(C8262: Computational Genomics

Problem Set 4
Due at the beginning of class on Tuesday, March 14.

Collaboration is allowed in groups of at most thsaglents, but you must submit separate write-

ups. Please also write the names of all your cotitiors on your submissions. If you are
working alone, we will drop the problem with thevest score.

Problem 1. (25 points) Chaining Local Alignments
(a) (10 points) Consider the following problem:
Let S be a sequence of k numbejs.n, n. Let each number have an associated weight

wy, ...,.W. We want to find the heaviesicreasing subsequence of S; that is, a subseguenc
n, <..<n; (wherei<..<}y), suchthatw, +..+w; is maximum.

Show how to solve this problem in O(k log k) timg keducing it to the chaining problem
presented in class, for which a sparse dynamicranogiing algorithm was described.

(b) Let X and Y be DNA sequences of lengthsdnd Ly respectively. Let A and A, be two
sequences of (n — 1) anchors that will be usedigm & and Y. Anchors in A and A/ are
ordered from left to right (anchor i ofyAwill match anchor i of A, and is located to the left of
anchor j of A if and only if i <j).

Throughout this problem, assume the lengths oatiehors themselves are negligible. Lebe

the distance between anchors i-1 and i i) @&d similarly for y We also include the distances
between the beginning of the sequence and theafiitor, and between the last anchor and the
end; therefore, the setsy X X1, . . ., % and Yy both have cardinality n, one greater than the
number of anchors.

Xy Xy X3 Xpa X

n

Y Y2 Y3 Yo Ya

We will globally align X and Y by fixing the alignemts of corresponding anchors to each other,
and using Needleman-Wunsch to align the portionX aihd Y between neighboring anchors.
We want to calculate the running time of this amedoalignment in terms of, ;and y. For the
following two questions, consult the list of defions at the end of this problem.
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() (7 points) Suppose k =L = Ly and the anchors in X and Y are spaced in exdotl\same
way; that is, x= ¥y for all i. Write down the running time as a furoetiof only those terms: L,
n, and Var().

(i) (8 points) Without making any assumptions about the relatignbetween the anchors in
X and Y, write down the running time as a functi@ihonly those terms: ), Ly, n, and
COV(Xd, Yd).

Definitions:
n

Mean: X = lin
ni=

Variance: Var(X ) =%Zn:(xi ~X)?
i=1

Covariance: Cov(X,,Y,) = %Z((X. -X\y; -Y))

i=1

Problem 2. (25 points) Multiple Sequence Alignments
(a) (12 points) Consensus multiple alignment versus sum-of-pautiipte alignment.

Definitions: (adapted from Gusfield, p. 352)

(1) Given a multiple alignment M of a set of st8ng, theconsensus character of column i of M
is the character that maximizes the summed scoteeba the character and all the
characters in column i. (In case of ties, say twyvention that we prefer A over C over G
over T over ‘gap’). The score of (gap, gap) is Gt d(i) denote that maximum summed
score in column i.

(2) The consensus string Sy derived from alignment M is the concatenation lté tonsensus
characters for each column of M.

(3) Thealignment score of Sy equals to the sum of column scoresy(S d(1) + ... + d(m),
where M has m columns.

(4) Theoptimal consensus multiple alignment is a multiple alignment M for input string set S
whose consensus string, 8as largest alignment score over all possibleipialalignments
of S.

Example: S = { AGCC, ACC, TCC }, and match, mismatch, gap = +2, -2, -3. Consiter
following alignments:

Mi: { AGCC, A- CC, T- CC}; Sm1 =A- CC, and d(®1) = (+2) + (-3) + (+6) + (+6) = 11.

My: { AGCC, A- CC, - TCC}; Smz = AGCC, and d(®2) = (+1) + (-3) + (+6) + (+6) = 10.

Show an example with three or more sequences vatleoptimal multiple alignments according
to the above model are different froall optimal alignments according to the Sum-Of-Pairs
model.In other words, since there may be several equallseoring optimal alignments, the
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set of optimal alignments for the consensus modelust be disjoint from the set of optimal
alignments for the Sum-Of-Pairs model.

Assumeeither a match, mismatch, and gap penalty of (+2, -2p¢3)+2, -1, -1)_(you may find
the second set of scoring parameters easier to p@y Let the alphabet be {A,C,G,T}.

(b) (13 points) Phylogenetic-tree—based alignment.

Definitions:

(1) Given an input rootetinary tree T with a distinct string (from a sétstringsS) written at
each leaf, ghylogenetic alignment for T is an assignment of one string to each nakenode
of T, subject to the additional constraint described bel. Note that the strings assigned
to internal nodes need not be distinct and needh@dtom the input stringS.

(2) If strings S and S’ are assigned to the endpadh an edge (i, j), then that edge ledge
distance D(S, S’), which is simply the maximum pair-wiségaiment score between the two
strings S and S’. The distance of a phylogendignaent is the total of all edge distances in
the tree.

(3) The phylogenetic alignment problem for T is to find an assignment of strirtgsinternal
nodes of T (one string to each node) that maxintizeslistance of the alignment.

Additional constraint:

In the maximum pair-wise alignment between a leaf ode x and an internal node S, a letter
in x must match or mismatch some letter in S, andat be gapped. Also, the maximum pair-
wise alignment between two adjacent internal nodeS and S’ may not have any gaps. Then,
constructing the multiple alignment of the input seuences given the phylogenetic
alignment is straight-forward.

Note:it is also possible to define the problem wheris Tinrooted. If you prefer that definition,
please go ahead and use it instead.

Example:
S = {x = ACC, y = AGCC, z = TCC}, and match, mismatch, gap = +2, -2, -3. Let T =
[Nodes = {Xx, Y, z, V,, Vuyz}; Edges = {(X, Wyz), (Vxyz Wy2), (W2, V), (Wz, Z)}, ROOL = \y,], with
leafs {x, y, z} and root y,.

Here is a phylogenetic alignment, which is justibeling of the internal nodes: Labgl v
with “AGCC’, and \y, with “AGCC’. Then, the alignment score is D(Xya + D(Vxyz, VWyz) +
D(Vyz, ¥) + D(Wz, 2) = (+3) + (+8) + (+8) + (-1) = 18.

Show an example with three or more sequences vdtletieeir optimal phylogenetic alignments
differ from either the set of optimal consensus multiple alignmemtshe set of optimal Sum-
Of-Pairs multiple alignments.

Similar to the previous problem, assugither a match, mismatch, and gap penalty of (+2, -2, -3)
or (+2,-1,-1) Letthe alphabet be {A,C,G,T}.
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Problem 3. (25 points) Phylogeny

(@) (9 paints) Given the following sequences, aligned with nosgap

X TACCCGAT
Y: TAAACGAT
Z: AAAACGCG
W AAAACGAT

Define the distanc&u, v) between two sequencesandv to be simply the number of letter
substitutions (Hamming distance). Is this distahggction Su, v) ultrametric on these four
sequences? Regardless of ultrametricity, builcatrerage linkage (a.k.a., UPGMA) treg Tor
these four sequences.

(b) (9 points) On the same sequences, run the Parsimony algoasghalescribed in lecture on, T
from part (a). Is this the optimal parsimony trégther argue why it is, or find a tree with a
lower parsimony cost.

(c) (7 points) Show that the neighboring leaves (1, 3) and (2n 4he tree given below have the
smallest distances according to the neighbor-jgiiistance metri®;;.

1 2

Problem 4. (25 points) Gene Prediction

A simple strategy for locating genes in compactogees not containing introns is to look for
long open reading frames (ORFs). An ORF is defiag@ sequence of DNA beginning with a
start codon ATG) and containing no in-frame stop codoi#$, TAG or TGA). ORF scanning
works because genes contain long open reading $rarhieh are unlikely to occur by chance.

(a) Suppose we select a random ORF from a sectioorewoding DNA in which all positions
are independent and each base is equally likely.
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() (6 points) What is the probability distribution for the lehgdf such an ORF, where the
length includes the start codbnt not the stop codon? (That is, an ORF consistingf a
start codon, N amino-acids, and then a stop codohas a length N+1, and not N+2).

(i) (2 points) What is the probability that the length is at teE30 codons (300 bp)?

(i) (4 points) What is the probability that the length is at teA60 codons if the base
distribution is P(A) = 0.2, P(C) = 0.3, P(G) = Ca®d P(T) = 0.2?

(b) Suppose we would like to find genesSaccharomyces cerevisiae (baker’s yeast) by ORF
scanning. We estimate that only about 5% of yeading regions are less than 100 codons long
based on our experience with other organisms. Téverewe will predict any ORF of at least
100 codons as a gene. Assume for simplicity thatyfast genome has a uniform distribution of
base pairs P(A) = P(C) = P(G) = P(T) = 0.25.

() (7 points) For a noncoding region of length L, show that phebability of predicting at
least one false positive gene in the region is peernthan

99 L-299
1{1_i(6_1) }
64\ 64
Explain why this is an upper bound but not the epagbability.

(ii) (3 points) Assume for simplicity that all th&. cerevisiae noncoding regions longer than
300 bp have length 500 bp and that there are Z000 regions. Using the upper bound from
part (i), and ignoring the possibility of multiplalse positives in a single region, provide an
estimate for the total number of false positive egemwe will predict. Given that the yeast
genome has about 6,000 real genes (95% of whiclwiWeorrectly predict), what is the
sensitivity and specificity of this approach?

Definitions:
Sensitivity = true genes predicted correctly / total true gene
Soecificity = true genes predicted correctly / total genedipted

(i) (3 points) Now suppose we would like to try ORF scanninghia human genome. Since
many human exons are short, we set our threshd@@ ebdons (150 bp). Inspired by part (ii),
give an upper bound on the probability that we w#dict a false positive coding region in a
typical human intron of length 2,000 bp. Give aitambound for a typical human intergenic
region of length 50,000 bp.



