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Abstract

This article presents a new performance measure, the
actuation efficiency, which describes isotropy in accel-
eration capability for non-redundant manipulators. It
measures the imbalance between the end-effector ac-
celerations achievable in different directions. Prior to
this, no measure of this characteristic was adequate for
a siz degree-of-freedom manipulator, because its end-
effector motions are referenced to a miz of linear and
angular coordinates. The proposed measure addresses
both linear and angular accelerations. It also indicates
oversized actuators, since this contributes to the imbal-
ance in achievable accelerations. The development of
this measure is based on the formulation of the motion
isotropy hypersurface. The shape of this hypersurface
i3 & weak indicator of acceleration isotropy.

1 Introduction

A balanced or isotropic performance is a character-
istic of manipulators which are well suited for gen-
eral tasks. This means that its abilities are the same
in all directions. These mechanisms are more versa-
tile and adaptable to different, more complex tasks,
as opposed to those designed for a specific task or
motion. This article examines acceleration capability,
which refers to a manipulator’s ability to accelerate
its end-effector. This determines how quickly it can
manipulate grasped objects, and its responsiveness to
controller commands. For general tasks, acceleration
capability is considered to be limited by the weak-
est acceleration achievable in some direction. This is
measured by the isotropic acceleration, which is the
largest magnitude of end-effector acceleration achiev-
able in every direction. However, it does not describe
the imbalance, or anisotropy, between the accelera-
tions achievable in different directions; e.g. between
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the largest and smallest accelerations. This character-
istic is referred to as acceleration isotropy. Develop-
ing a measure for it is the focus of this article. The
measure, the actuation efficiency, is intended to aid in
manipulator design.

The study of acceleration isotropy begins by exam-
ining the isotropic acceleration. A number of stud-
ies have explored the isotropic acceleration and other
ways of characterizing end-effector accelerations. To
name a few, in 1985 Yoshikawa [1, 2] developed the
the dynamic manipulability ellipsosd, which led to the
dynamic manipulability measure and the isotropic ac-
celeration. Kosuge and Furuta [3] proposed the use of
the condition numbers of the Jacobian and a weighted
inertia tensor as measures of isotropy. Thomas, Yuen-
Chow and Tesar [4] developed an actuator selection
algorithm based on the isotropic acceleration. In 1987
Khatib and Burdick proposed the acceleration hyper-
parallelipiped which yields the isotropic acceleration.
In 1988 Graettinger and Krogh [5] proposed the accel-
eration radius, which described the isotropic accelera-
tion over the workspace. In 1989 Kim and Desa devel-
oped acceleration set theory [6, 7] for determining the
isotropic accelerations. Many other studies followed
these same lines [8, 9].

However, these earlier studies did not adequately deal
with the inhomogeneities, or difference in units, be-
tween the properties related to linear and angular mo-
tion. This limited their utility to mechanisms with
three or fewer degrees-of-freedom (DOF). This prob-
lem was discussed extensively by Doty, Melchiorri,
Schwartz, and Bonivento [10, 11]. The motion isotropy
hypersurface [12] was one of the first characterizations
to provide a complete description of the linear and
angular isotropic accelerations for a six DOF non-
redundant manipulator. The development of the mo-
tion isotropy hypersurface also leads to the proposed
measure. Thus the actuation efficiency also considers
both accelerations.



The measure is defined as the ratio of useful to avail-
able torque. ”Useful” refers to the torques which con-
tribute to the isotropic accelerations. The remaining
torque serves to increase the imbalance in achievable
accelerations. The amount of extra torque capacity
depends on the mechanism’s dynamics and the actu-
ator torque capacities. The measure indicates when
changes in these two areas could improve acceleration
isotropy. It is especially useful for sizing actuators.

This article focuses on local isotropy determined at

a particular configuration, for non-redundant manip-

ulators. In the next sections a brief discussion of the
isotropic accelerations is presented first. This is fol-
lowed by the development of the actuation efficiency.
The relationship between the actuation efficiency and
the motion isotropy hypersurface is also discussed.
The measure is then evaluated and used for the re-
design of the PUMA 560 manipulator.

2 Understanding Acceleration Isotropy

The study of the isotropic accelerations facilitates un-
derstanding acceleration isotropy. This investigation
involves the relationship between the bounds on ac-
tuator torque capacity and end-effector acceleration,
which is developed from the equations of motion,

A(q) § + b(a,q) + g(a) = T(@) = 6@ T, (1)

the Jacobian,

w

v .
MECE )
and the bounds on the actuator torque-capacities,

—Tbmmd S X S Tbaund- (3)

In equation (1), q is the vector of joint/generalized co-
ordinates. A, b, and g are the inertia tensor, Coriolis
and centrifugal forces, and gravity forces. The matrix
G describes the transmission system which-translates
actuator torques, Y, into joint torques, I'. In equation
~ (2), v and w are the linear and angular end-effector ve-
locities, and J is the Jacobian.

Omitting the velocity dependent terms, equations (1)
through (3) are used to obtain

-1 < Eypo + E,w + NG Tg<1 (4
where

E =[E,E,] = NGTAJ (5)
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Figure 1: 2 DOF Isotropic Acceleration. The
isotropic acceleration circle is mapped into a torque ellipse which
is expanded/contracted until it touches the bounds.

The reader is referred to [12] for the details. Equa-
tion (4) has been normalized by the actuator torque
capacities contained in the diagonal matrix N with
N; = m, resulting in bounds equal to one.

The isotropic accelerations are determined by visual-
izing the terms in equation (4) as geometric objects,
and exploring the relationships between them. For in-
stance, the bounds are considered as an n-dimensional
hypercube where each side has a length of two. At a
particular configuration, the gravity term is constant
and can be subtracted from the bounds, thereby shift-
ing them away from the origin. This is shown in Figure
1a for a simple two DOF planar manipulator.

First, consider the linear isotropic acceleration de-
scribed by the sphere

7o = ||o|”. (6)

The largest value of ||9]| is determined-by examining
the sphere’s image in torque space, which is obtained
using E, from equation (4),

YT (EET) T, = ||9|? (7)

where the superscript + indicates the Moore-Penrose
psuedoinverse.

This ellipsoid is mapped to the origin of the torque
bounds. Then, beginning with ||#|| = 1, the ellip-
soid is expanded/contracted, by changing ||©]|, until it
first touches and lies within the torque bounds. The
value of [||| at which this occurs determines the linear
isotropic acceleration ||9||:s,; see Figure 1.

The directions in which the ellipsoid does not touch the
bounds indicate where there is more torque capacity
available for achieving higher accelerations. Figure 1a
shows a large imbalance in the amount. of acceleration



achievable in different directions. However, it is sm-
possible to attain perfect acceleration isotropy, because
the ellipsoid cannot simultaneously lie within and com-

pletely encompass the torque bounds.
A more Dbalanced
acceleration capabil-
ity is obtained when
/ % the ||9lliso torque
ellipsosd occupses as
N // much volume within
the torque bounds as
possible. Note that

Figure 2: Ideal Isotropy.
The ellipse encompasses more

volume than the inscribed circle.

the ideal shape of
the torque ellipsoid
is not a sphere,
because the bounds
are shifted away from the origin due to gravity. For
example, Figure 2 shows an ellipse that occupies
more volume of the shifted torque bounds than the
inscribed circle. Notice that the gravity shift makes
portions of torque bounds unusable for producing
isotropic acceleration. Also note that the condition
number of E, is seldom useful for measuring acceler-
ation isotropy, since it only describes the proximity of
the eliipsoid to a sphere. The inscribed ellipsoid will
be used to compute the available torque reference.
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Figure 3: Torque Ellipse Addition.
The isotropic linear and angular accelerations are mapped into
torque ellipsoids and added to form a composite surface.

Now consider both the linear and angular isotropic
accelerations. As in the linear case, a torque ellipsoid
representing the angular isotropic acceleration can be
developed by transforming the sphere,

oTo = |l|?, ®
using E,, from equation (4) into,
LA Q=R M (9)
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The addition of the linear and angular acceleration
terms in equation (4) is accomplished by mapping the
center of one ellipsoid onto every point on the sur-
face of the other. This is valid because both ellipsoids
are described in terms of torque vectors in the same
space. In short, two unlike quantities are transformed
into two like quantities so that they may be added.
This addition is difficult to illustrate in general, so an
approximation to it is shown in Figure 3.

The composite sur-
face formed by this
addition is expanded
or contracted un-
til it first touches
and lies completely
within the bounds.
However, there are
many surfaces which
satisfy this condi-
tion. The solutions
are represented by
a convex, piecewise
linear curve, the mo-
tion isolropy curve
of Figure 4. It gives the sizes of the ellipsoids in the
solution set. The curve shows a tradeoff between how
much torque is used to produce linear and angular
isotropic accelerations. The actuator which saturated
providing the level of performance along a line seg-
ment, referred to as the limiting actuator(s), is indi-
cated by a numeric label.

The motion isotropy curve is described by

(] sx- [0

obtained from equations (1) through (3), see [12]. As-
suming that the manipulator has n actuators, A is a
2n x 2 matrix where

4
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Figure 4: Motion
Isotropy Curve. The
relationship between the linear and
angular isotropic accelerations.

The lines represented by these relations are overlayed
in the same space, and the innermost envelope formed
by them is the motion isotropy curve of Figure 4.

3 The Actuation Efficiency

The actuation efficiency, 7, is based on the total vol-
ume encompassed by the union of all of the composite



surfaces described by the motion isotropy curve. For
instance, this volume would resemble a cylinder for a
three DOF planar manipulator. This is then divided
by the volume of the hyperellipsoid-inscribed within
the torque bounds, similar to the one in Figure 2. In
practice, these volumes are not difficult to determine.
The next sections briefly discuss these computations.

3.1 Volume of Composite Surfaces -

The volume within the composite surfaces is iterpreted
as the useful torque, Visefui,

Vuneful = ‘/‘.,dV- (12)

This integral is not difficult to evaluate because a sim-
ple cross-sectional element, the volume of one ellipsoid,
can be defined. This volume is evaluated using spher-
ical coordinates. These are y; = ||w]|A; sin(e) cos(8),
y2 = |l@||Azsin(@)sin(d), and y3 = [lwl|Ascos(¢)
where y1, y2, and y; are the ellipsoid’s principal axes,
and the A’s are the singular values of E,,. Its volume,
Vw, i8

volliol) = FAdadsmlioll +9°  (13)

which resembles the familiar ellipsoid volume formula,
except. for the radius ||&|| = m||9]| + ¢. Recall that
|lw]| is dependent on ||9||, as described by the motion
isotropy curve, Figure 5. Since the curve is piecewise
linear, the overall integral is evaluated in segments.
Using equation (12) and (13), the useful volume ob-
tained from one line segment of the motion isotropy
CUIVe, Vyseful, Can be expressed as [13]

vt = [ [ [vallsl) dor doz dos ()

where z;, z2, and z3 are coordinates orthogonal to
each other and to the principal axes of the E,, ellipsoid.
The region over which to integrate v,, is determined by
projecting the F,, ellipsoid onto z,, za2, and z3. This
is accomplished using the orthogonal projector matrix
P, to obtain,

Y, = P,Yy = PoEoo (15)
[1—(E,,,E;‘ )] Bov  (16)

I

where I is the appropriately dimensioned identity ma-
trix. Combining equations (6) and (15) yields

*7 (P, B, ETPT)' Y, = |ol> (1)
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whose principal axes are z;, 2, and z3.
Using spherical coordinates, equation (14) becomes

/ / / vo (I91)I1311? sin(4) d8 dé djs||
BT

Viigeful

Ads s

where Ay through
A¢ are the singu-
lar values of (P, E,),
and a and b are
the maximum and
minimum values of
[l9]liso along a seg-
ment of the motion
isotropy curve, as
shown in Figure 5.

In the six DOF case,

i i Figure 5: Motion
the 'mtegrlasnd. n Isotropy Curve aandb
equation ( ) 18 a values, and the equation for the

”(b”,‘w rad/s?

[[©llis0 m/s?

polynomial whose first line segment of the curve.
antiderivative is

. 2 . 8.
Fallol) = *Fh--ollolP (161" +

(19
)

2 .
sme|g|2 + 3mel|lpf + £

where the subscript ”33” denotes the dimensions of v
and w, in no particular order. In general,

Vuseful(@0) = Fouw(b) — Fow(a), (20)

and therefore equation (12) becomes

z
Vuuful = Zvuuful(ahbiaciﬂni) (21)
i=1
where z is the number of piecewise linear segments
compriging the motion isotropy curve: Note that the
X’ are the singular values of E, and P,E,, a; <
lloll < b;, ci is the ||w||;so-intercept, and m; is the
slope of the line segment. Fy, = F,., for mechanisms
with fewer than six DOF;

Fa = 4 nllol® (20907 +
Fau = 8- MBI (2191 +§)
Fa = 4nA-Mllol? (2061° +
Fn = ;- sllolf? (Rlloll+ 5)-

mellofl + %)
meliol| + &)
(22)

3.2 Inscribed Hyperellipsoid Volume

Since perfect acceleration isotropy is unattainable, the
unusable portions of the torque bounds are discarded



from the available torque. The simplest way to do this
is to use the volume, Vyaitable, Of the hyperellipsoid in-
scribed within the bounds, whose principal axes align
with the coordinate axes. The lengths of the principal
axes are determined from the gravity shifted bound
vectors contained in T, equation (10), as the element
with smallest absolute value for each direction. The
volume of this hyperellipsoid for different dimensions
is given in Table 1, where the A’s indicate the lengths
of the principal axes.

n
Vavaitante = d][ M
=1

n|l 2 3 4 5 6

an 22 8 P
di{2 = F % A

Table 1: Inscribed Hyperellipsoid Volume

The actuation efficiency, 7, is written as a percentage,

Vuu faul (23)

n= ‘/ovailnble.

4 The Motion Isoti-opy Curve and 7

The shape of the mo-
tion isotropy curve is a
weak indicator of accelera-
tion isotropy. The closer
the curve is to forming a
rectangle with the coordi-
19]lis0 nate axes, the more likely
it is that a high degree of
acceleration isotropy exists
at that configuration. If
the motion isotropy curve
forms a perfect rectangle
with the coordinate axes,
Figure 6, ||v|| and ||w|| are independent. Thus both
attain their maximum values within the bounds, yield-
ing a composite surface which engulfs all of the other
possible surface sizes specified by the curve. This is a
weak indication that the mechanism has a high degree
of acceleration isotropy. However, 1 must still be cal-
culated, since the shape of the ellipsoids, not described
by the curve, must be considered.

If the motion isotropy curve forms something closer
to a triangle with the coordinate axes, as in Figure 4,
this indicates a tradeoff between ||9]| and ||w||; when

.
lllliso

Figure 6: Isotropy

Indicator. Rectangle
suggests high degree of
acceleration isotropy.
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one increases the other must decrease. This reduces
the possible volume of each composite surface, and
thus the manipulator should have a lesser degree of
acceleration isotropy.

5 Application

Figures 7a and 7b show two configurations of the
PUMA 560 which have different actuation efficiencies,
computed for an operational point located at the in-
tersection of the three wrist rotation axes. Initially
the actuation efficiencies are 38% and 10%. These val-
ues indicate a large imbalance between the end-effector
accelerations achievable in different directions, which
may be caused by oversized actuators.

The motion isotropy curves for these two configura-
tions, Figure 7c, tell which actuator may be suspect.
Notice that for these configurations, the closer the mo-
tion isotropy curve is to a rectangle, the higher the
acceleration isotropy, as discussed in Section 4. The
limiting actuators indicated in Figure 7c are 1, 2, 5,
and 6. Therefore actuators 3 and 4 are candidates
for change. The limiting actuators also suggest which
motors can be changed to increase performance. Re-
ducing the peak torque of the third actuator by half,
from 1.6 Nm to 0.8 Nm, results in new actuation efficien-
cies of 78% and 29%, a more than two-fold increase in
acceleration isotropy for both configurations.

This actuator change neither reduces nor alters the
manipulator’s isotropic accelerations, given in Figure
7c. This implies that the lesser actuation efficiencies
were partially due to an oversized third actuator. Re-
call that the shape of the ellipsoids, determined by

- the mechanism’s dynamics, should also be considered.

Reducing the size of third actuator could result in less
weight for the manipulator to carry while in motion,
which can lead to a better overall performance.

6 Conclusion

This article presented a new measure, the actuation
efficiency, which describes the imbalance between the
end-effector accelerations achievable in different di-
rections. It also indicates possible actuator oversiz-
ing, since this contributes to the imbalance in accel-
eration capability. The measure includes both linear
and angular accelerations in its description of accel-
eration isotropy. This allows for the analysis of a
non-redundant manipulator having up to a full six
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e 7: PUMA 560 Actuation Efficiencies and Motion Isotropy Curves.

Reducing the peak torque of the third actuator yields a more than two-fold increase in acceleration isotropy for both configurations
without sacrificing isotropic performance.

DOF. This article also establishes the shape of the mo-
tion isotropy curve as a weak indicator of acceleration
isotropy. It concludes with a design example involv-
ing the PUMA 560 manipulator. A similar measure
can be developed for force capability, which describes
a manipulator’s ability to apply forces and moments to
the environment at the end-effector. Future work in-
volves using this measure in design optimizations, and
investigating ways of describing acceleration isotropy
for the entire workspace.
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