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Abstract

In this work we consider the problem of “nearly infalli-
ble classification”.

1. Introduction

In this paper we study the problem of “nearly infallible
large scale visual classification”, creating visual classifica-
tion systems can recognize as many as 10, 000 object cate-
gories yet almost never produces an incorrect answer.

How is it even remotely possible, given that the state of
the art classification accuracy on 10,000 object categories
is 16.7% [?]? Yet the answer is in the affirmative with a
trivial solution. Object categories form a semantic hierarchy
with many levels of abstraction. A “German Shepherd” is
also a “dog”, an “animal”, a “living thing” and above all, an
“entity”. Therefore always predicting the root node “entity”
would give an infallible classifier.

The answer is valid but utterly useless, for the obvious
reason that we gain no information at all through the clas-
sification. We realize that we should ask our question in a
more interesting way: can we create a classification system
that maximizes the information gain of its output yet main-
tains a very small error rate?

Specifically, we can measure the information gain in
the standard information theoretical sense, i.e. the de-
crease in uncertainty(entropy) of class probability distri-
bution through classification. Without classification, our
knowledge of the object in the input image is “entity”, i.e.
the probability distribution is uniform among the tens of
thousands of leaf categories 1. Given a classification output
of “dog”, our uncertainty decreases. While still uncertain of
the specific breed of dog, we gain information by ruling out
a large number of possibilities. Note that the question can
be generalized to not just information gain, but any reward
function that prefers more specific classification.

Our key observation is that we can allow the classifica-
tion system to freely choose the level of abstraction and

1We may have a non-uniform prior and uncertainty is still well defined.

Figure 1. Conventional classifier versus infallible classifier.

therefore can ensure arbitrarily small error rate by select-
ing an appropriate level for each input. In other words, ex-
ploiting the semantic hierarchy, accuracy can be ensured by
trading off information gain. For example, the classification
system would output “dog” for an image of “German shep-
herd” if the confidence of “German shepherd” is insufficient
to ensure a low error rate(Fig. 1).

Nearly infallible classification is practically important.
In general, ensuring small error rate is always desirable
because users prefer reliable and trustworthy classification
systems. In many cases, erroneous information is worse
than correct but less specific information, particularly when
the information is actionable. For example, predicting
“chanterelle” implies an edible type of mushroom, which
if erroneous, may have serious consequences. “Mushroom”
should be the preferred answer if near infallibility cannot be
ensured.

The problem is of broad interest. The rationale extends
beyond object classification to any visual tasks that involve
high level semantic labels, e.g. detection, scene understand-
ing, segmentation, describing images with sentences and so
on. In this work we focus on basic multiclass object clas-
sification, which can serve as the building blocks of other
tasks.

The problem is novel. Previous work in computer vision
has been focused on certain particular levels of abstraction
but not across the entire spectrum in a unified framework.
Research in visual classification has been moving from ba-
sic levels, represented by a large body of work evaluated
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on Caltech101/Caltech256/PASCAL, to sub-ordinate lev-
els, represented by large scale classification and fine grained
classification [?, ?, ?]. Most of the work does not con-
sider the semantic hierarchy, using flat set of classes [?].
For those who do [?, ?], there is no notion of information
gain or small error guarantee and the issue of automatically
choosing the appropriate abstraction level is not systemati-
cally addressed. We will elaborate the differences in Sec. 2.

In this work, we study the nearly infallible classification
problem and make the following contributions:

• To the best of our knowledge, we are the first to in-
troduce the nearly infallible classification problem in
computer vision, i.e. maximizing information gain un-
der small error constraint given a semantic hierarchy.

• We solve the problem by a primal dual algorithm that’s
provably optimal under realistic conditions.

• We evaluate our method on large scale datasets up to
10,184 object categories. We demonstrate that our
method significantly beats heuristic baselines and that
we can build a nearly infallible system that’s also prac-
tically useful.

2. Related Work
Multiclass classification. Multiclass classification, clas-
sifying the input into exactly one of multiple classes, is well
studied in machine learning and extensively used in com-
puter vision. Standard approaches include joint learning of
a single model [?, ?] and reduction to binary problems, e.g.
one-vs-one, one-vs-all, DAGSVM [?], ECOC [?]. These
approaches assume a set of non-overlapping classes and 0-1
loss for misclassification. They do not apply to hierarchical
classes in a straightforward manner.

Classification using hierarchy. There is a large body of
work using hierarchy in image classification and annota-
tion [17]. We divide the most relevant work into roughly
three groups.

The first group of work uses the hierarchy to improve
the performance of flat multiclass classification at the leaf
nodes [3, ?, ?, ?, 1, ?]. The hierarchy is typically con-
structed automatically and does not necessarily align with
the semantic hierarchy. This differs from our work where
the problem involves a predefined semantic hierarchy and
our classification system needs to output internal nodes as
well as leaf nodes.

The second group of work uses hierarchy to define new
performance measure different from the conventional 0-1
loss, typically penalizing less if the confused classes are
closer on the hierarchy [5, ?, ?, ?, ?]. All these losses are
defined based on where the path of the prediction diverge
from the ground truth, the lower the better. In this case, a

prediction on leaf node is always preferred, because given
any prediction of internal node, one can always instead pre-
dict an arbitrary leaf node in the subtree with equal or less
penalty. Our work differs in that to ensure a small error rate,
it is necessary to prefer internal nodes in many cases.

The third group of work considers classification for both
internal nodes and leaf nodes [21, 18, 13]. Hierarchy is used
either to combine models[21], or to organize the classifiers
[13, 18, ?], where multiclass or binary classifiers are learned
for each node. Typically, a test example is classified at all
semantic levels, e.g. by sending it down the hierarchy to a
leaf node.

Our work is closely related to this line of work but differs
in two significant ways. First, the issue of choosing the best
abstraction level is our focus whereas it was only touched
upon tangentially. For example, in [13], the model is shown
to perform well for higher semantic levels when uncertain
at lower levels, but it is unclear how to decide which seman-
tic level to output. In [18], a reject threshold is introduced
so that examples with low confidence will stay at internal
nodes instead of going down the tree. However, it is un-
clear how to choose the threshold for each node and how
to handle a hierarchy that’s a directed acyclic graph(DAG)
instead of a tree. Second, there was no notion of an overall
performance measure or any error rate guarantee, whereas
we provide a principled formulation and a theoretically rig-
orous treatment.

Cost sensitive classification. Cost sensitive classification
extends flat multiclass classification by considering non-
uniform misclassification loss. This also includes the afore-
mentioned second group of work on classification using hi-
erarchy. One approach is to calibrate the classifier outputs
into probabilities and predict the class that minimizes the
expected loss [?, 20]. Other approaches modify the surro-
gate loss function in classifier learning [14, 15]. These ap-
proaches do not consider overlapping classes. In this work,
we extend the probability calibration approach to overlap-
ping classes due to its general applicability to various clas-
sifiers, and use it as a sub-routine in our algorithm.

Classification with reject options. Classification with re-
ject options extends binary classification by granting an op-
tion to abstain, for a particular cost [6, 2, 19]. The binary
case is well understood, where the optimal classification
rule is given by a threshold of the posterior probability [6]
and the threshold is determined by the reject cost. Recent
work has been focused on learning techniques that lead to
such an optimal classifier [2, 19]. A generalization to mul-
ticlass, termed class selective rejection or nondeterministic
classification, has been studied recently [11, 10, 12]. In the
multiclass case, the classifier is allowed to output an arbi-
trary set of classes of its choice and the goal is to find the
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optimal trade-off between misclassification loss, set size, er-
ror rate and reject rate. Our problem can be thought of as a
special case where the classes are leaf nodes and admissible
sets are internal nodes of the hierarchy. To the best of our
knowledge, we are the first to draw the connection between
class selective rejection and hierarchical visual classifica-
tion. Our primal dual framework is similar to that in [?],
but we establish more general conditions for strong duality
with different proof techniques and also extends the results
to non Bayesian optimal classifiers.

Multi-label annotation Multi-label annotation assigns
multiple labels to an image[CITE something]. This is dif-
ferent from our problem in that those labels are typically
for different objects present in the image rather than differ-
ent levels of abstractions for the same object, and no special
consideration is given for selecting the abstraction level. In
our case, only one label of the chosen semantic level is pre-
dicted as it implies the higher level labels.

Learning with partial or incomplete labels Learning
with partial or incomplete labels [7, 4] is concerned with
weaker supervision, when a training example is only given
a set of labels but only one of them is true(partial labels) or
is give one label but the ground truth includes multiple la-
bels(incomplete labels). The end tasks are still the conven-
tional multiclass classification or multi-label annotation. In
this work we assume that all examples are labeled to the leaf
nodes and leave learning with partial labels(internal nodes)
as future work.

Fine grained classification. Fine grained classifica-
tion[CITE WORK] is a challenging problem focused on
classification for sub-ordinate categories. Our framework
can integrate fine grained classification techniques into a
generic system by automatically selecting the proper classi-
fication level.

3. Problem setup

Let H = (V,E) be a directed acyclic graph with a root
at v̂ ∈ V . let Y ⊂ V be the set of leaf nodes. Let π(y)
be the set of nodes that are ancestors of node y includ-
ing y itself. Let rv be the reward for predicting a correct
node v. One instance of the reward is information gain,
but our framework works for any reward function. As-
suming distribution of classes, the information gain is then
rv = log2 |Y|/

∑
y∈Y [v ∈ π(y)] for node v. Let (X,Y ) be

a random example and its ground truth label drawn from a
joint distribution D on X ×Y . Let f : X → V maps an ex-
ample x ∈ X to a node v ∈ V . Let ε > 0 be the maximum
error rate we tolerate, that is, we require 1 − ε infallibility.

Let R(f) be the (expected) reward of f .

R(f) = Erf(X)[f(Y ) ∈ π(Y )]. (1)

Let φ(f) be the (expected) infallibility of f , that is, the per-
centage of correct predictions.

Φ(f) = E[(f(X) ∈ π(Y )]. (2)

Note that if we discard the hierarchy and keep only the leaf
nodes, then π(y) = {y}. In this case, the infallibility is
exactly the conventional multiclass classification accuracy
with 0− 1 loss.

We can now define the optimization problem.

OP1. Nearly infallible classification

maximize
f

R(f)

subject to Φ(f) ≥ 1− ε.

We seek a classifier f that maximizes the reward with an
infallibility of at least 1 − ε. One immediate observation is
that OP1 always has a feasible solution f̂ , which maps all
the examples x to the root node v̂.

4. Theoretical Analysis
4.1. Unconstrained case

To start, we consider an easier problem OP1’, maximiz-
ing the reward without the infallibility constraint.

OP2. Maximizing reward unconstrained.

maximize
f

R(f) = E rf(X)[f(X) ∈ π(Y )]

We observe that we obtain the optimal solution if we have
conditional probabilities pY |X(y|x) = Pr(Y = y|X =
x), y ∈ Y for any x. That is, given the example, we sim-
ply predict the node with the maximum expected reward us-
ing the conditional probabilities. If we have the conditional
probabilities, the probabilities at the leaf nodes are simply
the sum of the leaf node probabilities. We give details in the
following lemma.

Lemma 4.1. Let f∗(x) = arg maxv∈V rvpY |X(v|x),
where pY |X(v|x) =

∑
y∈Y [v ∈ π(y)]pY |X(y|x). Then

f∗ is the optimal solution to OP2.

Proof. Observe that

R(f) = EXEY |X rf(X)[f(X) ∈ π(Y )]

= EX rf(X)

∑
y∈Y

[f(X) ∈ π(y)]pY |X(y|X)

= EX rf(X)pY |X(f(X)|X)

≤ EX max
v∈V

rvpY |X(v|X)

= EX rf∗(X)pY |X(f∗(X)|X) = R(f∗).

3
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Note that it is not always possible to obtain the true
conditional probabilities pY |X(y|x), which means achiev-
ing the optimal bayesian error rate for flat classification. In
fact, in many cases, the true conditional probabilities are
deterministic, i.e., belong to one of the leaf classes with
probability 1. Then having true conditional probabilities are
equivalent of knowning the ground truth labels. In this case
it’s meaningless to do infallible classification because ev-
erything is already infallible. However, for the moment, we
assume this for convenience of developing the theory. We
will relax this requirement later.

Before addressing the constraint in OP1, we first estab-
lish a sufficient condition of the reward setup so that in-
fallibility is automatically guaranteed. That is, the optimal
solution to OP2 is automatically nearly infallible.

Lemma 4.2. Let rmax = maxv∈V rv and f∗ be the optimal
solution to OP2. If rv̂/rmax ≥ 1 − ε, where v̂ is the root
node, then Φ(f∗) ≥ 1− ε.
Proof. Assume to the contrary that Φ(f∗) < 1− ε. Then

R(f∗) =Erf∗((X)[f
∗(X) ∈ π(Y )] ≤ Ermax[f∗(X) ∈ π(Y )]

=rmaxΦ(f∗) < rmax(1− ε) = rv̂ = R(f̂),

where f̂ is the trivial solution that maps all examples to
the root node. This contradicts that f∗ is optimal.

Lemma 4.2 shows that if the reward of the root node is
relatively big, we automatically obtain infallibility. How-
ever, this is not generally the case, especially for the infor-
mation gain setup. Therefore we have to address the con-
straint in OP1.

4.2. The constrained case

A general strategy to deal with constrained optimization
is the Lagrange multipliers method. We first write the La-
grange function with the multiplier λ.

L(f, λ) = R(f) + λ(Φ(f)− 1 + ε) (3)

Also we define the Lagrange dual function

J(λ) = sup
f
L(f, λ). (4)

Given a λ, let fλ be a function that achieves the supreme of
L(f, λ), that is,

J(λ) = L(fλ, λ). (5)

Note that in general fλ may not be unique, but here we as-
sume each λ maps to a unique fλ generated by some deter-
ministic procedure.

We then have the following standard results, first proved
by Everett [9] in studying the multiplier method in resource
allocation problems.

Lemma 4.3. If there exists a λ† ≥ 0 such that Φ(fλ†) =
1− ε, then fλ† is an optimal solution to OP1 [9].

Lemma 4.4. If 0 ≤ λ1 < λ2, then Φ(fλ1
) ≤ Φ(fλ2

) and
R(fλ1) ≥ R(fλ2) [9].

Lemma 4.3 states that if we find a λ and its corre-
sponding fλ that maximizes the Lagrange L(f, λ) such
that the infallibility Φ(f) is exactly 1 − ε, then fλ is an
optimal solution to OP1. In this case, strong duality is
achieved. Lemma 4.4 states that the infallibility Φ(fλ) is
non-decreasing with λ. Note that these results are general.
They apply regardless of how Φ and R are defined, without
assuming any convexity or smoothness of R(f) or Φ(f).

This suggests the following strategy for solving OP1. We
first set λ = 0 and obtain f0. Note this is equivalent to
maximizing OP1 unconstrained, i.e. OP2. We then check
if this solution satisfies the constraint i.e. Φ(f0) ≥ 1 − ε.
If so, f0 is the optimal solution to OP1 and we are done.
Otherwise, we have Φ(f0) < 1− ε and we do binary search
to find λ† > 0 such that fλ† = 1 − ε, provided that such
λ† > 0 exists.

For this strategy to work, we need to address two ques-
tions. First, given any λ ≥ 0, can we obtain fλ, that is, max-
imizing the Lagrange L(f, λ)? Second, if Φ(f0) < 1 − ε,
does a λ† > 0 exist such that fλ† = 1 − ε, i.e. achieving
strong duality? There are no general answers and for many
problems the answers are no. We address them for our in-
fallible classification problem in the following sections.

4.3. Maximizing Lagrange function

The answer to the first question is a simple yes. Plugging
Eqn. 1 and Eqn. 2 into Eqn. 3 gives

L(f, λ) = E(rf(X) + λ)[f(X) ∈ π(Y )] + λ(ε− 1).

Therefore obtaining fλ is simply solving OP2 with a trans-
formed reward r̃v = rv + λ,∀v ∈ V and Lemma 4.1 gives
the Bayesian optimal solution, i.e.

fλ(x) = arg max
v∈V

(rv + λ)pY |X(v|x). (6)

4.4. Condition for strong duality

To address the second question(existence of λ†), we first
observe that we can make λ large enough to make Φ(fλ) ≥
1− ε.

Lemma 4.5. Let λ̄ = (rmax(1− ε)− rv̂)/ε, where v̂ is the
root node and rmax = maxv∈V rv . If Φ(f0) < 1 − ε, then
λ̄ > 0 and Φ(fλ̄) ≥ 1− ε.

Proof. Note that λ̄ > 0 because otherwise Lemma 4.2 im-
plies that Φ(f0) ≥ 1 − ε. Let r̃v = rv + λ̄,∀v ∈ V be the
transformed rewards. It is easy to verify that r̃v̂/r̃max ≥
1− ε. Lemma 4.2 then implies that Φ(fλ̄) ≥ 1− ε.

4
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Now we immediately have the following sufficient con-
dition for the existence of λ†.

If Φ(f0) < 1 − ε and Φ(fλ) is continuous with respect
to λ, then there exists a λ† > 0 such that fλ† = 1− ε.

Proof. By Lemma 4.5 there exists λ̄ > 0, Φ(fλ̄) ≥ 1 − ε.
Intermediate value theorem then proves the conclusion.

Lemma 4.6 states that it is sufficient for Φ(fλ) to be con-
tinuous with respect to λ. Unfortunately it is not true in
general and we can construct a simple example such that
for certain ε > 0, no such λ† exists.

Consider the simplest hierarchy of two leaf nodes, class
a and class b, and a root node class c. Let the rewards ra =
rb = 1 and rc = 0. Let pa(x) = P (y = a|x) be the
conditional probability that an example x belongs to class a.
Note that in this binary case, pa(x) complete determines the
conditional multinomial distribution. It is easy to verify that
for 0 ≤ λ ≤ 1, fλ(x) = a if pa(x) ≥ 0.5 and fλ(x) = b
otherwise. For λ > 1, fλ(x) = a when p(x) ≥ λ

λ+1 ,
fλ(x) = b when pa(x) ≤ 1

λ+1 and fλ(x) = c otherwise.
Suppose pa(x) only takes two discrete values, p1 = 0.6

and p2 = 0.4. Let µ(p) be the percentage of examples such
that p(x) = p. Here let µ(p1) = µ(p2) = 0.5, that is, half of
examples have conditional probability of 0.6, another half
0.4. Then it is easy to verify that for 0 ≤ λ < 1.5, Φ(fλ) =
0.6, i.e. all examples are predicted to the leaf nodes. For
λ ≥ 1.5, Φ(fλ) = 1, i.e. all examples are predicted to the
root node. Therefore there are only two possible values for
Φ(fλ) and it is not possible to achieve an arbitrary 1− ε.

In this artificial example, the discontinuity stems from
the fact that the conditional class probability pY |X(a|x)
concentrates on only two values other than 0 and 1. There-
fore when we vary λ, we have sudden jumps of Φ(λ). In
practice, however, we expect the distribution of pY |X(a|x)
to be either deterministic i.e. pY |X(a|x) is 1 or 0 for all x, or
continuous i.e. has a density function over [0, 1], or a mix-
ture of both i.e. for those that are not deterministic, they are
continuous. In fact, for all these more realistic cases, Φ(λ)
turns out to be continuous.

We first make various notions precise. Let ∆ = {q ∈
R|Y|−1 : q � 0, ‖q‖1 ≤ 1} be the set of possible probability
values of |Y| − 1 leaf nodes. Note that for |Y| leaf nodes
there are only |Y| − 1 degrees of freedom. Let the last leaf
node be y1. With slightly abuse of notation, for q ∈ ∆, we
write qy as the probability of any leaf node y ∈ Y , with
the understanding that qy1 = 1 − ‖q‖1. We also use qv =∑
y∈Y [v ∈ π(y)]qy to mean the probability of any node

v ∈ V . Then it follows that if q = ~pY |X(x), then qv =

pY |X(v|x),∀v ∈ V . Let ∆‡ = {q ∈ ∆ : ‖q‖∞ = 1 ∨ q =
0}, i.e. the set of leaf probabilities for which one of the leaf
nodes takes probability 1.

Let ~pY |X : X → ∆ be the function that maps an example
to class probabilities of leaves. Let

Q = ~pY |X(X) (7)

be the class probabilities of X on leaves. Then Q is also
a random variable. We call Q deterministic if Pr(Q ∈
∆‡) = 1, continuous if Q has a probability density function
pQ with respect to Lebesgue measure on R|Y|−1, and par-
tially deterministic but otherwise continuous if 0 < Pr(Q ∈
∆‡) < 1 and there exists a conditional density function
pQ|Q/∈∆‡ of Q when Q /∈ ∆‡.

The case of deterministic Q is trivial because we know
exactly the ground truth labels, get infallibility 1 automati-
cally and do not need to check continuity in the first place.
We now show Φ(fλ) is continuous when Q is deterministic
or partially deterministic but otherwise continuous.

Theorem 4.7. If the random variableQ defined in Eqn. 7 is
continuous, then Φ(fλ) is continuous with respect to λ ≥ 0.

Proof. For q ∈ ∆, define

f̃λ(q) = arg max
v∈V

(rv + λ)qv.

Then it follows that ∀x ∈ X , fλ(x) = f̃λ(~pY |X(x)). We
also define

Γv(λ) = {q ∈ ∆ : (rv + λ)qv > (rv′ + λ)qv′ ,∀v′ 6= v}.

to be the open polyhedron in ∆ such that f̃λ(q) = v,∀q ∈
Γv(λ), i.e. the set of probability vector that will lead to pre-
diction on node v given λ. Also let

Γ̄(λ) ={q ∈ ∆ : ∃v′, v′′,∀u 6= v′, u 6= v′′,

(rv′ + λ)qv′ = (rv′′ + λ)qv′′ ≥ (ru + λ)qu},

that is, the set of probability vectors that lie on the decision
boundary. It is then a simple exercise to check that Γ̄(λ)
and Γv(λ),∀v ∈ V are disjoint partitions of ∆. Then

5
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Φ(fλ) = EXEY |X [fλ(X) ∈ π(Y )]

= EQEX|QEY |X,Q[fλ(X) ∈ π(Y )]

= EQEX|Q
∑
y∈Y

[fλ(X) ∈ π(y)]pY |X(y|X)

= EQEX|Q
∑
y∈Y

[f̃λ(Q) ∈ π(y)]Qy

= EQ
∑
y∈Y

[f̃λ(Q) ∈ π(y)]Qy

=

∫
∆

∑
y∈Y

[f̃λ(q) ∈ π(y)]qy pQ(q) dq

=

(∫
Γ̄(λ)

+
∑
v∈V

∫
Γv(λ)

)∑
y∈Y

[f̃λ(q) ∈ π(y)]qy pQ(q) dq

=
∑
v∈V

∫
[q ∈ Γv(λ)]qvpQ(q) dq.

Note that the first two equalities are by iterated expectations.
Also we can drop

∫
Γ̄(λ)

at the last step because Γ̄(λ) has
dimensions less than |Y|−1 and therefore has zero measure.

Let φv(λ, q) = [q ∈ Γv(λ)]qvpQ(q). To
prove continuity, it suffices to show that for each
v,
∫
φv(λ, q) dq is continuous with respect to λ, i.e.

for sequences {λn}, if limn→∞ λn = λ, then
limn→∞

∫
φv(λn, q) dq =

∫
φv(λ, q) dq. This is directly

implied by Lebesgue’s dominated convergence theorem if
we can show (1)limn→∞ φv(λn, q) = φv(λ, q) almost ev-
erywhere and (2) for all n and every q, |φv(λn, q)| ≤ ψ(q)
for some integrable ψ.

Note that condition(2) is trivial as φv(λn, q) ≤ pQ(q)
and we only need to check condition(1). First note that con-
dition(1) trivially holds for any q /∈ ∆. For q ∈ ∆ , there
are three possibilities: (i)q ∈ Γvλ, (ii)q ∈ Γu(λ) for some
u 6= v, or (iii)q ∈ Γ̄(λ). We only need to check (i) and (ii)
because Γ̄(λ) has zero measure.

For (i), let γv(λ, q) = (rv+λ)qv−maxv′ 6=v(rv′+λ)qv′ .
For any q ∈ Γv(λ), as n → ∞, γv(λn, q) → γv(λ, q) > 0.
Therefore there exists n′ such that ∀n > n′, γv(λn, q) > 0
and thus ∀n > n′, [q ∈ Γv(λn)] = 1. Therefore [q ∈
Γv(λn)]→ 1 = [q ∈ Γv(λ)].

For (ii), since q ∈ Γu(λ) for some u 6= v, as n → ∞,
γv(λn, q) → γv(λ, q) < 0 and therefore [q ∈ Γv(λn)] →
0 = [q ∈ Γv(λ)].

Lemma 4.8. If the random variable Q defined in Eqn. 7
is partially deterministic but otherwise continuous, then
Φ(fλ) is continuous with respect to λ ≥ 0.

Proof. When Q ∈ ∆‡, let y‡ be the leaf node
such that Qy‡ = 1, i.e. Y = y‡ with probabil-
ity 1. Then pY |X(v|X) = 1 for any v ∈ π(y‡)

and pY |X(v|X) = 0 otherwise. Therefore fλ(X) =
arg maxv∈V rvpY |X(v|X) = arg maxv∈π(y‡) rv . Thus
when Q ∈ ∆‡, fλ(X) ∈ Y with probability 1. Then

Φ(fλ) =EX,Y |Q∈∆‡ [fλ(X) ∈ π(Y )] Pr(Q ∈ ∆‡)

+ EX,Y |Q/∈∆‡ [fλ(X) ∈ π(Y )] Pr(Q /∈ ∆‡)

= Pr(Q ∈ ∆‡)

+ EX,Y |Q/∈∆‡ [fλ(X) ∈ π(Y )] Pr(Q /∈ ∆‡).

The first term is constant with respect to λ so we only need
to show the continuity of the second term, which can be
proved the same way as in Theorem 4.7 by replacing pQ
with pQ|Q/∈∆‡ .

4.5. Complete algorithm

We have shown that under very realistic conditions,
strong duality holds and we can achieve the optimal so-
lution. Now are are ready to present the complete algo-
rithm(Algorithm 1). It can be understood very intuitively.

Algorithm 1 Solving Infallible classification(OP1)

1. Solve OP2 and obtain a solution f0.

2. If Φ(f) ≥ 1− ε, return f .

3. Binary search to find a λ ∈ (0, λ̄]. For each λ,
obtain fλ by solving OP2 with transformed rewards
r̂v = rv + λ,∀v ∈ V . Stop when Φ(fλ) is close
enough to 1− ε or when the maximum number of iter-
ations is reached. Return the last fλ.

We first discard the constraint and see if we can satisfy in-
fallibility. If yes, then we are done. If not, we increase the
reward of each node by λ > 0 such that the root reward gets
relatively bigger, which encourages predictions to go to the
root and make the infallibility increase. We try to find a λ
that matches the infallibility closely by binary search.

4.6. Calibration

We have been assuming that we can obtain Bayesian op-
timal classifiers, which is impossible in most cases. What if
we can only learn classifiers far from Bayesian optimal?

The answer is yes. We can make any pre-trained mul-
ticlass classifier nearly infallible, even if they perform very
poorly, provided that we can calibrate them well. In this sec-
tion, we first introduce the concept of calibration and show
that the same algorithm can be applied.

Let a classifier g : X → ∆ map an example x ∈ to
multinomial probabilities on leaf nodes. LetG = g(X) and
G is also a random variable. A classifier g is calibrated if
Pr(Y = y|G = q) = qy,∀q ∈ ∆,∀y ∈ Y , i.e. if we take
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all examples that are predicted leaf probabilities q, then the
percentage of examples that have ground truth label y is qy
for any leaf node y. Note that a Bayesian optimal classi-
fier is by default calibrated, but a calibrated classifier is not
necessarily Bayesian optimal. It merely state its confidence
truthfully. For example, in binary classification, assuming
that the two classes are evenly distributed, a classifier that
always outputs 50% probability is perfectly calibrated yet
useless.

We can make a pre-trained, calibrated classifier g nearly
infallible by learning a function h : ∆ → V that takes the
output of g and predict a node. Then we have a similar
optimization problem.

OP1’. Nearly infallible classification for pre-trained cali-
brated classifiers.

maximize
h

R(h ◦ g)

subject to Φ(h ◦ g) ≥ 1− ε.

In fact, it is easy to show that Algorithm 1 still applies
with a simple change that

fλ(x) = h ◦ g(x) = arg max
v∈V

(rv + λ)gv(x).

Similar to the conditions for Q defined in Eqn. 7, Algo-
rithm 1 is optimal for OP1’ if G = g(X) is deterministic,
continuous or partially deterministic but otherwise continu-
ous. All proofs trivially carry over if we replace pY |X(v|x)
with gv(x) and use the following identities:

Φ(h ◦ g) = E [h(g(X)) = π(Y )]

= EGEY,X|G [h(G) = π(Y )] = EGEY |G [h(G) = π(Y )],

and similarly R(h ◦ g) = EGEY |G rh(G)[h(G) = π(Y )].
We provide complete proofs for the pre-trained case in sup-
plemental materials.

A remaining question is how to obtain calibrated classi-
fiers. In principle any classifier can be calibrated as long
as they output some confidence scores. The next step is to
map them to calibrated probabilities. Most classifiers give
direct probability estimates, either explicitly such as logis-
tic regression, or implicitly such as boosting. SVM does
not give probability estimation but can be post-processed to
do so, e.g. by fitting a logistic function [16]. In any case,
even with direct probability output, additional calibration
is necessary because the raw output can be biased. For all
models, we can use isotonic regression, a general technique
proposed in [?] for calibration.

5. Experiments
We use three datasets,ImageNet65, ImageNet1K and Im-

ageNet10K. ImageNet65 is a simplified four level tree from

Figure 2. The tree structure of ImageNet65. The tree is designed
to be not well balanced to approximate the real world hierarchy
such as WordNet.

ImageNet with 57 leaf nodes and 8 internal nodes. The
structure is shown in Fig. 5. We sample 100 images per
category from the ImageNet database [8] as training, 50 as
validation and 100 as test. ImageNet1K is the same dataset
used in ILSVRC2010 [?] and we use the same training, val-
idation and test splits. ImageNet10K is 9 million images
from 10184 categories used in [?]. We use 50% as training,
25% as validation and 25% as test.

We evaluate three variants of our proposed primal dual
algorithm and one baseline as an extension from [18]

• LR+PD. Train one-versus-all logistic regression clas-
sifiers on leaf nodes and obtain posterior probabilities.
Posterior probabilities on internal nodes are summa-
tion of those of leaf nodes. We then use the primal
dual algorithm to find the optimal decision rule.

• SVM+PD. Similar to LR+PD except that we use one
versus all SVM and calibrate with Platt’s scaling [?].

• Tree+PD. Similar to LR+PD except that we learn a de-
cision tree by training one-versus-all logistic regres-
sion classifiers at each node. The posterior probabil-
ities on internal nodes are obtained from the internal
classifiers.

• GL+Th. Learn a decision tree model similar to [18].
An example will stay at an internal node if it’s poste-
rior probability is below a threshold. Use binary search
to find a global threshold closest to the infallibility con-
straint while satisfying it.

We set our infallibility requirement 1−ε to various values
between 0.3 and 0.99 and plot the information gain versus
the actual infallibility on for all methods in Fig. 5. We show
that all curves produced by our primal dual algorithm beat
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Figure 3. Information gain versus infallibility on ImageNet65. The
numbers in brackets on Y axis indicates the equivalent of number
of uncertain categories.

the naive global threshold method regardless of the learning
method used.

We then demonstrate how our algorithm produces non-
trivial, useful infallible classifiers by showing the distribu-
tion of predictions over the semantic levels and their respec-
tive accuracy in Fig. [?].

We also plot the infallibility versus the number of the
iterations for the binary search in Algorithm 1. We show
that it converges very quick to optimal.

We next show results on ImageNet1K and Ima-
geNet10K. They are awesome.

We finally show example images that predicted to differ-
ent levels on ImageNet1K in Fig. 5

6. Conclusion and Future work
We propose and solved the problem. Future work would

be to extend it to detection, image parsing and other more
complex tasks and explore the weakly supervised settings.
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