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Abstract 

The study of the acceleration properties a t  the end 
effector is important in the analysis, design, and con- 
trol of robot manipulators. I n  previous ejTorts aimed a t  
addressing this problem, the end-effector acceleration 
has been treated as a vector combining both the linear 
and ‘angular accelerations. The methodology presented 
in  this article provides characterization:s of these two 
different types of accelerations and describes the rela- 
tionship between them. This work is  an extension of 
our previous studies on manipulator inertial and accel- 
eration properties. The treatment relies on the ellipsoid 
expansion model, a simple geometric approach t o  e f i -  
ciently analyze end-effector accelerations. Results of 
the application of this analysis to the PUMA 560 ma- 
nipulator are discussed. 

1 Introduction 

The end-effector acceleration properties are impor- 
tant performance indicators for manipulator systems. 
Several methods have been proposed foic the analysis 
of end-effector accelerations resulting in different mea- 
sures of acceleration characteristics. One such measure 
is the isotropic acceleration: the amount of acceleration 
achievable in or about every direction. 

When determining this measure for systems with 
many degree of freedom (DOF) it is necessary to ac- 
count for linear as well as angular accelerations. The 
non-homogeneity between linear and angular accelera- 
tions has been often ignored and these two quantities 
have been treated as component of a single vector. 

Yoshikawa [l] proposed the Dynamic Manipulabil- 
ity Ellipsoid (DME). Here linear and an,gular acceler- 

ations are analyzed as components of a single vector. 
Scaling factors are used to  bring the differing magni- 
tudes into range with each other. In practice these 
scaling factors are difficult to determine for many DOF 
systems and their selection is somewhat arbitrary. In 
addition, the method yields a conservative estimate of 
the isotropic acceleration. 

In an earlier study, we have proposed [2] the hyper- 
parallelepiped of acceleration as a description of end- 
effector accelerations. The exact isotropic accelera- 
tion can be found by inscribing a hyper-sphere within 
the acceleration hyper-parallelepiped. However, this 
process proves difficult when analyzing systems with 
many DOF. In addition, linear and angular accelera- 
tions have been also treated as components of the sarne 
vector and weighting factors have been used to deal 
with their different nature. 

The work presented in this article is a pursuit of 
the previous study with the aim of explicitly address- 
ing the differences between linear and angular accelera- 
tion. This work has resulted in the ellipsoid expansaon 
approach. In this approach linear and angular acceler- 
ations are considered as two separate entities. 

The ellipsoid expansion method provides a simple 
geometric solution to  the system of inequalities associ- 
ated with the bounds on actuator torques. It allows an 
exact determination of the isotropic linear acceleration, 
the anguIar acceleration, and the relationship between 
them. The results of the application of this approach 
to the PUMA 560 manipulator are presented. 

2 Torque/Acceleration Relationship 

In this section the model which is the basis for the 
ellipsoid expansion model is derived. The derivation 
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begins with the operational space equations of motion, 

w.19 + P(q, 4 + P(q) = F (1) 

where 

iJ [;I = Jo(q)q. 

In equation (1) q is the vector of n joint coordi- 
nates, h(q) is the psuedo-kinetic matrix or mass ma- 
trix, p(q, q) is the centrifugal and Coriolis force vector, 
p(q) is the gravity force vector, and F is the vector of 
forces applied a t  the end-effector. In equation (2) v 
and w are the end-effector linear and angular velocities 
and Jo(q) is the basic Jacobian matrix, (for notational 
simplicity (9) and (4, q) will be omitted from subse- 
quent equations). 

Using the relationship between r ,  the vector of 
joint torques, and F,  

r = J?F (3) 

in equation (1) yields, 

The bounds on r can be written as 

To normalize the bounds on r ,  we introduce the diag- 
onal matrix N with components Nii = &. Now 
using equations (4) and (5) yields, 

where 1 is a vector of length n with each element equal 
to one. Using equation (2) the above equation can be 
rewritten as, 

Finally, the governing equation for this analysis is 

(12) 
The separation of linear and angular accelerations in 
equation (12) is motivated by the need to analyze ea.ch 
of them independently. The Coriolis/centrifugal terms 
can also be analyzed to determine the general effect 
end-effector velocities have on the isotropic accelera- 
tions. 

3 Ellipsoid Expansion Model 

3.1 Overview 

The basic approach used to  analyze equation (12) 
is to visualize each component of the equation as a ge- 
ometric object. This allows a simple determination of 
the relationships between each component of the equa- 
tion. This approach differs from other studies essen- 
tially in that quantities of interest are mapped from 
acceleration space into torque space; other approaches 
do the opposite. A significant advantage of this ap- 
proach is that the torque bounds can be represented 
and used in their simplest form, a hypercube. 

The visualization process begins by considering the 
bounds of a simple vector inequality; 

Tlower I i. 5 r u p p e r .  (13) 
The bounds are represented as an n-dimensional hy- 
percube whose center is shifted from the origin by the 
gravity effect, i.e. N J r p .  Any vector i. which lies 
within this hypercube satisfies the above inequality. 
When considering isotropic acceleration we a.re con- 
cerned with i. having the largest possible magnitude 
in all directions. This is represented by a hyper-sphere 
with some radius a ,  

pi7 = a2. (14) 
The value of a a t  which the hyper-sphere is tangent 
to one of faces of the bounding hypercube yields the 
largest possible acceleration achievable in every direc- 
tion. a is determined by starting with the unit hyper- 
sphere, a = 1, and expanding/contracting i t ,  increas- 
ingldecreasing a ,  until the first bound is touched as 
illustrated in Figure 1. 

In practice, since there are 2n faces on the bound- 
ing hypercube, it is necessary to examine only 2n points 
on the hyper-sphere to determine which one touches a 
boundary first. Since we are working with a hyper- 
sphere, or later a hyper-ellipsoid, these 2n points are 
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easy to  determine. In the following sections this pro- 
cess will be used to analyze each of the terms within 
the inequality of equation (12). 

Figure 1: Isotropic Linear Acceleration. 1 
3.2 Acceleration Terms 

Consider the case where b = q = 0. Equation (12) 
becomes, 

r lower  I E,+ i r u p p e r .  (15) 

The effect of the matrix E, on the isotropic acceler- 
ation surface, (14), can be determined using the rela- 
tionship between acceleration and torque; 

rv E,+ 

With respect to +, the above relationship represents 
an over constrained system of equations, whose unique 
solution is given by 

where E$ is the left inverse of E,, (given by the left 
pseudo-inverse E$ = (ET E,)-' E;). Using equa- 
tion (16), the sphere of acceleration +T+ = u2 is trans- 
formed into, 

(17) r, T (EVE,) T +  rv = u2.  

Since E, is at  most of rank three, this surface is 
a hyper-cylinder in n-dimensions. Howlever, we may 
eliminate the cylindrical portion of this surface because 
only torques which contribute solely to  end-effector lin- 
ear acceleration are considered. This corresponds to 
excluding vectors in the null space of E t .  The remain- 
ing surface is an hyper-ellipsoid in, at  most, a three 
dimensional subspace. 

The isotropic acceleration is determined by ex- 
panding/contracting the ellipsoid (17), changing U ,  
until it lies within and is tangent to the torque 
bounds. In Figure 2 this process is shown for a simple 
caSe and Figure 3 shows a more general case. The 
dashed ellipse in both figures corresponds to a = 1. 
Note that only the vectors associated with the tan- 

gent points, 2n points, need to  be examined. 

Figure 2: Ellipse 7,. 

I Figure 3: Ellipsoid in 3D. 

Let us now consider the case where ;1= 0; 

Just as in the linear case, the isotropic angular accel- 
eration is represented as a sphere with some radius b ,  

wTw = b 2 .  

This sphere is mapped into torque space using the re- 
lationship 

r, = E,; 

resulting in a second ellipsoid, 

T:(E,EVT)~T, = a2 and r,'(EwEZ)tr, = b 2 .  

To insure that the sum of ar, and brw remains within 
the bounds, all possible combinations of these two 
vectors must be considered. This process is repre- 
sented its a mapping of one ellipsoid onto every point 
on the surface of the other ellipsoid, graphically illus- 
trated in Figure 4. As before it is only necessary to 
examine the vectors representing the tangency points 
between the resulting surface and the bounding box. 
These points are found by adding vectors represent- 
ing the tangency point on each surface corresponding 

(18) 
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to the same boundary as illustrated Figure 5. illustrated in Figure 6. A discontinuity in the curve 
occurs when the limiting boundary changes. 

v2 I 

'I j ,  

- j i  

Figure 4: Ellipsoids Added. 

3.3 Centrifugal and Coriolis Forces 

Another aspect of the analysis involves determin- 
ing the effect of end-effector velocities on the isotropic 
accelerations. A specific velocity is analyzed as a 
boundary shift, just as the gravity terms were. For 
a more general characterization, surfaces representing 
all possible velocities, vTv = c2 and wTw = d', can 
be mapped through the Coriolis/centrifugal coefficient 
matrices yielding a hypothetical surface. However, de- 
termining an analytic expression for such a surface is 
quite difficult. This problem, which is currently under 
investigation, will not be discussed here. 

To integrate the effect of these forces, we resort 
to the use of scaling factors between linear and angu- 
lar velocities. Clearly, this is not an ideal solution, as 
discussed in Section 1, but it does yield useful informa- 
tion. 

dT ~8 = e2 (20) 
where W is an invertible diagonal positive definite ma- 
trix. A reasonable scaling factor can be found in the 
a-b isotropicity curve as the slope of one of the line 
segments. A change of variables, y = W1/'8 yields, 

1 y T ( ~ - 1 / 2  ) T M1W-1/2y 

yT(W-1/2 ) T hlnW-1/2y 

(21) 

yTy = e2  and r, = 
Figure 5: Tangency Point. 

L Figure 6: Isotropic Curve. 

'The possible combinations of ar, and br, yielding 
a resultant which touches a bound is described by the 
following equation; 

ni . + b ~ , , )  = r u p p e r ,  or TtoweTZ (19) 

where n; is the vector normal to the boundary plane i 
as shown Figure 5. 2n of these relationships are found 
for the 2n boundaries. The equation from this set 
which yields the smallest value for a given b or vice 
versa determines a curve which is piecewise linear as 

, I  ,.--- 
I 

-.. .--. e 

Figure 7: Centrifugal/Coriolis Surface. 
This mapping produces a surface in torque space i 

shown Figure 7. The vectors of the resulting surface 
representing the tangency point t o  a particular bound- 
ary has the largest component in the direction of the 
vector normal to that boundary plane as illustrated 
Figure 8. By analyzing each component of the cen- 
trifugal/Coriolis vector, we can easily determine the 
vectors y which yield the largest (most positive) and 
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the smallest (most negative) values for that compo- 
nent. 

These vectors are then added to the correspond- 
ing acceleration torque vectors yielding a relationship 
between the three magnitudes; 

- 5-1 

Figure 8: Tangents. 

P 

e 

Figure 9: Isotropic Surface. I 

The representation of this information is a three- 
dimensional surface with planar facets. In Figure 9 
only the intersection of the surface with the three coor- 
dinate planes is shown because most of the interesting 
information lies in these planes. In the a-b plane the 
information shown in Figure 6 is duplicated. Consider 
the point along the e axis where a and b are driven 
to zero. This point gives the state of end-effector ve- 
locity when, in some direction, all actuator torque is 
being used to  compensate for Coriolis/centrifugal and 
gravity forces. Given that the velocity must lie on the 
surface @Wt9 = e’, this point represents a velocity 
condition at which the manipulator will not be able to  
accelerate in some direction. 

3.4 Additional Characteristics 

The previous analysis relies on finding the face of 
the hypercube boundary which is touchlsd first by the 

ellipsoids. Knowing which boundary is touched first, 
the limiting actuator(s), is quite useful in analyzing and 
choosing actuator capacity. Depending on the manip- 
ulator, increasing the most limiting actuator torque(s) 
may increase the isotropic accelerations. 

The proposed model also yields useful information 
concerning the variance of achievable end-effector ac- 
celerations in different directions, a t  a given configura- 
tion. This information is simply given by the condition 
numbers of the matrices E, and E,, rc(E,) and %(E,). 

4 Application: PUMA 560 

The approach presented above is illustrated here 
on the PUMA 560. The motor torque bounds are found 
by subtracting the breakaway torques from the maxi- 
mum torques as given in [3]; 

Tbound {1.45,1.70,1.62,0.30,0.27,0.26}N~ 

Figures 10 through 13 show the results of analysis of 
the PUMA 560 for different manipulator parameters. 
For all cases the weighting matrix, W ,  is identity. In 
each figure the label beside each line segment indicates 
the limiting actuator for that segment. Many compar- 
isons can be made between these figures but only a few 
of these will be discussed below. 

In Figure 10 isotropicity information €or the wrist 
point of the PUMA 560 at a well conditioned con- 
figuration in the workspace is shown. The shape of 
the curve in the 1v1-1L1 plane indicates that linear and 
angular isotropic accelerations are nearly decoupled at 
the wrist point; i.e. A is nearly block diagonal. 

I Figure 10 

If the two accelerations were completely decoupled 
the curve would form a rectangle with the two coordi- 
nate axes. The same behavior is apparent in the ILl-Idl 
plane. The condition numbers of E, and E, for this 
configuration are ,  lc(E,) = 2.8 and  ..(E,) = 1.1. 

Figure 11 shows the isotropicity information for 
a different operational point about 6 inches out from 
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the wrist point at the same configuration as in Fig- 
ure 10. The shape of the curves show much more 
coupling between each of the elements. The condi- 
tion numbers for this configuration are n(E,) = 2.8 
and K(E,,,) = 2.1. Figure 12 shows the operational 
point of Figure 11 for a poorly conditioned config- 
uration. Note the decrease in magnitudes of the 
isotropic accelerations. The condition numbers for 
this configuration are K(E,) = 54 and K(E,) = 26. 

0 

Figure 11 

I Figure 12 I 

0 

Figure 13 

Finally, Figure 13 shows information for the same 
operational point and configuration as in Figure 11 
with the maximum torques on joints 2 and 3 increased 
by 15% (in Figure 11 actuators 2 and 3 limit the 

isotropic accelerations). As compared to  Figure 11, 
note the small increase in the isotropic acceleration and 
the much larger sustainable end-effector velocity before 
the point at which the isotropic acceleration is driven 
to zero. 

Also notice that joint 1 has become the limiting 
actuator in the 1V1-1L plane which explains the small 
increase in the accelerations for that plane. Next one 
would try also to increase joint 1 actuator torque. It 
is also interesting to note that increasing the torques 
worsened the condition numbers; K(E,) = 3.1 and 
n(E,) = 2.1. 

5 Conclusion 

We have presented an approach based on the el l ip-  
soid expansion model for the analysis of linear and an- 
gular accelerations, given the limits on actuator torque 
capacities, at a given configuration. This model has 
been shown to provide a simple geometric solution for 
determining these accelerations. The result of the anal- 
ysis is a surface which completely describes the depen- 
dency between the isotropic accelerations associated 
with linear and angular motions and end effector ve- 
locities. Condition numbers have been used to  provide 
a measure of the extent of magnitude variations for the 
linear and angular accelerations in different directions. 
The results obtained with the PUMA 560 manipulator, 
illustrate the effectiveness of this approach for accel- 
eration analysis. This approach is being extended to  
redundant manipulators. 
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