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Abstract

This erticle presents o performance measure, the ac-
tuation efficiency, which describes the imbalance be-
tween the end-effector accelerations achievable in dif-
ferent directions of non-redundant robotic manipuia-
tors. A key feature of the proposed measure is that in
its development the unitary differences between lin-
ear and angular accelerations are treated in a physi-
cally meaningful manner. The measure also indicates
oversized actuators, since this contributes to the im-
balance in achievabie accelerations. The development
of this measure is based on the formulation of the
Dynamic Capability Hypersurface. The shape of this
hypersurface is a weak indicator of the level of im-
balance in achievable end-effector accelerations.

1 Introduction

A mechanism’s ability to accelerate its end-effector
determines how quickly it can manipulate grasped
objects, as well as its responsiveness to controller
commands. This ability is referred to as Acceleration
capability when every acceleration direction is consid-
ered. An imbalance in acceleration capability implies
that the manipulator can achieve different levels of
acceleration in different directions. Although a per-
fect balance is difficult to achieve, manipulators with
a more balanced acceleration capability are versatile
and adaptable, making them useful in many different
tasks. Here, the actuation efficiency is proposed as a

measure of the imbalance in acceleration capability,

intended for use in manipulator design.

In this work, acceleration capability is described by
the magnitude of the smallest achievable end-effector
acceleration of the set of all possible accelerations
from a given manipulator configuration. This mag-
nitude is referred to as the balanced or isotropic ac-
celeration. This quantity is useful for studying im-
balances in acceleration capability, although it does
not directly measure this characteristic.

*This work was completed at Stanford University.
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A number of studies have examined the isotropic ac-
celeration including {1] which presents the Dynamic
Manipulability Ellipsoid and a method for determin-
ing the isotropic acceleration. [2] proposes condition
numbers of the Jacobian and a weighted inertia ten-
sor as measures of isotropy. 3] presents an actuator
selection algorithm based on the isotropic accelera-
tion. [4, 5] describe the acceleration parallelepiped
from which the isotropic acceleration can be found.
[6] defines the acceleration radius, which describes
the isotropic acceleration over the workspace. [7, §]
develop acceleration set theory for determining the
isotropic accelerations. Other studies followed the
approaches listed above [9, 10].

However, these earlier studies did not address the
unitary inhomogeneity between linear and angular
accelerations. This limits their utility to mechanisms
with three or fewer degrees-of-freedom (DOF). The
unit problem was discussed extensively in [11, 12,
13, 14]. The Dynamic Capability Hypersurface [15]
was developed to provide a description of the linear
and angular balanced accelerations for a six DOF
non-redundant manipulator. The proposed measure,
defined as the ratio of useful to available torque, is
based on the hypersurface. “Useful” torques refer
to those that contribute to a balanced acceleration
capability. The amount of extra available torque de-
pends on the mechanism’s dynamics and the actu-
ator sizes. The proposed measure indicates when
changes in these two areas could be beneficial.

In the next sections, a brief discussion of the bal-
anced acceleration is presented first, followed by
the development of the actuation efficiency measure.
The measure is evaluated and used for the redesign
of the PUMA 560 manipulator.

2 Balanced Acceleration Capability

As stated earlier, examining balanced accelerations
facilitates understanding imbalances in acceleration
capability. This investigation involves the relation-
ship between the bounds on actuator torque capac-
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ity and end-effector acceleration, which is developed
from the equations of motion,

A4 +g@=T=0G6(gT,

the Jacobian,
v
w

and the bounds on the actuator torque capacities,

@

The velocity terms are omitted from equation (1) and
" will not be considered in this analysis. In equation
(1),q,g,T and T are vectors of joint/generalized co-

(1)
(2)

] = J(q) 4,

‘Tbound < T S Tbound-

ordinates, gravity forces, joint torques and actuator

torques respectively. A and G are the mass matrix

and the transmission matrix describing the relation-

ship between actuator and joint torques. In equation

(2), v and w are the linear and angular end-effector.

velocities, and J is the Jacobian matrix. The ‘dot’
dy

indicates time differentiation, for instance & = £%.

Combining equations (1) through (3) yields

-1 < Eyb + Euw + NG Tg «1  (4)

where

E =|E,B,] = NGTAJ

I}

(5)

. The reader is referred to [15] for the details. Equa-
tion (4) has been normalized by the actuator torque
capacities contained in the diagonal matrix N with

Nip = L —, resulting in bounds equal to one.
—

The balanced accelerations are determined by visu-
alizing the terms in equation (4) as geometric ob-
jects, and exploring the relationships between them.

" For instance, the bounds are considered as an n-
dimensional hypercube where each side has a length
of two as shown in Figure 1a for a simple two DOF
planar manipulator. At a particular configuration,
the gravity term is constant and can be subtracted
from the bounds, thereby shifting them away from
the origin.

First, consider the linear balanced acceleration

o7 (6)
It is assumed that ||©| has some value so that equa-
tion (6) defines a sphere. The largest value of ||o
that satisfies equation (4) is determined from the
sphere’s image in torque space, obtained using E,
from equation (4), '

b = [i9]*

YT (EET) 1, = |o]? (7)

()]
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Figure 1: Two DOF Balanced Acceleration.

where the superscript + indicates the Moore-Penrose
pseudo-inverse. This éllipsoid is mapped to the ori-
gin and expanded/contracted until it is inscribed
within the torque bounds. The value of ||¥|| at which
this occurs determines the linear balanced accelera-
tion ||¥}, as shown in Figure 1.

The directions in which the ellipsoid does not touch
the bounds indicate where there is more torque ca-
pacity available for achieving higher accelerations.
Figure 1a-shows a large imbalance in the amount of
acceleration achievable in different directions. How-
ever, it is impossible o eitain & perfectly balanced
acceleration capability, because the ellipsoid cannot
simultaneously lie within and completely fill the vol-
ume within the torque bounds.

A more balanced ac-
celeration capability
is cbtained when the
torque ellipsoid occupies
as much volume within
the torque bounds as
possible. The ideal
shape of the torque
ellipsoid is not a sphere -
because the bounds are
shifted away from the
origin due to gravity. Figure 2 shows an ellipse that
occupies more volume of the shifted torque bounds
than the inscribed circle. The gravity shift makes
portions of torque bounds unusable for producing
isotropic acceleration. Note that the condition
number of E, is seldom useful for measuring the
imbalance in accelerations, because it only describes
the how near the ellipsoid is to a sphere.

A
Ny

Figure 2:
Isotropy.

Ideal

Now consider bhoth the linear and angular balanced
accelerations. As in the linear case, a torque ellipscid
representing the angular balanced acceleration can
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Figure 3: Torque Ellipse Addition.

be developed by transforming the sphere,
T = |[@f? (8)
using E,, from equation (4) into the ellipsoid,
Y (EED) Y = [ (9)

The addition of the linear and angular terms in equa-
tion (4} is accomplished by mapping the center of one
ellipsoid onto every point on the surface of the other,
resulting in what is referred to as a composite hyper-
surface. This is valid because both ellipsoids are de-
scribed in terms of torque vectors in the same space.
In short, two unlike quantities are transformed into
two like quantities so that they may be added. This
addition is difficult to illustrate in general, so an ap-
proximation to it is shown in Figure 3.

The composite

hypersurface is

1 expanded or con-

tracted until it is

inscribed  within

2 the bounds. How-

ever, there are

many  hypersur-

—- faces which satisfy

lolle mss® this condition.

The solutions are

represented by a

convex, piecewise

linear curve, the Dynamic Cepability Curve shown

in Figure 4. It gives the sizes of the ellipsoids in the

solution set. The curve shows a tradeoff between

the amount of torque used to produce linear and

angular balanced accelerations. The actuator which

saturated providing the level of performance along a

line segment, referred to as the Emiting actuator(s),
is indicated by a numeric label.

”d"”b rad/s?

Figure 4: Dynamic Cape-
bility Curve.

The Dynamic Capability Curve is described by

alfel ] <7=[1T8EHE] o

obtained from equations (1) through (3), see [15].
Assuming that the manipulator has n actuators,

Ay = Any = B

. (11)
Aig = Aitna = ||EL|
where E% indicates the i** row of E,, and likewise for
E},. The lines represented by each of the relations
in equation (10) are overlayed in the same space,
and the innermost envelope formed by them is the
Dynamic Capability Curve shown in Figure 4.

3 The Actuation Efficiency Measure

The actuation efficiency, o, is based on the total vol-
ume encompassed by the union of all of the compos-
ite hypersurfaces described by the Dynamic Capa-
bility Curve in Figure 4, referred to as Vysep. For
instance, this volume would resemble a cylinder for a
three DOF planar manipulator. This is then divided
by the volume of the torque bounds, Viyaiabie- The
measute is expressed as a percentage,

o = Jwsetui g0 (12)

Vavailable
In practice, these volumes are not difficult to deter-
mine, as shown in the next sections.

3.1 Volume of Composite Hypersurfaces

The volume within the composite hypersurfaces is
interpreted as the useful torque, Visesut,

Vuseful. = /dV (13)
v

This integral is not difficult to evaluate because a
simple cross-sectional element, the volume of one
ellipsoid, can be defined. This volume is evalu-
ated using spherical coordinates. These are y; =
ol sin(8) cos(8), 32 = llizAe sin(g)sin(8), and
¥s = [[w]| Az cos(¢) where yi, y2, and ys are the el
lipsoid’s principal axes, and the A's are the singuiar
values of E,,. Its volume, v, is

. 4m .
vo(ll?l) = 7A1A2A3(mllvll+6)3 (14)

which resembles the familiar ellipsoid volume for-
mula, except for the radius jw| = m||®| + ¢. Recall
that ||| is dependent on |||, as described by the
Dynamic Capability Curve. The curve is piecewise
linear, thus the integral is evaluated in segments.
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Using equations (13) and (14), the vclume cbtained
from a segment of the Dynamic Capability Curve,
Vuseful, 18 [16]

Vuseful = ///Vw(lii’ll)dml dzy drs  (15)

where 1y, 3, and x3 are orthogonal to each other
and to the principal axes of the E,, ellipsoid.

The region over which to integrate v, is determined
by projecting the E,, ellipsoid onto ), xs, and xs.

This is accomplished using the orthogonal profector
matrix P, to obtain,

Tz = PwTv=PwEv® (16)

[1-E.ES| Bov (1)

where 1 is the appropriately dimensioned identity
matrix. Combining equations (6) and (16) yields

YT (P, E, ETPDY 1, = 9> (18)

whose principal axes are 1, T2, and z3. Using spher-
ical coordinates, equation (15) becomes

Vuaeful

Redoho f [f Z(mnf:lndewn@u (19

whgre
2@,6,100) = vo(l2DlIo|2sin()  (20)

and where A4
f : through Jg are the
singular values of
(PuFEyw), and a and
b are the maximum
and minimum val-
ues of |||, along
a segment of the
Dynamic Capability

‘ ||wl|b rad/s?

|
-
|
[
|

a b

||U|! 17-1/32 CI.II'VG (DCC), as
_ b , shown in Figure 5.
Figure 5: DCC. In the  six DOF

case, the integrand

Z(gs ¢= ”‘U”) in equa- - -

tion (19) is a polynomial whose antiderivative
is :

. 2 5 3.
Fa(lol) = 5°x - delol® (5 )%+
2. I B
el 4 o] + 5 )
where the subscript “33” denotes the dimensions of
v and'wt in no particular order. In general,

Vuserat(@h) = Fou(®) = Fou(@),  (22)

and therefore equation (13} becomes

z
Vuaeful - Z Vuseful (ai: bi, ¢, mi) (23)

i=1

where 2 is the number of piecewise linear segments
comprising the Dynamic Capability Curve. Note
that the A’s are the singular values of £, and P, Ey,
a; € ||| < b;, ¢ is the ||w|e-intercept, and m; is
the slope of the line segment. Fi,,, = F.,y, for mech-
anisms with fewer than six DOF;

P = 4ne ool (160 + Belo) + %)
Fa = 8map---Mafloll® (2ll0] + §)

. TN : z
. For = 47+ Ao (mT“vnz + 2&;””” + CT)

Fuo = 4w a0 (2] + £).

(24)

3.2 Dynamic Capability Curve and Vv

 The shape-of the Dy-
" namic Capability Curve r

is a weak indicator of a
balanced acceleration ca-
pability. The closer the
curve is to forming a rect-
angle with the coordinate |l©]]e
axes, as in Figure 6, the
more likely a balanced ac-
celeration capability ex-
ists at that configuration. When this occurs it means
that ||9] and ||w| are independent. Thus both at-
tain their maximum values within the bounds. This
is opposed to the case when the Dynamic Capabil-
ity Curve forms something closer to a triangle with
the coordinate axes, as in Figure 4. The triangu-
lar shape indicates a tradeoff between ||0| and {|uw||;
when one increases the other must decrease. This re-

fills

Figure 6: Balance
Indicator.

. duces the possible volume of each composite surface,

and thus the manipulator should have a less balanced
in acceleration capability. This is a weak indicator
because @ must still be. calculated, since the shape
of the ellipsoids, not described by the curve, must be
considered.

3.3 Inscribed Hyperellipsoid Volume

Since a perfectly balanced acceleration capability is
unattainable, the unusable portions of the torque
bounds are discarded from the available torque.
The simplest way to do this is to use the volume,
Vawvaitabie, of the hyperellipsoid inscribed within the
bounds, whose principal axes align with the coor-
dinate axes. The lengths of the principal axes are
determined from the gravity shifted bound vectors
contained in T, equation (10), as the element with
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Figure 7: PUMA 560 Actuation Efficiencies and Dynamic Capability Curves.

smallest absolute value for each direction. The vol-
ume of this hyperellipsoid for different dimensions is
given in Table 1, where the A's indicate the lengths
of the principal axes.

n
Vavaitane = d ][ M
i=1

n|l 2 3 4 5 6

41 =2 Bx?  n?
d|2 « P 158

Table 1: Inscribed Hyperellipsoid Volume

4 Application

Figures 7a and 7b show two configurations of the
PUMA. 560 which have different actuation efficien-
cies, computed for an cperational point located at
the intersection of the three wrist rotation axes. The
model used for these computations is given in [17)].
Initially the actuation efficiencies are 38% and 10%.
These values indicate a large imbalance in accelera-
tion capability.

The Dynamic Capability Curves for these two config-
urations, Figure 7c, tell which actuator may be sus-
pect. Notice that for these configurations, the closer
the Dynamic Capability Curve is to a rectangle, the
more balanced should be the acceleration capability,
as discussed in Section 3.2. The limiting actuators
indicated in Figure 7c are 1, 2, 5, and 6. Therefore
actuators 3 and 4 are candidates for change. The
~ limiting actuators also suggest which motors can be

changed to increase performance. Reducing the peak
torque of the third actuator by half, from 1.6nm to
0.8xm, results in new actuation efficiencies of 78%
and 29%, a more than two-fold increase in accelera-
tion capability balance for both configurations.

This actuator change neither reduces nor alters the
manipulator’s isotropic accelerations, given in Figure
7c¢. This implies that the lesser actuation efficiencies
were partially due to an oversized third actuator. Re-
call that the shape of the ellipsoids, determined by
the mechanism’s dynamics, should also be consid-
ered. Reducing the size of third actuator could re-
sult in less weight for the manipulator to carry while
in motion, which can lead to a better overall perfor-
mance. If changing the actuators did not improve
the imbalance in acceleration capability, a change in
the basic mechanism design is required to achieve
any improvement.

5 Conclusion

This article presented a new measure, the actuation
efficiency, which describes the imbalance between the
end-effector accelerations achievable in different di-
rections. It also indicates possible actuator oversiz-
ing, since this contributes to the imbalance in accel-
eration capability. The measure includes hoth linear
and angular accelerations in its description of bal-
ance in acceleration capability. This allows for the
analysis of a non-redundant manipulator having up
to a full six DOF. This article also establishes the
shape of the Dynamic Capability Curve as a weak in-
dicator of balance. It concludes with a design exam-
ple involving the PUMA 560 manipulator. A similar
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measure can be developed for force capability, which
describes a manipulator’s ability to apply forces and
moments to the environment at the end-effector.
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