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CS 262 Computational Genomics
Lecture 5 Notes
Professor: Serafim Batzoglou

1 Dishonest Casino Review

The casino has atwo pairs of die, one pair isloaded, and the other pair isfair. The casino can
switch out the pair of die without the player knowing. Want to determineif for a given round of
play if that round is more likely to be using the fair or loaded die. For which part of sequences of
dieroll isit rolled by the fair die and which part by the loaded die.

Finaly, if we have alot of examples of where the casino players roll a specific die, we can learn
the parameters of the models and what are the underlying probabilities.

l LOADED \

2 Markov Review
A Hidden Markov Model consists of a constant state at each time step as defined by

An aphabet is aset of output by themoddl £ ={ b1, b2, ..., bM }
A Setof StatesQ={ 1, ..,K}

Transition Probabilities: The probability of transitioning between states
a; = transition prob from state i to state

Start Probabilities: a0i
a0l+..+a0K=1

Emission Probabilities
a(b) =P(xi=b|m =k)

2.1 Markov Property
The Markov Property says that anything that has happened so far can be summarized by the

current state we arein. Thus the probability that the next state nt+1 = k based on what we have
seen can be defined as ssimply the conditionally probability based on the current state:

Prt+1 = k| nt).
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P(r+1 = Kk | “whatever happened so far”)
Pt = K| 1y, 7o, oony Ty X1, X2, veny Xy)
Pl = K | )

2.2 Decoding Markov Chains

Given aparticular sequence, we want to figure out what happened in that sequence.

Given a sequence

A parse of x isasequence of states
TC—= T,y cevvnny TIN

Parsing, also called decoding, isdefining a particular sequence of underlying states.
An example of aparseisfor agiven sequence: 34261455666464126643146141 isto represent it
as

34261455|6664641266 1314614

FAIR LOADED FAIR

However, there are many parses. Because there are two possible states for each number, there
are 2"\n possible parses or in general with k states there are k”n possible parses.

2.3 Thelikelihood of a Parse

The probability of a Parse isthe probability of a given sequence and a given parse of that
sequence or P(x, ). It does not matter how unlikely sequence x is, but only to figure out what is
the parse now that we have sequence x.

To determine alikelihood of aparseisto simply multiply the arrows of the state transitions that
led to that part for the given sequence.

A compact way to WIite o1 812 -« -+ BrN-1nN €r1(X). - ... en(Xn)

Number all parameters aj and ei(b); n params

Example:
Aorair - 015 BLoaded - 02; -+ B oaded(6) =013
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Here 6, = 1-6,

In this particular model we have 18 parameters. However, not al of them arefree: 1 start
parameter is not free, 2 transition parameters, and 2 emission parameters are not free. Thusthere
are 13 free parameters.

Then, count in for a particular x and = the # of times each parameter j =1, ..., n occurs.

Each time thereis an arrow from state i to state j then aij is multiplied

F(j, X, m) = # parameter 6; occursin (X, )

(call F(.,.,.) the feature counts)

Then, P(X, ) = Thj=1..0 6,70 ™ = exp[Zj=1..n 10g(6))xF(j, X, )]

2.4 Example: the Dishonest Casino

2.4.1 The Probability that they are all Fair dierolls

L et the sequence of rolls be:

x=1,2156,21524

Then, what is the likelihood of

n=FF ...,F?

(say initial probs arar = ¥, @oLoaded = ¥2)

Yo x P(1 | Fair) P(Fair | Fair) P(2 | Fair) P(Fair | Fair) ... P(4 | Fair) =
15 x (1/6)™° x (0.95)° = .00000000521158647211 ~= 0.5 x 10°

The %2 comes from the initial probability. Each value has an emission probability of (1/6). There
9 transitions from Fair to Fair each with a probability of .95.

2.4.2 The Probability that they are all Loaded dierolls

L et the sequence of rolls be:
x=12156,21524

Then, what is the likelihood of
r=L,L,.. L?
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15 x P(1 | Loaded) P(Loaded, Loaded) ... P(4 | Loaded) =
15 x (1/10)° x (1/2)* (0.95)° = .00000000015756235243 ~= 0.16 x 10°°

Therefore, it somewhat more likely that all the rolls are done with the fair die, than that they are
all done with the loaded die

The %2 comes from the initial probability. Non-6 values have an emission probability of (1/10)
and there are 9/10 non-6 values. Thereis one value of 6 with a probability of ¥2*'1. Thereare9
transitions from loaded to loaded with a probability of .95 per transition.

Therefore, it somewhat more likely that al the rolls are done with the fair die, than that they are
all done with the loaded die

2.4.3 Sequence of rolls have many 6's.
L et the sequence of rolls be:

x=1,6,6,506,206,6,3,6

Now, what isthelikdihood t=F, F, ..., F?

1 x (1/6)™° x (0.95)° = 0.5 x 10°, same as before

What is the likelihood

n=L,L,.. L?

Yo x (1/10)* x (1/2)° (0.95)° = .00000049238235134735 ~= 0.5 x 10’

There are 4 non-6 values with a emission probability of 1/10 and 6 values of 6 each with an
emission probability of (1/2) thus (1/2)"6. There are 9 state transitions of loaded die with a

probability of .95 per transition.

So, it is 100 times more likely the dieisloaded. However, thisis not the only possible parse
because some could be fair and some could be loaded.

3 Main questionsof HMM's

1 Evaluation
GIVEN aHMM M, and asequencex,
FIND Prob[ x |M ]

Or, how likely is the sequence to appear given the model.

2. Decoding
GIVEN aHMM M, and asequencex,
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FIND the sequencer of statesthat maximizesP[ X, | M ]

Classicaly, find the maximum likelihood decoding or find the underlying sequence of
states that maximizes the sequence given the sequence of states .

3. Learning
GIVEN aHMM M, with unspecified transition/emission probs.,
and a sequence X,
FIND parameters6 = (g(.), a;) that maximize P[ x | 0]

If we do not know the underlying states, we can use tricks called Expectation
Maximization that can give areasonable answer, although not an optimal answer.

4  Notation
Themodel M is: architecture (#states, etc), parameters0 = g, g(.)

P[x |M] isthesamewithP[ x |6 ], and P[ X ],
when the architecture, and the parameters, respectively, areimplied

Plx,mt|M],P[x,n|6]andP[ X, n] arethe same
when the architecture, and the parameters, are implied

LEARNING: wewrite P[ x | 0]
to emphasize that we are seeking the6* that maximizes P[ x | 6 ]

5 Problem 1. Decoding

Given a sequence, find the most likely parse of a sequence.

In genomic models, we want to find the most likely underlying sequence of states that describe a
gene structure such as exons, introns, and inter-genetic sequence.

GIVEN X = X1X5...... XN

Findmw=my, ...... , TIN,
to maximize P[ X, m ]

m = argmaxs P[ X, 7]
Maximizes 8o €r1(X1) Anan2. .- -+ - Bnn-1an Exn(Xn)
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Given that we end up in
state k at step I,
maximize product to the

left and right

If we are given that at time point i, and in some state k the maximum parse sequence will past
through that point. Then we must only maximize the product of everything leading into state k
and leaving state k. We can do this using a dynamic programming matrix.

The Maximum of al products of arrows to the left of the line at state k is defined as Vk(i).
V(i) = maX{n1... ni-yp P[X1...Xi-1, 71, .., -1, Xi, i = K]

= Prob. of most likely sequence of states ending at stater; =k

Inductive assumption: Given that for all statesk, and for afixed positioni,
V(i) = maX(z1... zi-1 P[X1...Xi-1, T, ..., -1, Xi, Ti = K]

What is V,(i+1)?
State | isisthe state following i, or i+1.

From definition,
Vi(i+1) = maX ... ziy Pl Xa---Xi, T, oy T, Xig, Tiag =]
= MaX{xl... iy P(Xi+1, mi+1 =1 | X1...Xi, 71,..., ™) P[X1...Xi, 71,..., 7]
= MaX(n1... miy PXi+1, mi+1 =1 | @ ) P[X¢...Xi1, 71, ..., Ti-1, Xi, 7]
= maX [P(Xi+1, v = | | 1i=K) MaXiza. . ni-yP[X1.. . Xi1,709,. . q, Xi,70i=K]]
= man[ P(Xi+1| T+ = | ) P(TEH.l =| | TEi:k) Vk(l) ]
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= & (Xis1) MaXy g V(i)
(Thislast step is defined from the Markov Assumption)

5.1 Viterbi Algorithm

Input: X = X;...... XN

| nitialization:
Vo(0) =1 (Have not visited a state, 0 isthe imaginary first position)
Vi(0) =0, foral k>0

[teration:
V(i) = gj(xi) x maxk aj V(i — 1)
Ptri(i) = argmaxx axj Vk(i — 1) (Back Pointer to reconstruct optimal path)

Termination:
P(x, 7*) = max, V(N)

Traceback:
v = argmaxy Vi(N)
mi.* = Ptry (i) (Back Pointers)
X1 Xo X3 tiiiiiiiiiiiiiiciiiiiarnsnnsnsnssnsnsnn e XN
State 1 X
2 N
740
v
K /

At every cell at this matrix, perform computation of Vj(i) is the maximum of the value in the
green cell * the transition arrow value from the green cell to the pink cell timestheinitial
probability of Xi from state]j.

Similar to “aligning” a set of states to a sequence

Time

O(K"2*N) Have K*N cells because for each cell haveto do K calculations.
ace:
O(KN)  May be ableto cut the space even further.
Can we sweep the matrix horizontally or only do it vertically??
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Aswe sweep the matrix, every cell depends on a number of other cells and so can only
sweep in away that follows the dependencies. The previous column is necessary to calculate a
cell in the current column.

511 Underflows and L ogs

Underflows are a significant problem

P[ X1,...., Xi, T1, ..., W | = Qorldaix2...... ani €:1(X1)...... €ri (Xi)

These numbers become extremely small probabilities and underflows the computer stored value.
Solution: Take thelogs of all values

Vi(i) = log ex(xi) + maxk [ Vk(i-1) + log ax ]
Should initial VO(0) to O instead of 1.

5.1.2 Viterbi Example

Let X be along sequence with aportion of ~1/6 6's,
followed by a portion of ~%26's...

X =123456123456...12345 6626364656...1626364656
Then, it isnot hard to show that optimal parseis (exercise):

FRE. el I P

The optimal parseisaset of Fairsin the beginning and a set of Loads at the end and the optimal
cutting position will be at anon-6 followed by a6. Y ou would prefer to go one step forward and
take anon-6 with aFair state than a6. And similarly, you would prefer to go one step back and
take a 6 with aloaded die rather than a Fair state die because of the transition probabilities.

6 characters “123456” parsed as F, contribute .95°x (1/6)° = 1.6x10°
parsed as L, contribute .95%x(1/2)'x(1/10)° = 0.4x10™

“162636" parsed as F, contribute .95°x(1/6)° =1.6x10°
parsed as L, contribute .95°x(1/2)*<(1/10)* = 9.0x10°

6 Problem 2: Evaluation
Find the likelihood a sequence is generated by the model

HMM'’s are generative by starting a state and using the transitions to move to any other state and
stop at any random state that you end up in. Y ou can calculate how likely you were to generate
this sequence by multiplying al of the arrows from the start state.

Given aHMM, we can generate a sequence of length n as follows:
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Start at state rt; according to prob ay, 1
Emit letter X1 according to prob e:1(X1)
Go to state nr, according to prob a,; -,
... until emitting x,

THUS,

Given a sequence X,
* What isthe probability that x was generated by the model ?
How likely is 33667
Sum over all possibilities of sequences. All Fair, All Loaded, Fair Loaded Combo.

* Givenapositioni, what isthe most likely state that emitted xi?
What isthe more likely at this position, isit loaded or fair?

Example: the dishonest casino
Say x = 12341...23162616364616234112...21341
Sequence of winning 6’s

What is the optimal parse of this sequence?
Possible: Fair until first 6, then loaded until last 6, then fair again.

BOX = 62616364616
P(box: FFFFFFFFFFF) =
(Ue)tt* 0.95% =

2.76%* 0.54 =

1.49°

P(box: LLLLLLLLLLL) =



Scribe: Kyle Bruck January 24, 2006

[ (1/2)°* (1/10)°] * 0.95'°* 0.05° =
1.56*107 * 153=
0.23°

For this example, the optimal parseisfair all the way through because the probability is higher
than if they are all loaded.

Most likely path: ==FF...... F
However: marked letters more likely to be L than unmarked letters

We want to be able to quantify all possibilities of the sequences. To accomplish this, we will
develop agorithms that allow us to compute:

P(x) Probability of x given the model

P(X...X)) Probability of a substring of x given the model

P(mi=k|x) Probability that the ™ state isk, given x
A more refined measure of which states x may bein

6.1 TheForward Algorithm

We want to calculate
P(x) = probabhility of x, given the HMM

Sum over all possible ways of generating x:
P(X) = Z:P(x, ) = Z:P(X| =) P(r)

To avoid summing over an exponential number of paths i, define
fi(i) = P(X;...Xi, m = K) (theforward probability)

Define the forward probability:
fk(l) = P(X]_...Xi, T = k)
=21 i1 PX1. . Xic, T, Tz, = K) €(X5)
=31 Zm. mi2 P(X1...Xi-1, T1,..., T2, M1 = |) @ e(Xi)
=2 P(X1...Xi.1, w1 = 1) ae8(X;)
= ad(x) % fi(i-1) ax

We can compute fi(i) for al k, i, using dynamic programming!
Initialization:

fo(0) =1

f(0) =0, forall k>0

[teration:
fil(i) = adx) Z; fi(i-1) ax
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Termination:
P(x) = Zx fk(N) ao (MAIN POINT)

Where, a is the probability that the terminating state isk (usually = ag)
ao Is termination probability and being difficult to use the Professor suggests defining:

Termination:
P(x) = Z f(N) (MAIN POINT)

6.2 Viterbi versusForward

VITERBI FORWARD

Initialization: Initialization:

Vo(O) =1 fo(O) =1

V() =0, foral k>0 f(0)=0, foral k>0
lteration: lteration:
V(i) = a(xi) maxyV(i-1) ag fi()) = a(x;) Zk fi-1) ag
Termination: Termination:

Pox, ) = max Vidh) POX) = Zic f(N) g

6.3 TheBackward Algorithm

Want to know the probability that a particular roll was given by aloaded die. Knowingthisis
more descriptive than simply the optimal parse. The optimal parse has the maximum likelihood
and is consistent, but different parts of the sequence affect one another that isreflected in the
optimal parse and in individual positions and states.

We want to compute
P(ri = k | x), the probability distribution on the i™ position, given X

We start by computing
P(ri = k, X) = P(X1...Xi, m = K, Xi+1...XN)
= P(X1...Xi, i = K) P(Xi+1...XN | X1...Xi, T = K)
= P(X1...X;, T = K) P(Xjs+1...Xn | i = k) (B/c of the Markov Property)
FORWARD BACKWARD

Then, P(mi = k | X) = P(ri = K, X) / P(X)

We would like to calculate that the probability of agiven stateisk given the entire
sequence. We can calculate P(x), so if we can calculate P(r; = k, X) then we can get (m; = k | X).
We defined P(m =k, x) above. We dready have FORWARD, only need BACKWARD.
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Define the backward probability:

be(i) = P(X+1..-Xn | T = K) (Start from state k and move forward to xn)
= Zi+l.aN P(Xi+1,Xi+2, ...y XN, T+, ..., TN | 1 = K)
=2 Zriwd. N PXie1:Xia2, ooy XNy Tis1 = 1, s, o0y Tin | 1 = K)

=2 (Xis1) & Zpis1..an PXisz, ooy XN Tis2, -, Ton | Tieg = 1) (Markov Property)
=% a(Xi+1) ad bi(i+1)

We can compute b(i) for al k, i, using dynamic programming
| nitialization:
b (N) = g, for al k

[teration:
bi(i) =2 a(Xi+1) aw by(i+1)

Termination:
P(x) = Zi ag a(x1) bi(2)

6.4 Computational Complexity of Forward and Backwards
What is the running time, and space required, for Forward, and Backward?

Time: O(K"2N)

Space: O(KN)

About twice as slow as Viterbi because one must run two algorithmsin one.

Useful implementation technique to avoid underflows
Viterbi: sum of logs

What isthe larger quantity? Forward k’sof xi or Viterbi k's of xi?
Forward is much larger.

Thus,
Forward/Backward: rescaling at each position by multiplying by a constant
Cannot use logs b/c it is difficult to do logs over a summation.

6.5 Posterior Decoding
We can now calculate

fie(i) bi(i)

P(x)

P =k ) =

Then, we can ask
What isthe most likely state at position i of sequence Xx:

Definen” by Posterior Decoding:
i = argmaxy P(m =k | X)
Why is7 not the sameas r ?
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In general, a agiven particular point, you may arrive with many underlying statesto a
given state, none of whichis

For each state,
Posterior Decoding gives us a curve of likelihood of state for each position

That is sometimes more informative than Viterbi path *

Posterior Decoding may give an invalid sequence of states
If atransition probability between two statesis 0 then

N
~ | SE
\ P F%%

A >
ké#/\/ U/ N

State 1

Each cell gives aprobability of reaching this state given all possible paths.

P(ri=k|x) =25 P(r|X) 1(mi =K) Indicator Variable:
= {renli] = K} P(r | X) 1(y) =1, if y is true

0, otherwise
How do we compute P(i; = |, t; = I [ X)?
fi(i) br (§)
Pri=Il,m=I1[x)=
P(X)
7 Summary Comparison
VITERBI FORWARD BACKWARD
Initialization: Initialization: [nitialization:
Vo(0)=1 fo(0) =1 b(N) = axo, for all k

V(0) =0, for al k>0 f(0) =0, for al k>0

lteration: Lteration: lteration:
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V(i) = a(x;) max,V(i-1) ay
Termination:

P(x, ) = max, Vi(N)

fi(i) = a(xi) Xk fi-1) aw

Termination:

P(x) = 2k fk(N) ao

b (i) = Zk a(xi+1) ad b(i+1)

Termination:

P(X) = Zk aok &(X1) b(1)




