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Abstract

This paper presents a general sirategy for manipu-
lator control at kinematic singularities. When a ma-
nipulator is in the neighborhood of singular configura-
tions, it 1s treated as a redundant mechanism in the
subspace orthogonal to the singular directions of the
end-effector. Control in this subspace s based on op-
erational forces, while null space joint torques are used
to deal with the control in the singular directions. De-
coupled behavior is guaranteed by using the dynam-
ically consistent force/torque relationship. Two dif-
ferent types of kinematic singularities are identified
and strategies dealing with these singularities are de-
veloped. Ezperimental results of the implementation of
this approach on a PUMA 560 manipulator are pre-
sented.

1 Introduction

The difficulty with joint space control techniques
lies in the discrepancy between the space where robot
tasks are specified and the space in which the control
is taking place. By its very nature, joint space control
calls for transformations whereby joint space descrip-
tions are obtained from the robot task specifications.

The joint space task transformation problem is ex-
acerbated for mechanisms with redundancy or at kine-
matic singularities. The typical approach involves the
use of pseudo or generalized inverses to solve an under-
constrained or degenerate system of linear equations,
while optimizing some given criterion [3, 4]. Other
inverses with improved performance also have been
investigated, e.g., the singularity robust inverse {1, 8].

In addition, dealing with dynamics is essential for
achieving higher performance. In free motion, dy-
namic effects increase with the range of motion, speed,
and acceleration at which a robot is operating. In
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part mating operations, they also increase with the
rigidity of the mating object. Furthermore, when con-
trolling end-effector motion with simultaneous control
of contact forces in the orthogonal subspace, inertial
coupling can significantly affect performance. These
effects must be taken into account to achieve higher
performance.

The limitations of joint space control techniques, es-
pecially in constrained motion tasks, have motivated
alternative approaches for dealing with task-level dy-
namics and control. The operational space formula-
tion, which falls within this line of research, has been
driven by the need to develop mathematical models
for the description, analysis, and control of robot dy-
namics with respect to task behavior.

In this framework, the control of redundant ma-
nipulators relies on two basic models: a task-level
dynamic model obtained by projecting the manipu-
lator dynamics into the operational space [5], and the
dynamically consistent force/torque relationship that
provides decoupled control of joint motions in the null
space associated with the redundant mechanism [6].
These two models are the bases for implementing the
control strategy for kinematic singularities. At sin-
gular configurations, a manipulator is treated as a re-
dundant mechanism in the subspace orthogonal to the
singular directions.

In this paper, we propose a classification of
kinematic singularities from control perspective and
present a general strategy for manipulator control at
kinematic singularities. The effectiveness of this ap-
proach is experimentally demonstrated on a PUMA
560 manipulator.

2 Kinematic Singularities

A singular configuration is a configuration q at
which the end-effector mobility — defined as the rank



of the Jacobian matrix ~ locally decreases. At a sin-
gular configuration, the end-effector locally loses the
ability to move along or rotate about some direction
in Cartesian space.

Singularities and mobility are characterized by the
determinant of the Jacobian matrix for non-redundant
manipulators; or by the determinant of the matrix
product of the Jacobian and its transpose for redun-
dant mechanisms. This determinant is a function,
s(q), that vanishes at each of the manipulator singu-
larities. This function can be developed into a product
of terms,

1)

where each term corresponds to one of the different
singularities associated with the mechanism. Here,
n, is the number of different singularities. A singu-
lar configuration always has a corresponding singular
direction. It is in or about this direction that the end-
effector presents infinite effective mass or effective in-
ertia. The end-effector movements remain free in the
subspace orthogonal to this direction. In reality, the
difficulty with singularities extends to some neighbor-
hood around the singular configuration. The neigh-
borhood of the i? singularity, D;,, can be defined as

2)

s(q) = s1(q) - 52(q) - 53(q) .. sa,(q);

Dy, = {q | |s:(q)| < m:};

where 7; is positive.

In the neighborhood D;; of a singular configuration
q, the manipulator is treated as a redundant mecha-
nism in the subspace! orthogonal to the singular direc-
tion. End-effector motions in that subspace are con-
trolled using the operational space redundant manipu-
lator control, while null space joint torques are used to
deal with the control in the singular directions. The
use of the dynamically consistent force/torque rela-
tionship guarantees decoupled behavior between end-
effector control and null space control.

3 Dynamic Consistency

In order to achieve dynamically consistent behav-
ior of the redundant manipulator, it is necessary to
decouple the motion in the null space from the mo-
tion in the operational space. In other words, the se-
lection of null space motion control torques from the
null space should not generate any acceleration at the
end-effector in the operational space.

This can be achieved using the dynamically consis-
tent relationship between operational forces and joint

1a subspace of the end-effector operational space.
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torques for redundant manipulators [6]

; —=T
L=J"(qF+ |I-JT(@)] (q)|To;  (3)
where J is the dynamically consistent generalized in-
verse of the Jacobian matrix given as

T(@) = A~ (@) (Q)A(). @)

q is the vector of joint coordinates, A(q) is the joint
space kinetic energy matrix, J(q) is the Jacobian ma-
trix, and A(q) is the operational space kinetic energy
matrix. J has been shown to be unique [6].

The above relationship provides a decomposition of
joint torques into two dynamically decoupled control
vectors: joint torques corresponding to forces acting
at the end effector, JTF; and joint torques that only
affect null space joint motions, [I — J T(q)TT(q)]I‘o.
F is the operational space control forces acting on the
end-effector; [I — JT(q)jT(q)] is the projection onto
the null space; and I’y is the joint control torques for
desired motions in the null space.

An additional task to be carried out using the null
space can be realized by constructing a potential func-
tion, Vp(q), whose minimum corresponds to the de-
sired task. This is accomplished by selecting

To = —A(a) [V Vo + kugdl (®)
where —k,,q corresponds to the dissipative torques
needed to provide asymptotic stabilization of the
mechanism in the null space and —[VV; + kygq] is
weighted by A(q) to account for the manipulator dy-
namics. The interference from the additional torques
on the end-effector is eliminated by projecting this vec-
tor onto the null space.

Using this decomposttion, the end effector can be
controlled by operational forces, while motions in the
null space can be independently controlled by joint
torques that are guaranteed not to alter the end effec-
tor’s dynamic behavior.

3.1 Simulation Example

The impact of the dynamically consistent control
decomposition is illustrated on the 3R-planar manip-
ulator shown in Figure 1 and Figure 2. This manipula-
tor is treated as a redundant mechanism with respect
to the task of positioning the end-effector.

The goal here is to maintain the end-effector posi-
tion, while letting the manipulator move in the null
space. The end-effector position is controlled by oper-
ational forces. An oscillatory motion in the null space
is produced by the application, in the null space, of
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Figure 1: Null Space Motion with Pseudo Inverse

the negative gradient of an attractive potential with-
out any dissipative forces, i.e.,, I'y = —A(q)V V.

Two different generalized inverses are used to con-
struct the projection of I'y onto the null space: the
Moore-Penrose or pseudo inverse, J* = J7 (JJT)_I,
and the dynamically consistent inverse, J from Equa-
tion 4. The simulation results are shown in Figure 1
and Figure 2.

As expected, with the dynamically consistent in-
verse (see Figure 2) the motion in the null space does
not affect the end-effector position, while large cou-
pling forces are produced at the end-effector when the
pseudo inverse is used (see Figure 1). Doty [2] has ex-
tensively discussed the difficulty with pseudo inverses
and observed the need for dynamically weighted gen-
eralized inverses.

4 Control Strategy at Singularities

The dynamically consistent torques/forces decom-
position of a non-redundant mechanism is done as fol-
lows: First, in the neighborhood of singular configura-
tions, singular directions and the associated singular
frames are identified. A singular frame is a frame in
which one of the axes is aligned with the singular direc-
tion. Next, the Jacobian matrix of the non-redundant
mechanism is rotated into the singular frame and the
rows corresponding to singular directions are elimi-
nated. This new Jacobian matrix corresponds to the

86

Nul space with dynamically consistent inverse

x: solid line

y: dashed ¥no

Postion (m}
2

a8 1 12
Time {sec)

Figure 2: Null Space Motion with Dynamically Con-
sistent Inverse

redundant mechanism with respect to end-effector mo-
tion in the subspace orthogonal to the singular direc-
tions. The dynamically consistent inverse of this Jaco-
bian matrix from Equation 4 is used to construct the
projection onto the null space and this projection is
used to control motions in the null space. End-effector
motions in the subspace orthogonal to the singular
directions are controlled using the operational space
redundant manipulator control [5].

4.1

In previous work [7], singularities have been char-
acterized in terms of the internal freedom of motion a
manipulator has at a singular configuration while its
end-effector remains fixed.

However, for control purposes, we separate singu-
larities into two groups based on the control charac-
teristics of their null spaces. Type 1 singularities are
those at which the end-effector can be controlled in
the singular directions using motion in the null space.
Type 2 singularities are those at which motion in the
null space only affects the singular direction.

Figure 3 shows the three basic singularities in a
PUMA 560: elbow lock, wrist lock, and overhead lock
from left to right. Elbow lock is a Type 1 singularity
and the other two are Type 2 singularities.

Joint motions in the null space associated with a
Type 1 singularity results in a motion of the end-

Two Types of Singularities



effector in the singular direction. However, joint mo-
tions in the null space associated with a Type 2 sin-
gularity results only in a change of the singular di-
rection through internal joint motions. Two different
strategies are developed according to these two types
of singularities.

Figure 3: Three Basic Singular Configurations in
PUMA 560

4.2 Type 1 Singularity

The end-effector motion in the singular direction is
controlled directly through the associated null space.
s;(q) from Equation 1 is treated as a new task coordi-
nate. A potential function of this coordinate is used in
the control of end-effector behavior along the singular
direction. Using this potential function, the projection
of the torques from Equation 5 onto the null space af-
fects the end-effector motion only along the singular
direction.

Moving the end-effector to a singular configuration
is achieved by a control that takes s;(q) to zero. When
moving out of a singularity, the control of the end-
effector motion along the singular direction is achieved
by controlling the rate of s;(q). With the two possible
assignments of the sign for the desired rate of s;(q),
it is possible to select the posture of the manipula-
tor among the two configurations that it can gener-
ally take when moving out of a singularity. The rate
of si(q) should be selected according to the desired
velocity at the configuration when |s;(q)| = n; from
Equation 2, in order to achieve a smooth transition
when crossing the boundary of the neighborhood of
singularity.

4.3 Type 2 Singularity

At this type of singularities, the end-effector can
only move in or about a direction that is orthogonal
to the singular direction. To allow the end-effector
to perform a motion in or about a given direction,
first, the singular direction must be changed to be or-
thogonal to this direction. Controlling the direction
of singularity can be accomplished by motions in the
null space.

Let ¢;(q) be the i*® singular direction. The vec-
tor ¢;(q) can be controlled by a potential function
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whose minimum corresponds to the desired singular
direction, ¢;;. The control in the null space can be
implemented following Equation 5.

Our control strategy for dealing with this type of
singularity is to maintain a constant singular direc-
tion during motionsin the neighborhood of singularity.
This will prevent the large internal joint motions that
are generally associated with end-effector motions in
the neighborhood of the singularity.

For tasks involving trajectory following, the end-
effector desired motion in the neighborhood of sin-
gularities should be designed to be in the subspace
orthogonal to the singular direction.

5 Experimental Result

The above strategy has been implemented to con-
trol a PUMA 560 for the three different singularities
shown in Figure 3. For some configurations, these sin-
gularities can occur simultaneously and the rank of
the Jacobian can vary from 3 to 6. The minimum
rank of the Jacobian corresponds to the configuration
at which the end-effector reaches the highest point di-
rectly above the base.
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Figure 4: Elbow Lock and Wrist Lock:
Experimental Response

In Figure 4, the end-effector is simultaneously mov-
ing out of two singularities: the elbow lock (Type
1) and wrist lock (Type 2). The goal is to trans-
late along the singular direction, while maintaining all



other positions and orientations. The resulting motion
is shown in Figure 4.
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Figure 5: Wrist Lock: Experimental Response

In Figure 5, the end-effector is shown at a singular
configuration of wrist lock (Type 2). The goal for the
end-effector is to perform a rotation of 45° about the
singular direction. This task is accomplished by first
rotating the singular direction to a direction where
it is orthogonal to its initial configuration. This is
accomplished by the control discussed above, which
involves internal joint motions in the null space. The
resulting motions of joints 4, 5, and 6 are shown in
Figure 5.

6 Conclusion

In this paper, we have proposed a classification of
singularities into two types following the control char-
acteristics of their null spaces: singularities at which
the end-effector can be controlled in the singular di-
rections using motion in the null space (Type 1); and
singularities at which motion in the null space only af-
fects the singular direction (Type 2). A general control
strategy for these two types of singularities has been
developed. The implementation of this strategy relies
on the dynamically consistent force/torque relation-
ship, which guarantees decoupled behavior between
end-effector control and null space control of redun-
dant mechanisms. The experimental results with a
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PUMA 560 illustrate the effectiveness of this strategy.
Acknowledgments

The financial support of Boeing, General Motors,
Hitachi Construction Machinery, and NSF (grant IRI-
9320017) is gratefully acknowledged. Many thanks to
Diego Ruspini and David Williams for their comments
and help during the preparation of the manuscript.

References

[1] S. Chiaverini, B. Siciliano, O. Egeland, “Experi-
mental Results on Controlling 2 6-DOF Robot Ma-
nipulator in the Neighborhood of Kinematic Sin-
gularities,” Proc. 3rd International Symposium on
Experimental Robotics, Kyoto, Japan, 1993.

K. Doty, “A Theory of Generalized Inverses
Applied to Robotics,” International Journal of
Robotics Research, Vol. 12, No. 1, 1993.

H. Hanafusa, T. Yoshikawa, Y. Nakamura, “Anal-
ysis and Control of Articulated Robot Arms with
Redundancy,” 8th IFAC, Vol. XIV, pp. 38-83,
1981.

J.M. Hollerbach, K.C. Suh, “Redundancy Res-
olution of Manipulators Through Torque Opti-
mization,” Proc. IEEE International Conference on
Robotics and Automation, pp. 1016-1021, 1985.

O. Khatib, “A Unified Approach to Motion and
Force Control of Robot Manipulators: The Op-
erational Space Formulation,” IEEE Journal of
Robotics and Automation, Vol. 3, No. 1, 1987.

O. Khatib, “Motion/Force Redundancy of Ma-
nipulators,” Japan-U.S.A. Symposium on Flexible
Automation, 1990. '

Z.C. Lai, D.C.H. Yang, “A New Method for the
Singularity Analysis of Simple Six-link Manipula-
tors,” International Journal of Robotics Research,
1986.

Y. Nakamura, “Kinematical Studies on the Trajec-
tory Control of Robot Manipulators,” Ph.D. The-
sis, Kyoto, Japan, 1985.



