], the optimal decision
is zero. Then, as x" increases above (0%/20)d*, the optimal decision gradu-
ally increases toward d” and then decreases again toward 0. In the limit as
x* — oo, the optimal decision converges to zero.

The first result concerns the existence of an equilibrium with conative

interactions.

ProposITION Al.  If x;: D+~ R is nondecreasing with x.(d) € [b, b + (d)] for
all options d, then there exists a sequence of equilibria that are conative in the
limit where x.(d*) is the outcome of equilibrium decision d*.

Proof—Let A(d) = xc(d) — b, fix n, and consider the following sender strategy:
the sender reveals the largest option d whose outcome belongs to [b — A(d), b +
A(d)]. If no such option exists, the sender reveals all options. Then, suppose that,
upon receiving an on-path message, the receiver operates as follows: if the entire
state is revealed, the receiver simply chooses the utility-maximizing option. If two
or more options are optimal, as in the main text, the receiver chooses the sender-
preferred option—here, the largest one. Otherwise, the receiver chooses the only re-
vealed option.

The sender’s strategy is deceptive but optimal when restricted to on-path mes-
sages, by the same argument as in the proof of theorem 1.

Let us show that the receiver’s strategy is also optimal among on-path mes-
sages. The case of the sender revealing the full state is immediate. Let us focus
on the case in which the sender reveals only one option d* whose outcome x
belongs to [b — A(d), b + A(d)]. The receiver is never better off choosing an op-
tion strictly larger than d”, because x. is nondecreasing and so any such option
yields an outcome even further away from b than is x".

If d < d*, the receiver believes that X(d) is distributed normally with mean
E[X(d) | X(d*) = x*] = dx*/d* and variance Var[X(d) | X(d*) = x*] = o*(d*—
d)d/d*. We consider two cases.

* If x* < b, then choosing option d < d* yields an outcome that, on average, is
further away from b than is %" and, in addition, increases the variance of the
outcome. The receiver is better off choosing d”.
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» If x* > b, then choosing option d < d* yields the receiver’s expected utility
—(b = E[X(d) | X(d) = «"])"= Var[X(d) | X(d") = 7]
dx*\* , (d* — d)d
(=)
whereas the receiver’s expected utility when taking option d™is —(b — x*)*.

Hence, the receiver is better off choosing d* when the difference of the two
terms, which simplifies to

a*—d
(d*)2

((d + d*)x* — dd*e* — 2bd*x*), (A1)

is nonpositive. We have d* — d >0, and we remark that the term (d +
d*)x* — dd*o® — 2bd*x* is linear in d, so if it evaluates nonpositively at the
two extremes d = 0 and d = d*, it also evaluates nonpositively at all options
between the two extremes. If d = 0, then

(d + d*)x* — dd*o® — 2bd*x* = (x* — 2b)x"d* < 0
because x.(d*) < b + B(d*) < 2b.1f d = d*, then
(d + d*)x* — dd*o® — 2bd*x* = d*(2(x* — b)x* — d*0°),

which is quadratic in x* and is nonpositive if and only if
. 1 3 ; 1 ;
x* e {5(\/;;- + 2do* — b), §( b+ 2do” + b)},
and so it is nonpositive because for all d, x.(d) is in the interval

b6 + B(d)] © B(\/;f T 2do" — 1), %(\/;f T 9do” + b)}

Hence, equation (Al) is nonpositive, and the receiver’s maximal expected
utility is reached when choosing d*.

Thus, the receiver’s strategy is optimal among on-path messages.

Finally, observe that if the outcome of any option dfalls in [b — A(d), b + A(d)],
the sender is never strictly better off deviating by revealing the full state: doing so
wouldyield a decision thatis at least as large as the decision expected in equilibrium.

Lemma B1 (or, rather, its analog, which continues to hold for the sort of send-
er’s preferences considered here) applies: the strategies defined above can be
completed with appropriate off-path beliefs and decisions to form an equilibrium.

If we send n to infinity, the outcome path becomes distributed as a Brownian
motion with drift g > 0. This Brownian motion (almost surely) hits the frontier
defined by the function x(-), which implies, by the same argument as in the
proof of theorem 1, that as n — o, the equilibria just defined become conative.
In addition, the sender then reveals the pair (d*, x.(d*)), where d” is the largest
option for which X(d*) = x¢(d*). QED

In addition, the following result implies that the sender’s preferred conative
equilibrium, in the limit, implements outcome b + §(d*) for equilibrium decision
d”. Its proof is analogous to the proof of the first part of theorem 1 and is omitted.
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LemMmA A3, In any sequence of equilibria that are conative in the limit, the
probability that the equilibrium outcome of equilibrium decision d* is above
b + B(d*) vanishes as n grows large.

The logic of conative advice remains unchanged. Previously, the sender revealed
the smallest option with outcome sufficiently close to the receiver’s ideal. With in-
creasing preferences, she now reveals the largest option that is sufficiently close.
This outcome is then above b rather than below. A difference is that the threshold
that defines close enough is now nonconstant. The reason is that the relevant do-
main over which the receiver may experiment rather than accept advice is now a
Brownian bridge. The utility of experimentation depends on the slope of that
bridge, and thatin turn depends on how large the option is that the sender recom-
mends. The larger the option is, the flatter the bridge is and the less tempted to
experiment is the receiver, which allows the sender to pull the outcome further
above b. At the other extreme, the smaller the option is, the steeper the bridge
is, such that as the recommended option approaches dy, the outcome it produces
must itself approach 4. For quadratic receiver utility, this threshold is given by
(1/2)[b + (8* + 20°d)"*], as marked in figure A1A. The construction of this strategy
now yields neutral beliefs to the left of the revealed option rather than to the right.

Itis evident in this case that in expectation, conative equilibria do shift the de-
cision in the sender’s favor relative to what the receiver would choose in the ab-
sence of advice. Without advice, the receiver’s risk aversion creates a timidity that
works in the opposite direction to the sender’s preferences, whereas it previously
worked in her favor.

It still remains the case, however, that the sender can sway the decision more in
her favor by providing referential advice than she can by making a recommenda-
tion alone, as shown by our second result below.

ProposiTiON A2.  There exists a sequence of referential equilibria X;, X, ...
such that for any sequence of equilibria X, X, ... that are conative in the limit,
%, provides an expected utility for the sender that is greater than X, in the limit
as n —» 0.

Proof—Fix n. We build an equilibrium X, whose structure is similar to the in-
terval equilibrium of the main model. Let d’ be the largest option that satisfies
either one of these two properties: either b < X(d') < b+ B(d") or X(d') >
b+ B(d") and

. 40 X(d) o
max{—(X(d) — b)*:d>d'} = —V° 1fd’2?and e Te
d'o®(d'e> — 4b(X(d") — b)) . 42
—(X(d) = b)?:d>d'}) > / fd <22
max{~(X(d) ~ O d=d) 2 dey
1 2
or X(d") Y

d 2

Let d' = 0 if no such option exists.

Consider the following sender strategy: the sender reveals d' and all the op-
tions to the right of d’. Then, upon receiving an on-path message, the receiver
chooses the option that maximizes his utility among the set of options that are
revealed by the sender, and as before, if two or more options maximize the re-
ceiver’s utility, the receiver chooses the largest one.
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A outcome

o L4
dc dm / \ option

B outcome

0 !
d° / d \ dP option

b Amax 3 (b+ Vb +202d)

Fic. A1l.—Strictly increasing sender preference for conative equilibrium (A) and interval
equilibrium (B). A color version of this figure is available online.

Two facts are worth noting. First, —b*is the maximum possible expected utility
the receiver can get if he chooses an option d to the left of d’for the case when
d' > 4b*/0® and when X(d'")/d' < ¢*/2b. Second, it can be shown that

d'o*(d'o® — 4b(X(d") — b))
4(X(d")? — d'o®)

is an upper bound on the maximum possible utility that the receiver can obtain
by choosing an option d less than d'if either d' < 44°/¢® or X(d')/d" > ¢*/2b
(this upper bound becomes tight as n grows large). These two facts follow from
the above description regarding the receiver’s optimal option under neutral be-
liefs and from solving the relevant maximization problems. The calculations are
tedious but straightforward and are omitted.
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These two facts combined imply that the sender’s and the receiver’s strategies
just described are optimal when restricted to on-path messages. In addition, the
sender is never strictly better off deviating by revealing all options. In conse-
quence, as in the proof of proposition Al, the analog of lemma B1 for the case
of sender preferences considered here guarantees that such a sender strategy
supports a prescriptive equilibrium.

In the limit as n — o, we get a compact characterization of the equilibrium: d'
becomes the largest option that satisfies either

X(d') = b+ B(d)
or, if d' < 4b*/0?,
d'o*(d'o? — 4b(X(d') — b))

max{—(X(d) — b)*:d>d'} > XA — d')

In the limit, such an option almost surely exists.

Let X, X5, ... be a sequence of equilibria that are conative in the limit. The
abovementioned thresholds that determine the option d imply that the equilib-
rium decision in the sender’s preferred conative equilibrium is never greater
than the equilibrium decision of this referential equilibrium and that, with pos-
itive probability, it is strictly smaller. QED

The referential equilibria in proposition A2 are analogous to the interval equi-
libria of section V.A. Figure Al B illustrates the interval strategy used in the limiting
case n & o. Rather than reveal from the left, the sender now reveals from the right,
with all revealed outcomes above 4. The recommendation is again the closest re-
vealed outcome to b, although it is now the low point in the mapping, and the ref-
erential advice is information to the left of that recommendation, with the key dis-
suasive point being the peak, now marked by 4. In the same way that previously
information to the left of the recommendation could be omitted without upset-
ting the equilibrium, information to the right of the recommendation can be
omitted here, reducing the amount of information needed to be communicated
in equilibrium.

Because the domain where the receiver may experimentis now a bridge, the con-
struction of equilibrium is somewhat more delicate, with the thresholds dependent
on the location of the revealed option. Nevertheless, an equilibrium can be con-
structed. For many paths, the interval equilibrium yields a strictly better choice
by the receiver than do all conative equilibria, but it is no longer true that this
holds with probability 1. With positive probability, the requisite combination of
high and low points cannot be found, and the interval equilibrium implements
the same choice by the receiver as does the sender-optimal conative equilibrium.
Thus, even here, it is still the case that the interval equilibrium weakly dominates
all conative equilibria as the option set grows large.

A3, Sender Is Imperfectly Informed

We now consider another direction in which the model can be extended, allow-
ing for the sender to be imperfectly informed about the outcomes.

In our context, it is natural to suppose that, just like the receiver, the sender is
better informed about options that are closer to the default option. To capture
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this notion, we assume that the sender observes the realization of a signal func-
tion that is correlated with the outcome function. For each option, she then de-
cides whether to reveal her signal. As in the main model, we assume that revela-
tions have to be truthful. The utilities for the sender and the receiver are as in the
main model (sec. IT). The outcome of option d continues to be denoted X(d) and
is distributed as in the main model. However, instead of observing directly X(d)
for every option d, the sender now observes Y(d), with Y(dy) = X(d,) = 0 and

€
\/y%
fori =1, ..., n,where £;is independently drawn from the standard normal distri-
bution and ¢ captures the amount of noise in the signals the sender gets to ob-
serve. In the case ¢ = 0, the sender is perfectly informed about the state, as in
our main model. As ¢ grows larger, the sender becomes gradually less informed
until, in the limit in which ¢ = oo, she knows as little as the receiver does. Finally,
for any positive ¢, the sender is more uncertain about the outcomes of options
that are further away from the default option, just like the receiver. As n grows
large, X becomes distributed as a Brownian motion with drift p and scale o, and
Y becomes distributed as a Brownian motion with drift x and scale (02 + £2)"*.

For every option 4, let Z(d) denote the best estimate of X(d)—a minimizer of
the mean squared error—given the sender’s information:

Y(dl) = Y(dtfl) + X(d') - X(d,,l) + Ez

Z(d) = E[X(d) | Y(d),¥ d].

Let v = ¢*/(0® + ¢%). The projection formulas for jointly normal random vari-
ables imply

Z(d) = (1 — y)Y(d) + yud and Var[X(d) | Y(d),V d] = yo’d.

In particular, as n grows to infinity, Z(-) is distributed as a Brownian motion with
drift p and scale (1 — y)o. So, compared with original outcome function, the
drift of the estimated outcome function is the same, but the scale is reduced
by the factor 1 — v, which captures the informativeness of the sender’s signals.
As v — 0, signals become perfectly informative and estimations become con-
founded with true outcomes, while as y — 1, signals become perfectly uninfor-
mative and estimations become equal to the unconditional expected outcomes.

It is worth noting that for each option d, the value of signal Y (d) is a sufficient
statistic to compute the distribution of X(d) conditional on all of the sender’s
information:

E[X(a) | Y(d)] = E[X(d) | Y(d),V d],
Var[X(d) | Y(d)] = Var[X(d) | Y(d'),V d].
In addition, if d > d’,
E[X(d) | Y(d)] = E[X(d) | Y(d"),V d"<d] = Z(d) + (d — d)p, (A2)
and

Var[X(d) | Y(d)] = Var[X(d) | Y(d"),V d' < d] = vdo* + (d — d')o*.  (A3)
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The expected utility of the receiver who takes option d given knowledge of Y (d)
or, equivalently, Z(d) is

—(Z(d) = b)* = yo*d. (A4)

Compared with the receiver’s expected utility conditional on X(d), —(X(d) — b)°,
notice the presence of the second term —+yo®d. This term captures the disutility
the receiver gets for choosing larger options due to the compounded noise in
the sender’s signals.

Overall, the case of an imperfectly informed sender can be analyzed in much
the same way as our main model by noticing that, rather than revealing outcomes
depending on when X(-) hits different thresholds, the sender reveals signals (or,
equivalently, outcome estimates) depending on when Z(-) hits suitably adjusted
thresholds.

The key difference between this extension and our main model is that there are
no longer any conative equilibria, specifically, the probability of nonconative in-
teractions remains bounded away from zero as n grows large. To see why, suppose
the sender’s strategy were to reveal the signal of the smallest option at which the
estimate function Z(-) hits threshold b — ¢*/2p (the threshold associated with the
sender-optimal conative equilibrium with perfect information). If the estimate
function hits the threshold early enough, it is a best response for the receiver
to choose the revealed option. But if the estimate function hits the threshold
late—for a large option—the receiver is now better off picking an option to the
left of the revealed one, perhaps even the default option. In such cases, the re-
ceiver understands that the sender is very unsure about the outcome of the op-
tion she is revealing and recommending. Rather than follow such a risky recom-
mendation, he turns it down for something closer to the safe default decision.
This fact holds more generally and is captured in proposition A3.

ProrosiTiON A3.  If the sender is imperfectly informed about the state, that
is, ¢ > 0, then there is no sequence of equilibria that are conative in the limit.

Proof—Suppose by contradiction that there exists a sequence of equilibria
that are conative in the limit, which we write as X, X, ....

Letz = b — o?/2u. If the receiver observes the value Y(d) or Z(d) of option d,
and if Z(d) > z, then under neutral beliefs, the receiver’s expected utility is no
greater when choosing option d' > d than when choosing option d. In contrast,
if nis sufficiently large and Z(d) < z, then the receiver gets more expected utility
by choosing some option d' > d. These facts follow from the same arguments as in
section IV and imply, by the same arguments as in the proof of theorem 1, thatas n
grows large, the probability that the equilibrium outcome of X, is below z vanishes.

Since, as n grows large, the estimated outcome path is a Brownian motion
starting at 0 with drift p and scale (1 — v)o, for every option d;, there is a positive
probability that the outcomes of all the options to the left of d;,are below z. And
because the receiver incurs a disutility linear in the option chosen, as shown in
equation (A4), if d;is large enough, the receiver would rather decide the default
option, whose outcome is known. Hence, the probability of nonconative inter-
actions remain bounded away from zero as n grows large. QED

However, there exist prescriptive equilibria in which the sender either reveals
the signal of a single option or reveals all the signals. These equilibria are the
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analog of the first-point conative equilibria in the main model but with a thresh-
old or band that is nonconstant. For example, let

o e
A(d) = /— — yo’dand dy = —,
4p dyp

and consider the following sender strategy: The sender reveals the signal of the
smallest option d < dy whose value falls within the range [0 — A(d), b + A(d)]. If
no such option exists, then the sender reveals all the signals.

ProposiTiON A4. The one-or-all sender strategy described above is a pre-
scriptive equilibrium strategy.

Proof—The optimality of the sender’s strategy for on-path messages is imme-
diate by the same arguments as in the second part of theorem 1. And similarly,
the sender is never strictly better off revealing all the signals. Let us show that for
on-path messages, the receiver is best off choosing an option whose signal is dis-
closed by the sender.

First, note that for all d < dy, the range [b — A(d), b + A(d)] is included in
[b — a*/2u, b + 0/2p]. If the sender communicates the signal of only one option
d*, applying the receiver’s beliefs given by equations (A2) and (A3) and using
the same logic as in the second part of theorem 1, the receiver is never strictly
better off choosing an option to the right of d”.

Second, note that if the sender discloses the signal of a single option d* such that
the signal value is on the boundary of the range [0 — A(d*), b + A(d*)], the receiv-
er’s expected utilitywhen the receiver chooses d* isindependent of d* and is equal to

4 4
—(b— b+ 40—“2— 'yo?d*) —yo'd* = _40_#2.

If the receiver decides d < d* for which Z(d) & [b — A(d), b + A(d)], then
the receiver’s expected utility, given Y(d) or, equivalently, given Z(d), is less
than — (¢*/4p?). Hence, the receiver is never strictly better off deviating to the left
when the sender reveals the signal of only one option, because according to the
sender’s strategy, the sender’s estimated outcomes of all the options d to the left
of the revealed option fall outside the range [b — A(d), b + A(d)].

Thus, the receiver decides d”. Equilibrium existence then follows from the
construction of suspicious off-path beliefs and off-path decisions, as done in
lemma B1, and this equilibrium is, by definition, prescriptive. QED

In this one-or-all equilibrium, as n grows large and as vy vanishes, d,; becomes
infinite and the probability that the estimated-outcome path remains outside of
the band defined by [b — A(-), b + A(-)] vanishes. Then, the sender discloses the
signal of only one option, and A(d) = A™, the threshold of the sender-optimal
conative equilibrium under perfect information. So for large option sets and a
sender close to being perfectly informed, the equilibrium behavior becomes ar-
bitrarily close to that of the sender-optimal conative equilibrium of section IV.

The fact that the receiver is uncertain about the outcomes of large revealed
options does not cause any issues for referential advice. Consider the following
sender strategy: the sender reveals the signals of options {d,, ..., d’}, where d’is
the smallest option that satisfies



3120 JOURNAL OF POLITICAL ECONOMY

max E[u (X(a)) | ¥(d)] 2 max Elu(X(d)) | V(d)) (A5)
and d" = d, if no such option exists. The following proposition asserts that this
sender strategy supports a prescriptive equilibrium. By construction, equilibrium
interactions are referential.
ProrosiTioN A5, The sender strategy just described is a prescriptive equilib-
rium strategy.
Proof—Note that the left-hand side of equation (Ab) is equal to

max Elux(X(d)) | Y(d'),V d < d'],

the maximum expected utility the receiver can achieve by choosing one of the
options disclosed by the sender, conditional on the hard information included
in the sender’s message. Similarly, note that the right-hand side of equation (Ab)
is equal to

max Elux(X(d)) | Y(d'),V d < d'],

the maximum expected utility the receiver can achieve by choosing one of the op-
tions not disclosed by the sender, conditional on the hard information included
in the sender’s message and assuming neutral beliefs. Thus, by construction, if the
receiver holds neutral beliefs he is never strictly better off choosing an option
notincluded in the sender’s message—interactions must be prescriptive. Observe
that the sender strategy is nondeceptive, so that the receiver forms neutral beliefs
upon receiving an on-path message, and so that the sender’s strategy is trivially op-
timal among on-path messages, as for each state there exists only one possible on-
path message.

Finally, the sender is obviously never strictly best off deviating to reveal all the
signals. Setting suspicious off-path beliefs and off-path decisions as in lemma B1
ensures equilibrium existence. QED

Note that as ¢ vanishes, the above sender strategy converges to the interval
strategy of section V.A. Thus, as ¢ vanishes and n grows large, the equilibrium that
results strictly dominates the all-or-one equilibrium of proposition A4.

Simple but tedious calculations show that for every ¢ > 0, as n grows large, the
sender chooses, as &, the smallest option d whose estimated outcome hits the
threshold

where d is the smallest option less than or equal to d that maximizes the receiv-
er’s expected utility conditional on the sender’s information, thus generalizing
the threshold obtained for perfectly informed senders (see eq. [9]).

A4.  General Messages

In this section, we allow the sender to send as message any set of states thatincludes
the true state. Let M be this extended set of possible messages. To distinguish
between M as defined in our main model and M, we refer to M as the regular
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message space and to M as the extended message space. The goal is to show that equilib-
rium outcomes obtained under the regular message space are robust to generalization.

With the extended message space, a strategy for the sender is a mapping M
from © to M, a strategy for the receiver is a mapping D from M to D and a belief
function that captures the receiver’s belief on possible states is a mapping from
M to A(O).

ProrosiTioN A6. Any prescriptive equilibrium under the regular message
space can be extended to an equilibrium under the extended message space.

Proof—Given an equilibrium (M, D, B) under the regular message space, con-
sider the strategy profile (M, D, B) under the extended message space, defined
as follows:

* For each state 6, let M(f) = {#' €©| VY de D, m(d) = X(d;6')}, with m =
M(0).

* We define D and B over the set of on-path messages M(0) as follows: for
each state 6, D(M(0)) = D(M(6)) and B(M(6)) = B(M(6)). (Note that for
any pair of states (8, §'), we have that M(0) = M(6') if and only if M() =
M(0').) B B

* Finally, we define D and B over the set of off-path messages analogous to
the proof of lemma B1 in section B1. For any state 0, let d'(6) be the option
that maximizes the receiver’s utility in state 0, and if two or more utility-
maximizing options exist, let d'(f) be the largest one. Let m¢ M(0) and
let d* =max,.,d!(0). Let §* be such that d'(§*) = d*. Let B(m) be the belief
that assigns probability 1 to 6%, and let D(m) = d*.

It is easily verified that the triple (B, D, M) just defined satisfies the conditions re-
quired of a perfect Bayesian equilibrium. By construction, B is an adequate belief
function for the receiver, which follows Bayes’s rule for on-path messages when-
ever possible. Also, the receiver always chooses an optimal option given his beliefs.
In every state, by definition, the sender chooses a message that is at least optimal
among the on-path messages—that is, the sender is never strictly better off devi-
ating with on-path messages. Besides, whenever the state is fully revealed, the re-
ceiver chooses an option greater than or equal to the option chosen in the equi-
librium (M, D, B). Thus, again by definition of (B, D, M), the sender is never
strictly better off deviating by revealing the state fully. Finally, in every state 0, if
the sender deviates from sending message M(f) to sending off-path message
m & M(0), the option selected by the receiver is larger than or equal to the de-
cision that would occur had the sender disclosed the entire state §. Hence, the
sender is never strictly better off announcing an off-path message. Therefore,
(B, D, M) is an equilibrium. QED

Appendix B
Aucxiliary Results

B1.  On the Existence of Suspicious Beliefs

When constructing an equilibrium, it is convenient to focus on the on-path be-
havior of the receiver, thus providing an incomplete strategy profile. Under
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some general conditions, the incomplete profile can be completed with off-path
suspicious beliefs and decisions so as to be an equilibrium. The purpose of this
section is to formalize this fact.

Consider mappings M:0 — M, D: M(©) — D and B: M(6) — A(2). We in-
terpret these mappings as describing a sender strategy and a receiver strategy
and belief function restricted to messages that are expected on the equilibrium
path. Consider the following conditions:

1. Receiver beliefs, captured by B, follow Bayes’s rule whenever possible, and
upon observing an on-path message, the receiver maximizes utility: for all
me M(0),

D(m) € arg max E*" [ux (X (d))).
deD
2. The sender maximizes utility among the possible equilibrium messages:
for all m € M(©) and all states 6 compatible with m, D(M(0)) < D(m). In
addition, the sender is never strictly better off revealing the full state if
the receiver, upon observing the full state, were to choose the utility-
maximizing option that—if not unique—is worst for the sender.

3. On-path interactions are prescriptive: for all m € M(0), the sender reveals
D(m).

These conditions stipulate the rationality and optimality of sender and receiver
behaviors with respect to the set of messages that are expected to be observed
on the equilibrium path, and they require in addition that the sender is not strictly
better off revealing her type.

The tuple (M, D, B) forms an incomplete strategy profile. Lemma B1 asserts that
under the above conditions, off-path suspicious beliefs exist and so the incomplete
profile can be completed to form an equilibrium.

Lemma B1.  Assume that conditions 1-3 are satisfied. The incomplete strategy
profile (M, D, B) can be extended to a complete strategy profile in which off-path
beliefs and decisions are suspicious. The resulting strategy profile is an equilibrium.

Proof—TFirst, we extend Band D to the entire message space M as follows. For
any state 0, let d'(f) be the option that maximizes the receiver’s utility in state 6,
and if two or more utility-maximizing options exist, let d'(f) be the largest one.
For any m¢ M(©), we define D(m) as

— m- i
D(m) = gﬁf}d ().
Because there are finitely many decisions, there exists 6 such that d'(6*) = D(m).
Let B(m) be the belief that assigns probability 1 to 6*.

Second, we observe that the off-path beliefs and decisions just defined are sus-

picious. Indeed, by assumption, for every m € M(0) and all 6 € I'(m),

D(m) < max <arg max wp(X(d; e))).

deD

Thus, for all mgM(O), all m' € M(O) such that I'(m) UT'(m') # &, and all § €
T'(m) UT(m),
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D(m') < max (arg max ug (X (d; 0))) < max (arg max [uR(X(d))]).

deD deD

Hence, off-path beliefs are suspicious. By definition, off-path decisions are suspi-
cious as well.

Overall, together with the assumptions made on the incomplete strategy pro-
file, since beliefs and decisions are suspicious, the sender best responds given
the receiver’s strategy. On path, receiver beliefs satisfy Bayes’s rule, and off path,
they are consistent with the hard information revealed. Finally, the receiver always
makes optimal decisions given his beliefs. Hence, the completed strategy profile
(M, D, B) is an equilibrium. QED

Observe that for a given sender strategy, the receiver strategy for on-path mes-
sages is almost uniquely determined in an equilibrium with prescriptive interac-
tions—the only flexibility is about how ties are broken, but since ties occur with
probability zero, such flexibility is not relevant for our results, as discussed in sec-
tion II. When a sender strategy supports a prescriptive equilibrium, this equilib-
rium is unique up to off-path beliefs and decisions and tiebreaker rules. Therefore,
it can be convenient to focus on the sender strategy, with the understanding that
itis associated with an essentially unique equilibrium. The corollary to lemma B1
that follows gives the conditions for the sender strategy to be a prescriptive equi-
librium strategy.

Let M : © — M be a sender strategy, and let L(m) be the smallest minimizer of
dr Elux(X(d;0)) | M(6) = m]. Consider the following conditions:

4. For all m € M(©) and all states 6 compatible with m, L(M(#)) < L(m). In
addition, the sender is never strictly better off revealing the full state if the
receiver, upon observing the full state, were to choose the utility-maximizing
option that—if not unique—is worst for the sender.

5. For all states 0, the message M(6) reveals L(M(9)).

CoroLLARY Bl. Ifasender strategy Msatisfies conditions 4 and 5, then there
exists a receiver strategy D and a belief function B such that (M, D, B) is a pre-
scriptive equilibrium, and in this equilibrium, the receiver chooses the sender-
preferred option in case of ties.

B2.  On No-Advice Equilibrium Messages

Here we show that in all prescriptive equilibria, communication is always informa-
tive when the dimension of the state space is large enough: all sender types reveal
the outcome of a nondefault option.

LemMma B2, If nis large enough, in all prescriptive equilibria in every state of
the world, the sender reveals at least one nondefault option.

Proof—Let (M, D, B) be a prescriptive equilibrium. Suppose, by contradiction,
that for some state, the sender reveals the default option (already known to the
receiver) and no other options. In this case, since the equilibrium is prescriptive,
the receiver chooses the default option upon receiving this trivial message. Hence,
in every state, the sender gets her ideal option, d,.
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Let F be the information—formally a o-algebra—generated by the sender’s mes-
sage strategy M. By the law of iterated expectation,

Elun(X(d1))] = E[E[un(X(d)))[F]]-
If n is large enough, we have that
Elun (X ()] > x(0),
and so there exists an on-path message m for which
Elun(X(di;0))[M(6) = m] > ux (0).

Thus, for n large enough, the receiver is strictly better off choosing a non-
default option for at least some on-path messages, which creates a contradiction.
QED

B3.  On Nondeceptive Equilibria

In this section, we formally state and prove the assertion made in section V.B that
in every nondeceptive prescriptive equilibrium, interactions are fully revealing to
the left, and thus theorem 2 regarding the domination of the interval equilibrium
applies.

Lemma B3, Ifa nondeceptive equilibrium is prescriptive, interactions are fully
revealing to the left with probability 1.

Proof—Lemma B3 does not depend on the particular form of receiver utility.

The proof proceeds by contradiction. Let (M, D, B) be a prescriptive equilib-
rium where M is nondeceptive and with positive probability equilibrium inter-
actions are not fully revealing to the left.

The set of states where the receiver gets his ideal outcome for at least one op-
tion has probability zero. Therefore, there exists a state 67 such that in this state,
the interaction is not fully revealing to the left, and X(d; 0*) # bforall d € D. Let
m' = M(0'), and let d' be an option to the left of D(m') that is not revealed in m'.

Because M is nondeceptive, in every state compatible with m/, the sender com-
municates m'. There exists a state § compatible with m' such that X(d'; ) = b, and
for every d # dt, X(d'; 0) # b. In this state, in equilibrium, the receiver’s decision
is D(m'), yet the sender can guarantee herself the strictly preferred decision
d' < D(m') by revealing all the options. Hence, we have a contradiction. QED

B4.  On Receiver-Optimal Equilibria

In this section, we provide two results about receiver-optimal equilibria discussed
in section V.D.

ProrosiTiON Bl.  In all receiver-optimal equilibria, with probability 1, the sender
reveals all the options to the right of the equilibrium decision.

Proof—This proposition does not depend on the receiver utility function.

Fix n and consider an equilibrium (M, D, B) that is receiver optimal: for all
states 6, D(M(6)) maximizes d~ ugz(d; ). Let Q be the set of states 6 such that
for all options d, X(d; 8) # b. Observe that Q has probability 1. Suppose that for
some 0 € Q, m = M(0) is such that for some option d > D(m), m does not include
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the outcome of d. Let ' be a state with ux (X (d; 60')) > ux(X(d; 0)). Then, in state ¢,
the sender is strictly better off revealing m, but the receiver is strictly better of
choosing d instead of D(m). Hence, we have a contradiction. QED

ProrosiTioN B2. There exists a sequence of first-point conative equilibria
such that interactions are conative in the limit and outcomes converge to the re-
ceiver’s ideal.

Proof—We prove proposition B2 for the case of quadratic receiver utility; its
extension to the case of general receiver utility of section Al is straightforward.

Forany n, let A, = 1/7'%, and denote by Q, the set of states 8 such that for all
d, X(d;0)¢[b — A,, b+ A,]. Thus, Q, is the set of states such that the first-point
conative strategy with parameter A, reveals the entire state as opposed to reveal-
ing a single option. We show that Pr[f € Q,] — 0 as n — 0. Observe thatif § € Q,,
then at least one of the following is true:

1. X(d,;0) <b—A,; or
2. for some d; < d,—;, X(di1;0) — X(d;;0) > 2A,.

Let Zbe an independent random variable that follows the standard normal dis-
tribution. First, observe that X(d,) is normally distributed with mean pn'? and
variance o°n'/?. Thus,

Pr[X(d,) < b — A,] <Pr[X(d,) < b

b— py/n
=Pr|Z<——|
r{ ov/n

Second, fixing d; < d,-,,

2/V/n = p/Vn]

Pr(X(d,) — X(d) > 24,] = Pr {Z e

For n large enough,

N
a//n a’

and

Pr(X(dis1) — X(d;) > 24,] < Pr[Z > /n/o]

< oV
where we use the Chernoff bound Pr[Z > 1] < ¢ "/?if ¢ > 0. Overall, we get, for n
large enough,

b B 2
pioe < a0 =88] 4 oo
ay/n

and observing that (b — pn'?)/(on'/*) —> —o, we have Pr[f € Q,] >0 as n— .
Thus, as n grows large, the first-point conative strategy with parameter A, de-

fined above reveals all the options with vanishing probability. If this strategy sup-

ports a prescriptive equilibrium, then it means that interactions become conative
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with probability 1 in the limit. It is easily verified that for any A > 0 small enough,
the first-point conative strategy with parameter A is a prescriptive equilibrium
strategy—the case of quadratic utility is studied in section IV, and the general
case follows from the second part of theorem 1. QED

Appendix C
Proofs
CI.  Proof of Lemma 2

Lemma 2 does not depend on the particular form of the receiver utility function.
Consider an equilibrium (M, D, B). First, suppose M is almost nondeceptive.
Let Q be any (measurable) set of states. Let m be an on-path message. Note that
M~'(m) S T'(m). Thus, when we apply Bayes’s rule,
_ Pr(@ 0 M (m)|T(m)]
Pr(M " (m) T(m)]
= Pr[Q N M~ (m)|T(m))

= Pr[Q|T'(m)],

Pr[0 e Qo e M (m)]

where we used compact notation on the right-hand side and where both equal-
ities owe to the fact that Pr[M~'(m)|T'(m)] = 1, because M is assumed to be al-
most nondeceptive. Hence, on-path receiver beliefs are neutral.

Second, suppose that on-path receiver beliefs are neutral. Let m be an on-path
message and let @ = T'(m)\M ' (m). Then, Pr[QT'(m)] = Pr[QM'(m)] = 0, and
hence, Pr{]M'(m)|T'(m)] = 1. So, the sender strategy is almost nondeceptive.

C2.  Proof of Theorem 1

The statement of theorem 1 holds for quadratic receiver utility. Here, we prove
an extended version of theorem 1 for general receiver utility under the assump-
tions of section Al, of which quadratic utility is a special case. We define x and x
as in section Al.

TureoreM C1. For all sequences of equilibria that are conative in the limit,
the equilibrium outcomes are in the range [x, 4] in the limit. Moreover, for any
x € [x, b], there exists a sequence of equilibria that are conative in the limit in
which the outcomes converge to x.

We begin by proving the second part of theorem CI1.

Let ¥ € [x, ), and let ¥ be the unique outcome greater than b that satisfies
up(¥') = ug(x') (existence and uniqueness follow from assumption 1 in sec. Al).
Notice that by concavity of the receiver utility, the outcomes in [«', ¥'] are better
for the receiver than the outcomes outside [x/, ¥].

Fix n, and consider the (extended) first-point conative strategy in which the
sender reveals the smallest option whose outcome belongs to [/, ¥']; if no such
option exists, the sender reveals all the options. This sender strategy accounts
for asymmetric receiver utilities, as explained in section Al. Then, suppose that
upon receiving an on-path message, the receiver operates as follows: if the full
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state is revealed, the receiver chooses the utility-maximizing option. If two or more
options are optimal, the receiver chooses the smallest one. Otherwise, the receiver
chooses the only revealed option.

The sender’s strategy is deceptive but optimal when restricted to on-path mes-
sages. If the state includes any outcome in the range [x/, ¥'], then all on-path mes-
sages reveal an option whose outcome is in that range. The sender, who prefers
smaller to larger options, is best off revealing the smallest option. If instead the
state does not include any outcome in the range [x/, ¥'], then there exists only
one possible on-path message, so the sender’s message is trivially optimal among
on-path messages.

The receiver’s strategy is also optimal among on-path messages. The case of the
sender revealing the full state is immediate. If instead the sender reveals only one
option d” whose outcome x” belongs to the range [x’, &'], then all options to the
left of d* have an outcome outside this range, making the receiver worse off, while
beliefs to the right of d” are neutral; as x* > x, by lemma A2, the receiver is not
strictly better off choosing an option to the right of d*.

Finally, observe that if some outcome falls in [x/, X'], the sender is never strictly
better off deviating by revealing the full state: doing so would yield a decision
that is never less than the decision expected in equilibrium.

Therefore, lemma B1 applies: the strategies defined above can be completed
with appropriate off-path beliefs and decisions to form an equilibrium.

Sending 7 to infinity, we find that the outcome path becomes distributed as a
Brownian motion with drift u > 0. For any given ¢ > 0, this Brownian motion al-
most surely crosses [/, x' + ¢], so that as the option set grows large, the probabil-
ity that the sender reveals a single option whose outcomesisin [x, X' + ¢] converges
to 1. Hence, in the sequence of equilibria just defined, equilibrium outcomes con-
verge to x' in probability, and the probability of conative interactions converges
to 1. Finally, the sequence of equilibria of proposition B2 guarantees the existence
of a sequence of equilibria conative in the limit and whose outcomes converge to b.

This proves the second part of theorem Cl1.

We now prove the first part. Fix any sequence of equilibria such that the prob-
ability of conative equilibrium interaction converges to 1 as n grows large. We show
that the probability that equilibrium outcomes fall outside the range [ x, b] vanishes.

First, observe that as n grows large, the probability that the equilibrium out-
come is greater than ) vanishes. Indeed, by now familiar arguments, if it was
not the case, with nonzero probability, for any sufficiently large n, revealing the
full state would yield a smaller receiver decision and thus would be a profitable
deviation for the sender.

Second, we show that if x < x, then as n grows large, the probability that the
equilibrium outcome is less than or equal to x vanishes. Considering the nth
equilibrium in the sequence, let Q, be the set of states for which equilibrium in-
teraction is conative. Let Q,(d) be the subset of Q, for which the sender reveals
option d, and let O, (d) be the set of possible outcomes X(d; ) for § € Q,(d). Note
that O, (d) may be empty for some options d. Thus, if § € ©Q,, in equilibrium the
sender reveals the smallest option d whose outcome is in O, (d).

Suppose (d*, x*) is such that x* € O,(d*) and d* < d,. Letd > d*. The receiver’s
belief on X(d) after observing that X(d*) = x* (and nothing more) is character-
ized by the cumulative distribution
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yoPriX(d;0) < y| X(d%;0) = x",0€Q,(d")].

Note that
Pr(X(d;0) < y | X(d*;0) = *,0 € Q,(d")]
= Pr[X(d;0) < y| X(d*;0) = x*,0€Q,, X(d;0) & O,(d) ¥ d < d|
= Pr[X(d;0) < y| X(d*;0) = x*,0eQ,),

A

where the first equality owes to the sender’s best response and the second equality
owes to the Markov property of the outcome function.

Because the probability of Q, converges to 1 as n — oo, the value of Pr[X(d*;0) <
y | X(d*;0) = x*,0 € Q,] becomes arbitrarily close to the value of Pr[X(d*;0) <
y | X(d*;0) = x*].** Consequently, the expected utility of the receiver when choos-
ing d > d*, conditional on observing that X(d*) = x* under a conative interaction,
becomes arbitrarily close to the expected utility of the receiver when choosing d but
only conditional on X (d*) = x*.

That is, as n — oo, the receiver’s beliefs become neutral to the right of the op-
tion revealed by the sender. Lemma A2 then implies that the receiver is strictly
better off choosing an option to the right of the option revealed if the outcome
of that option is less than x and 7 is large enough.

In addition, as n grows large, with a probability that converges to 1, the sender
strictly prefers to reveal the full state than to reveal, as the only data point, the out-
come of the largest option d,, because by revealing all the options, the receiver makes
a decision that is strictly less than d, for a set of states whose probability converges
to 1. Therefore, as n grows large, with probability converging to 1, the sender re-
veals a single option that is not the largest available option.

Putting the last two facts together, we find that the probability that the equilib-
rium outcome is less than x vanishes as n grows large.

C3. Proof of Corollary 1

We prove corollary 1 for the special case of quadratic receiver utility (the result
does not always hold in the general case of sec. Al).

As explained in section IV, if the sender does not provide any information, the
receiver chooses the option d = d™ that maximizes his expected utility

—(E[X(d)] — b)* — Var[X(d)] = —(ud — b)* — o°d.

Then, as n — o, d"™ — wzXx/p, with x = b — ¢*/2u.

In the sender-optimal conative equilibrium, the equilibrium outcome converges
to x as n grows large, and the equilibrium decision is equal to the first hitting time
(in the language of stochastic calculus) of the barrier x for the outcome path, then
distributed as a Brownian motion with drift u and scale ¢. As it turns out, this aver-
age hitting time is also equal to x/u (see, e.g., Dixit 1993, 56). In addition, for any
sequence of equilibria that are conative in the limit, the equilibrium outcomes
eventually belong to the range [, b] by theorem 1; consequently, the equilibrium

* In general, if for every n, A, and B, are two nonnull events and Pr[B,] — 1, then
| Pr[A,|B,] — Pr[A,]| — 0.
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decisions become lower bounded by the first hitting time of the barrier x and so, on
average, are no less than x/u.

C4.  Proof of Proposition 2

In this proof, the receiver utility function can be assumed to be quadratic or to
satisfy the general assumptions of section Al.

The existence of the interval equilibrium is straightforward. Fix n. Suppose the
sender follows the interval strategy and that upon observing an on-path message,
the receiver chooses the utility-maximizing option among the options revealed
by the sender (and, in case of ties, chooses the sender-preferred option). Notice
that the interval strategy is a nondeceptive sender strategy, and therefore, the
strategy is trivially optimal when restricted to on-path messages. In addition,
the receiver forms neutral beliefs after observing an on-path message. Therefore,
by the Markov property of the outcome function, the receiver utility for an option
dto the right of the rightmost revealed option d’ is equal to E[ux (X (d)) | X(d")],
which, by definition of the interval strategy, is never strictly higher than the utility
of the best option among the options revealed. So the receiver best responds to
on-path messages. Of course, the sender is never strictly better off deviating by re-
vealing all the options. Equilibrium existence then follows from lemma B1.

By definition of the sender strategy, this interval equilibrium weakly dominates
the sender-optimal conative equilibrium for all states. If no advice is not an equi-
librium, then with positive probability the rightmost revealed option of the inter-
val equilibrium has an outcome below zero, in which case it strictly dominates the
sender-optimal conative equilibrium.

C5.  Proof of Theorem 2

We divide theorem 2 into two propositions and prove each separately.
ProrosiTiON C1. For every sequence of equilibria X;, X, ... that are conative
in the limit, the interval equilibrium strictly dominates X, in the limit as 7 — oo.
ProrosiTiON C2.  If X is an equilibrium whose interactions are fully revealing
to the left with probability 1 and that weakly dominates the sender-optimal cona-
tive equilibrium, then the interval equilibrium weakly dominates X.

C5.1.  Proof of Proposition C1

Throughout this proof, we consider the case of general receiver utility under the
assumptions of section Al, of which quadratic utility is a special case. We define x
and X as in section Al.

Recall that in the limit case n — oo, outcomes become distributed as a Brownian
motion with drift p and scale 0. In the case of quadratic receiver utility, if the re-
ceiver is given the outcome x of decision dwith x < b — ¢°/2u, chooses decision
d + Awith A > 0, and the receiver’s beliefs are neutral to the right of 4, then the
receiver’s expected utility is equal to

—(x + pA — b)’ — A,

whose maximum is reached for A > 0 and is equal to
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0.2 4

——(b—-—x)+—.

2 4p
If x = b — 0?/2p, then the maximum is reached for A = 0, and if x > b — ¢*/2p,
the maximum is reached for A > 0. Besides, the utility of any option d whose out-
come is known to be xis —(x — 5)°. Therefore, in this limiting case, the value of
d'is the smallest to satisfy

2

b— X(d) = %min{(b—X(d))zzde[O,d']}+0—. (1)
o 4u

In turn, the receiver decision d” minimizes d ~ (b — X(d))’ for d < d’. Of course,

if d'is set to the first hitting time of b — ¢%/2p, then d’satisfies equation (C1). As

p > 0, this first hitting time is almost surely finite, so d"is finite with probability 1.

In the remainder of this proof, we denote by Zan independent random vari-
able that follows the standard normal distribution, and we define

f(x,A) = [E[uk(x +pA + o\/KZ},

for x € R and A > 0. Note that given two options d; > d;, f(x, d; — d;) represents
the expected utility of a receiver who chooses option d, = j, observes that
X(d;) = x, and forms neutral beliefs to the right of d,. Let A°"(x) be a maximizer
of /. By lemma Al, this maximizer exists and is unique.

The proof utilizes lemmas C1 and C2.

LemMa C1.  We have A (x) = O(|x — x|).

Proof—For C > 0, let

2
g(A) = [E[u{{(g — CA+ pA + a\/KZ)] + ;—[E[u;;(g — CA+ pA + oﬂl)}.
5
By the same arguments as in the proof of lemma Al,
/ " 0-2 " 02 " 0-4 mn
g(a) = (p = OFwi()] + 5 Euw ()] + (u = €) 5 Flux ()] + —Elux"(-)}
2 2u 4u

To simplify notation, the expression (-) refers to x — CA + pA + ¢A'?Z.In particular,

2

g(0) = (b= Oui(x) + 5w (x) + (= C) 5

2 4
2

0_ u/m (ﬁ)

" +
u" (x) ”

Thus, ¢’(0) islinearin C. If C = 0 and w is quadratic, then g'(0) = puj(x) < 0 by
assumption 2. If C = 0 and ug is not quadratic,

00 _ g o D)t + (2]

I 1

w'(x) + 2(;) | (x) " (x)| (g)Qu””(z)

g 9
() @),

A

I
|
N
=
=
L)
|
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where we used the inequality u”(x) < (|u"(x)u" (x)])"* as a consequence of as-

sumption 4. Thus, in both the quadratic and nonquadratic case, if C = 0, g’(0)
is negative, and by linearity of g'(0) in C, g’(0) remains negative if Cis positive
but small enough. In the remainder of the proof of this lemma, we assume that
Cmeets this condition. By definition of x, g(0) = 0, and as g’(0) < 0, if A is small
enough, g(A) < 0. Notice that

af(;A’A) = ug(4),

following the same argument as in the proof of lemma Al. As f'is strictly concave
in A by lemma A1, A°(x) is the only value of A satisfying g(A) = 0;if A < A (x),
then g(A) > 0; if A > A% (x), then g(A) < 0. Since g(|x — x|/C) <0 if |x — x| is
small enough, A (x) < |x — x|/C if |x — x| is small enough, which concludes
the proof. QED

LrmMma C2.  There exists K > 0 and & € (0, x) such that for all § € (0, §) and all
A>0,

ug(x — 8) > f(x — 6 — K&, A).

Proof—By lemma Cl1, there exists C > 0 such that if [x — x| is small enough,
then A" (x) < C|x — x|. Let

ug (%)
ug (x) |

Applying Taylor’s theorem with the Peano form of the remainder, we get

2p

K =25+ 20°C(1 + Cp)
(o

2

ur(x — 8) = up(x) — dup(x) + %uﬁ(z) + 0(8%) = @(8) + 0(8%),
with
8(0) = m(x) ~ 5(1+ %6 ) (),

where we use the equality —ug(x)/up(x) = 2p/0.
Applying Taylor’s theorem a second time but with the Lagrange form of the
remainder, we get

w) = wea) + (v = () + E ) + B ) + g,

with

(x - E)“ "

Q) = il (E()

and £ some real function. Since " < 0, which follows from assumption 4 as
shown in the proof of lemma Al, we have Q < 0. Therefore,

f(x—06— K&, A) < fi(x—06— K&, A) + fi(x — 6 — K&, A),

with
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filx, A) = w(x) +u(x)Elx — x + pA + a\/KZ}

- (’7‘2 i () [E[(x —x+pA o\/KZf],
where we use again —ug(x)/up(x) = 2u/0% and
B(xA) = éu{{'(g) E[(x— x+ pa + 0VAZ)]
We have, after simplification,
filx =6 — K& A) = ug(x) — 6(1 + K&)uk(x) — %(a + K& — pA) up(x)
< ur(x) = 8(1 + Kb)ur(x),

since u(x) > 0 as wug is strictly concave and maximized at b > x. Therefore,

a(8) — filx — 6 — K&% A) > (K - %) U (%)8%.
We also have, after simplification,

1 .
h(x — 6 — K&8%, A) = — —up (x)(6 + K&* — pA)(3A0° + (6 + K&° — pA)?).
6
Therefore,
2 1 " 2 2 2 2
(X =0~ > S S uR(X jz 22 X
[f(x — 6 — K&*,A)| < 5 lug (x)](8 + K& + pA)(3A0° + (8 + K& + pA)?)
so if A <2(C6 and 6 is small enough,
[f(x — 6 — K&6°,A)| < 2Co*(1 + Cp)|ug (x)[6°.
Observe that if § is small enough,
A™(x — &6 — K&°) < C(6 + K§*) < 2Cs.
Overall, if ¢ is small enough, for all A,
ur(x — 8) — f(x — 6 — K&, A) > up(x — §)
— f(x — 86 — K&, A (x — 6 — K&%))

>2Co* (1 + Cp)|uk (x)|6°

+ (K - %) U (x)8° + o(8%),
which by choice of the constant Kis positive if ¢ is small enough, concluding the
proof of lemma C2. QED

With aslight abuse of notation, we consider the limiting case n = o, for which
the outcome function follows a Brownian motion with drift u and scale 0. We de-
fine 7,, 7, as follows:
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e 7, is the smallest option d such that X(d) = ugx.
* 7, is the smallest option d such that

max{ug(X(d')):d €[0,d]} > sup{E[ux(X(d) | X(d)]:d € (d,»)}.

Note that 7, > 7, and that 7, < c© with probability 1, because p > 0. In the in-
terval strategy, d' is 7,, while 7, is the option revealed in the sender-optimal cona-
tive strategy. We prove that, with probability 1, 7, > 7,.

The proof proceeds by contradiction. Let us suppose that 7, < 7, with proba-
bility ¢ > 0.

Let K >0 and &> 0 be defined as in lemma C2. Let 6 € (0, 8). Let 75 be the
stopping time defined by the smallest option d such that X(d) hits value x — 6.
We then consider two stopping times based on 7,: first, a stopping time 7 defined
as the smallest option d > 7, such that

X(d) = x— 6 — K&,
and second, a stopping time 7, defined as the smallest option d > 7; such that
X(d) = x.

(Of course, 7y = 7, but the context in which 7, is used is different, so we find it
convenient to define it independently.)

Since p > 0, 75 is finite with probability 1.

Thus, the probability that 7, < 7, given that 75 < c is the same as the probabil-
ity that 7, < 7,. By standard results (see, e.g., Dixit 1993, 51-54), for any Brown-
ian motion starting at zero, with drift p and scale o, and whose value at zero is
x — 6, the probability of reaching the upper barrier V¥ = x before reaching

the lower barrier Vi = x — § — K& is
—2Viu/o® —2(x—8)u/0* 3*2(5*5*’(52#/0“ — o 2=/

¢ — ¢ = = K6 + 0(5).

g—2v",4/u‘-’ _ g—zv”u/a2 6—2(5—5—1\'52)”/02 _ 6—25”/02

Hence, the probability that 7, < 7, converges to zero as 6 — 0. We have 7, = 7,,
and if 7, > 7;, then we also have 7, > 7,. As 7, < 7, with probability ¢ and 7; < 7, by
definition, it follows that 7, < 7, with probability &. This contradicts the fact that
the probability that 7, < 7, converges to zero as 6 — 0.

Therefore, with probability 1, 7, > 7, in this limiting case. Theorem 2 then fol-
lows from the fact that as n — o, outcomes become distributed as a Brownian
motion with drift 4 and scale o.

C5.2.  Proof of Proposition C2

Throughout this proof, we consider the case of general receiver utility under the
assumptions of section Al, of which quadratic utility is a special case. We define x
and ¥ as in section Al. In addition, for every n, let x" be defined as the value of
x < b that satisfies, for every i = 1, ..., n,

Elux(X(d)) | X(diet) = x] = ur(x).
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Existence and uniqueness of x" are guaranteed by lemmas Al and A2. If x < x",
then E[ux(X(d)) | X(di-1) = x] > ug(x). Note that as n — o0, x" — x, and for the
case of quadratic receiver utility, x" = b — A™, where A™** is defined in equa-
tion (5).

We begin by introducing several elements of language that will be used through-
out the proof.

SUBMESSAGE/SUPERMESSAGE. A message m is a submessageof a message mwhen
for every option d, m always reveals dif » reveals d. A message ni is a supermessage
of a message m if m is a submessage of .

SimPLE/COMPLEX MESSAGES. A message mis simple when it reveals exactly the

outcomes of consecutive options d;, d;+1, ..., d; forsome i < j. Amessage mis complex
if there are options d; < d; < d, such that mreveals both d;and d, but does not re-
veal d,.

MESSAGE LENGTH.  The length of a message is the number of options it reveals.

PrINCIPAL/SEQUEL MESSAGES.  Every complex message m is composed of a
principal and a sequel. The principal of m is the longest submessage of m that is
simple and reveals d, (if m does not reveal d,, then the principal is the empty mes-
sage). The sequel of m is the submessage of m that excludes the principal but in-
cludes the remaining information: it reveals all the options that m reveals except
for the options already revealed in the principal of m.

LeEmMa C3.  Let (M, D, B) be an equilibrium. If mis a simple on-path message
thatreveals at least the default option and such that, on a probability 1 set of states
6 conditional on § € I'(m), M(6) is asupermessage of m, then on a probability 1 set
of states § conditional on § € I'(m), the interval equilibrium weakly dominates
(M, D, B).

Proof—Let (M, D, B) be an equilibrium, and let m, be a simple on-path
message that satisfies the conditions of lemma C3. Suppose m, discloses exactly
the options d, ..., d. Let S be the set of all the supermessages m of m, with
me M(0), and let

Q= MLEJSM”(m).

Let m € S. In every state §' € @ S T'(m), the sender has the possibility to send

mo and induce a decision in{d,, ..., d;}; thus, D(m) € {d, ..., d;}, which implies

max u (X(d;; 0")) > I}lax[E[uR(X(d,;G)) | M(6) = m].
I<i<, <jsn
Let F be the information (o-algebra) generated by M. By the law of iterated ex-
pectations, we have, for every d € D,
Elur (X(d;0)) | 6 € Q] = E[E[ur(X(d;0)) | F,0 € Q]].
Hence,

max ug (X (d;; ")) > max E[ux (X (d;;0)) | 6 € Q.

0<i<I I<j<n
Finally, as Pr[f e Q | 6 € I'(my)] = 1, we also have, for every d € D,
Elur (X(d;0)) | 0 € Q) = E[ux(X(d;0)) | 6 € T(my)],

SO
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max ug (X (d; o) > I}zlgi([E[uR(X(dj; 0)) | 0T (m)],
which implies that for every state in , the interval equilibrium yields an equilib-
rium decision that is no greater than the equilibrium decision of (M, D, B). QED

We now proceed to the main proof. Let us fix n and consider any equilibrium
X = (M, D, B) that satisfies the conditions of proposition C2. Let (M’, D', B") de-
note the interval equilibrium. If x" <0, then the interval equilibrium imple-
ments the sender’s first best (no advice is an equilibrium), and proposition C2
is immediately satisfied. In the rest of this proof, we assume x" > 0.

We prove by induction on N the following statement:

Forevery N < n — 1, if, with probability 1, Mreveals at least the options d, ..., dx,
then the interval equilibrium weakly dominates X.

Observe that proposition C2 is included in the case N = 0. If N = n — 1, then
with probability 1, the sender communicates a simple message, and by lemma C3,
the interval equilibrium weakly dominates X.

By contradiction, we prove that if the induction statement holds for N, then it
holds for N — 1. Suppose that the induction statement holds for N that, with
probability 1, M reveals at least the options d,, ..., dy-; and X weakly dominates
the sender-optimal conative equilibrium and that X strictly dominates the inter-
val equilibrium with positive probability. Then, there exists a message m, € M
(not necessarily an on-path message) revealing exactly the options dy, ..., dy—
such that, conditional on the state being compatible with m,

1. with probability 1, interactions are fully revealing to the left, Mreveals at
least dy, ..., dy-1, and £ weakly dominates the sender-optimal conative
equilibrium; and

2. with positive probability, interactions are fully revealing to the left, M re-
veals dy, ..., dy—; but does not reveal dy, and X strictly dominates the inter-
val equilibrium.

In steps 1-4 below, we show that there existsome K € {N + 1, ..., n} and a mes-
sage m, that reveals exactly d,, ..., dx_ such that in the equilibrium X, m, is an on-
path message, D(m;) = dx_1, but the receiver is strictly better off choosing the un-
revealed option dx, thus contradicting the assumption that X is an equilibrium.

Step 1.—Let Q be the set of complex messages in M(6) whose principal is m.
In this first step, we establish equations (C2)—(C4):

my € M(O), (C2)
mo(d;) < urx” foralli < N — 1, (C3)
0 <Pr[M(6) € Q| 0T (m)], (C4)

in particular, Q is not empty.

Equation (C2) is implied by lemma C3.

Let Q be the set of states compatible with m, such that for all 6 € Q, M () re-
veals d, ..., dy-, but does not reveal dy, and in state 0, X strictly dominates the
interval equilibrium.

Equation (C3) owes to the fact that if § € Q, then D'(M’(0)) > N but D(M(0)) <
N — 1, so that my(d;) = X(d;0) <x"ifi< N — 1.
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Finally, by assumption,
Pri0eQ | 0eT(m)] >0,

and by lemma C3, if 6 € Q then M(0) is a complex message whose principal is my.
We then have

PriM(0) € Q | 0T (m)] =PrifeQ|6el(m),

which implies equation (C4).

Step 2—1Let Q, be the subset of Q such that each message of Q, reveals d, but
does not reveal any option dy, ..., d;—;. Observe that {QNH, e Qn} is a partition
of Q Thus, by equation (C4), there exists k such that

Pr[M(60) € Q, | 0 € T'(my)] > 0.

Let K be the largest such index.
For every 6 > 0, let M; be the set of simple messages m, that extend m, in the
following way:

i ifk< N =1, m(d) = m(d);
ii. if N—1<k<K,

K- (k+1)

dy) = x —
m(dy) = x K—-N

6+ &
for some &, € [0,6/N);

iii. if k> K, m(d,) = O

iv. mi(d;) < m(d;) < x"foreveryie {0,...,N — 1}andeveryj € {N, ..., K — 2};
and finally,

V. X" < my(dg-1) < b.

Observe thatif m; € M(0) N M, then D(m;) = dx-,. The lemma below shows
that M(0) N M, is not empty.

LEmMa C4. For every 6 > 0, M(©) N M, # .

Proof—Consider the set of all the states that are compatible with a message of
M; and such that the outcomes of options to the right of dxyield a strictly higher
receiver utility than the outcomes of the other options. Conditional on the state
being compatible with mj, this set of states has positive probability, so by our con-
dition 1 above, in atleast one of these states 67, the sender reveals atleast d,, ..., dy_,
in Z, interactions are fully revealing to the left, and the receiver decision is not
greater than that of the interval equilibrium in the same state.

Let m' = M(@*). Since mj, is not an on-path message (see eq. [C2]), m' reveals
some option(s) to the right of dy-,. Naturally, m' cannot reveal any option to the
right of dk-, for the interval equilibrium to be weakly dominated. Then, because
interactions are fully revealing to the left, and by monotonicity of the outcomes
over options dy, ..., dg—1, m' must be a simple message that reveals exactly the op-
tions d, ..., d,for k< K — 1.

Suppose k < K — 1. Observe thatforall i = dy, ..., dx_o,as X(d;—1; 0*) < x",we have

E[ur(X(d:)) | X(di1560")] > ur(X(di156").
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Thus, if receiver beliefs are neutral upon receiving m/, the receiver would be strictly
better off deviating from the prescribed equilibrium decision. If beliefs are not
neutral upon receiving m', then for every state compatible with m', the sender
sends a supermessage of m', as implied by the prescriptive interactions and noting
that the receiver decision is the largest option revealed in m'. By the same argu-
ment as in the proof of lemma C3, for at least one such message, the receiver is
strictly better off deviating—as otherwise the law of iterated expectations would
be violated.

Therefore, k = K — 1 and M(0) N M; # &. QED

Step 3—In this step, we establish the inequality

Pr[M(0) € Q | 6 € T(m)] = Pr[M(0) € Qx | 6 €T(m))] > 0. (C5)
If k < K, then M~'(Q") N T'(m) = @. Thus,
Pr[M(6) € Q" | 6 € T(m)] = 0.
If k > K, then by definition of K,
Pr[M(6) € Q | € T(m)] = 0,
Pr[M(6) € Qx | 0 € T'(m,)] > 0.

Observing that the (Gaussian) conditional distributions of (0, ..., 0,) given
T'(my) and I'(m,), respectively, are equivalent, we also have

Pr[M(0) € Q, | 0 €T (m)] = 0,Pr[M(0) € Ox | 6 € T'(m)] > 0.

Equation (C5) then follows from the fact that {Qy.1, ..., 9, } is a partition of Q
Step 4—This step establishes that there exists C > 0 such that for every 6 > 0
and every m € M,,

Elur (X (dx; 0)) | M(0)£Q,0 € T'(m)] > wr(x") + C.
We have
Elur(X(dk)) | X(dg-1) = 2" + ex1]
Elur(X(dx; 0)) | 6 € T(m)]
= Pr[M(0)£Q | 0 €T'(m)|E[ur(X(dx;0)) | M(0)£Q,0 T (m)]

+i Pr[M(0) € Q, | 0 € T'(m)|E[ur (X(ds; 0)) | M(0) € Q4,0 € T'(my)].

k=1

By step 3, we have
ﬁ:Pr[M(B) € Q, | 0e T(m)|E[ux(X(d0)) | M(8) € Oy, 0 € T(m))]

= Pr[M(0) € Ok | 0 € T'(m)|E[ur(X(ds; 0)) | M(0) € Qk, 0 € T'(my)].

By continuity, there exists & > 0 such that for all § > 0 small enough and all

m € Ms,
Pr[M(6) € Q | 6 € T(m)] > a Pr[M(6) € O« | 6 € T'(my)).
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In addition, the smoothness conditions imposed on u imply that
x> Elur (X(dy)) | X(dg1) = «]

is continuously differentiable, so that there exists A > 0 such that if ¢ is positive
but small enough,

Elur (X(dk)) | X(dg—1) = x" + &] > wr(x") — Ae.
Thus, for all 6 > 0 small enough and all m € M,,
Elur (X (dk)) | X(dg-1) = mu(dx-1)] = ue(x") — Aex.
If m € Qk, then D(m) < dy-1, and so

ur(m(dx)) < max ux(m(d;)) < u(x"),

0<isN-—1
so there exists B > 0 such that
Elur (X(dx;0)) | M() € Qk] < ur(x") — B.

Step 5—I1f 6 € T'(my), then either (1) M(0) € Q, in which case D(M(6)) < dy-
and X strictly dominates the interval equilibrium in §; or (2) M() ¢ Q, in which
case D(M(0)) = D'(M"(0)) = dx-.

Thus,

Elur (X(dx;0)) | M(0)£Q,0 € T'(my)] = E[lur(X(dx;6)) | M(6) = my].
By step 4,
Elur (X (dk; 0)) | M(6) = m] > wr(x) + C.

The smoothness conditions imposed on ux mean that if ¢ is small enough, for
every m; € M,

ur(D(m)) = ur(x + ex-1) < wr(x) + Dex—1 < ux(x) + D8,
and thus, if 6 is small enough,
Efun (X (di; 0)) | M(6) = mu] > ux(D(m)),

and there exists a profitable deviation for the receiver. Therefore, ¥ cannot be an
equilibrium.

C6.  Proof of Lemma 3

Lemma 3 does not depend on the particular form of receiver utility.

The proof proceeds by contradiction. Let (M, D, B) be an equilibrium where
M is nondeceptive but that is not near prescriptive.

There exists a state 6, such that the equilibrium decision in state 6 is an un-
disclosed option d, and such that option d,, is also undisclosed. Let m! = M(6").

Since Mis nondeceptive, beliefs are neutral, so the variance of X(d,) given the
receiver’s information upon observing ' is positive; thus, for every option d, it
must be the case that
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E[ux(X(d); 0)|M(0) = m'] < ux (D).
Let

a = max E[u(X(d); 0)|M(6) = m'].

deD

Since the sender strategy is nondeceptive, in every state compatible with m, the
sender sends m'. Thus, there exists a state 6 that satisfies

ur(X(d; 0)) < o< ux(b)

forevery d € D, d # dy—;, and X(d;—1;0) = b. And thus, in this state 0, the sender
is strictly better off revealing all the options. Hence, we have a contradiction.
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