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where q is the n joint coordinates and A(q) is the 
n x kinetic energy matrix. b(q,q) is the vector of 
centrifugal and Coriolis joint-forces and g(q) is the 
gravity joint-force vector. I' is the vector of general- 
ized joint-forces. 

The operational space equations of motion of a ma- 
nipulator are [5] 

A(x)X + ~ ( x ,  k) + P(X) = F; (2) 
where x, is the vector of the m operational coordinates 
describing the position and orientation of the effector, 
A(x) is the m x m kinetic energy matrix associated 
with the operational space. p ( x , % ) ,  p(x), and F are 
respectively the centrifugal and Coriolis force vector, 
gravity force vector, and generalized force vector act- 
ing in operational space. 

2.2 Redundancy 

The operational space equations of motion describe 
the dynamic response of a manipulator to the appli- 
cation of an operational force F at the end effector. 
For non-redundant manipulators, the relationship be- 
tween operational forces, F, and joint forces, l? is 

I' = JT(q)F; (3) 

where J(q) is the Jacobian matrix. 
However, this relationship becomes incomplete for 

redundant systems. We have shown that the relation- 
ship between joint torques and operational forces is 

( 5 )  
- with 

where J(q) is the dynamzcally consistent generalzzed 
tnwerse [6]. This relationship provides a decomposi- 
tion of joint forces into two dynamically decoupled 
control vectors: joint forces corresponding to forces 
acting at the end effector (JTF); and joint forces that 
only affect internal motions, ( [ I  - .r~(q)~~(q)lr~).  

Using this decomposition, the end effector can be 
controlled by operational forces, whereas internal mo- 
tions can be independently controlled by joint forces 
that are guaranteed not to alter the end effector's dy- 
namic behavior. This relationship is the basis for im- 
plementing the dynamic coordination strategy for a 
vehicle/arm system. 

The end-effector equations of motion for a redun- 
dant manipulator are obtained by the projection of 

J(s) = A"(cl>JT(s)A(cs); 

the joint-space equations of motion (l) ,  by the dy- 
namzcally consistent generalized inverse TT(q), 

-T 
J (9) t4q)G + b(q, 4) + g(q) = r1 
* h(q);l: + P(S, 4) + P(q) = F; (6) 

The above property also applies to non-redundant 
manipulators, where the matrix P ( q )  reduces to 
J-T(cl>. 

2.3 Inertial Property 

A mobile manipulator system can be viewed as the 
mechanism resulting from the serial combination of 
two sub-systems: a "macro" mechanism with coarse, 
slow, dynamic responses (the mobile base), and a rel- 
atively fast and accurate "mini" device (the manipu- 
lator). 

The mobile base referred to as the macro structure 
is assumed to be holonomic. Let A be the pseudo 
kinetzc energy matrat associated with the combined 
macro/mini structures and A, the operational space 
kinetic energy matrix associated with the mini struc- 
ture alone. 

The magnitude of the inertial properties of 
macro/mini structure in a direction represented by a 
unit vector w in the m-dimensional space can be de- 
scribed by the scalar [6] 

which represents the effective inertial properties in the 
direction w. 

Our study has shown [6] that, in any direction w, 
the inertial properties of a macro/mini-manipulator 
system are smaller than or equal t o  the inertial prop- 
erties associated with the mini-manipulator in that di- 
rection: 

uw(A) L u w ( L ) .  (7) 

A more general statement of this reduced e,fectzve 
inerttal property is that the inertial properties of a 
redundant system are bounded above by the inertial 
properties of the structure formed by the smallest d i s  
tal set of degrees of freedom that span the operational 
space. 

2.4 Coordination Strategy 
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Figure 1: The Virtual Linkage 

Similarly, G-l can be written as 

where ares,j represents the part of that correspond 
to the resultant forces at the object; and the matrix 
Gint,j represents the part corresponding to the inter- 
nal forces. 

- 

3.3 Decentralized Control Structure 

For fixed base manipulation, the augmented object 
and virtual lznkage have been implemented in multi- 
processor system using a centralized control structure. 
This type of control is not suited for autonomous mo- 
bile manipulation platforms. Before presenting the 
decentralized implementation, we begin with a brief 
summary of the centralized control structure. The 
overall structure of the centralized implementation is 
shown in Figure 2. 

In a multiple mobile robot system, each robot has 
real-time access only to its own state information and 
can only infer information about the other robots’ 
grasp forces through their combined action on the ob- 
ject. In the decentralized control structure we pro- 
pose, the object level specifications of the task are 
transformed into individual tasks for each of the coop- 
erative robots. Local feedback control loops are then 
developed at  each grasp point. 

The task transformation and the design of the lo- 
cal controllers are accomplished in consistency with 
the augmented object and virtual linkage models. The 

overall structure of the proposed decentralized control 
structure is shown in Figure 3. 

The local control structure at the i th grasp point is 

The control vectors, fmotion,i, are designed so that 
the combined motion of the various ith grasp points 
results in the desired motion at the object operational 
point. On the other hand, the vectors fjoree,i create 
forces at the grasp points, whose combined action pro- 
duces the desired contact and internal forces on the 
object. 

The motion control at the i th grasp point is 

fmotion,i = & , i ~ f ~ o t i o n , i  + ~ 0 , i  + ij0,ii (16) 

(17) 
- -T - with 

AQli  = Ag,g + Gres,aALGres,i;  

where A,,i is the kinetic energy matrix associated with 
the ith effector at the grasp point. The second term 
of equation (17) represents the part of hc assigned to 
the ith robot and described at its grasp point. 

The vector, PO,i,  of centrifugal and Coriolis forces 
associated with the ith effector is 

where P g , j  is the centrifugal and Coriolis vector of the 
ith robot alone at the grasp point. C r e s , r f i r  represents 
the part of fir. assigned to the ith robot and described 
at its grasp point. Similarly, the gravity vector is 

- 
&,a $g , i  + Gres, i$L; (19) 

where p g , ,  is the gravity vector associated with the ith 
end effector at the grasp point. Gres,rljc represents 
the part of p~ assigned to the ith robot and described 
at its grasp point. 

The sensed forces at the ifh grasp point, fs,j, com- 
bine the contact and internal forces felt at  the ith grasp 
point, together with the acceleration force acting at 

- 
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Figure 4: Experiments with the Mobile Platforms 
Erasing a whiteboard, cooperating in  carrying a basket, and sweeping a desk are examples of tasks 
demonstrated with the Stanford Mobile Platforms. 

force control performance are comparable to results 
obtained with fixed base PUMA arms. 

5 Conclusion 
We have presented extensions of various operational 

space methodologies for fixed-base manipulators to 
mobile manipulation systems. A vehicle/arm plat- 
form is treated as a macro/mini structure. This re- 
dundant system is controlled using a dynamic coordi- 
nation strategy, which allows the mini structure’s high 
bandwidth to be fully utilized. For cooperative oper- 
ations, we have developed a new decentralized control 
structure based on the augmented object and virtual 
linkage models that is better suited for mobile manipu- 
lator systems. Vehicle/arm coordination and coopera- 
tive operations have been successfully implemented on 
two mobile manipulator platforms developed at Stan- 
ford University. 
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