An Evolutionary Approach to the Induction of Process

Model fromContinuous Data

Javier Nicolás Sánchez

Computer Science Department

Stanford University, CA 94305 jsanchez@cs.stanford.edu http://www-cs-students.stanford.edu/~jsanchez/

Abstract: Process model induction is a newresearch problem for machine learning that has been recentlyproposed. One of thebiggest challenges of that problem is the huge search space that it defines, since it isa problem that requires simultaneous optimization of structure and parametersof models. Thus, algorithmsfor this problem need toaddress accuracyof the models as well asfinding resultswith a reasonable computational effort. In this paper I propose a new algorithm for the induction of process models that applies genetic algorithm techniques to solve it. The proposed approach draws on the power of genetic algorithms for search in high dimensional spaces, resulting in an algorithm that shows competitive results and that seems to scale gracefull ywith the size of the problem. Experiments with two synthetic data sets are presented showing results obtained when inducing process models from population dynamics.

In closing I discuss possible extensionsand areas for future research on thistechnique.

1 Introduction and Motivation

In recent year we have seen an i ncreasing availabilityof large amountsof data from scientific and engineering domains involving continuous variables that change over time. Manyof those domains lack precise models that describe the interactionsbetween those variables, thus the application of induction methods on that data holds obvi ous benefits. Asa result, inducing models from data is a field of active research with a large literature bodyon computational methods for regression and time-series prediction.

However, those techniques emphasize the predictive accuracy, while paying little attention to the communicabilityof the learned knowledge. As Pazzani et al. (2001) have shown, experts in some domains will reject a learning system´s output, even when it is accurate, unless it makes contact with their prior knowledge. To address that issue, the task of process model induction hasbeen recentlyproposed in Langley et al. (2002). Itsgoal is to learn a model that accuratelypredictsthe data using concepts that arecommonly used in the domain wherethe induction is taking place. Consequently, the result of the induction task isa model that can be easilyinterpreted bydomain scientistsand engineers. Moreover, since those models are cast in terms of processes theyhave the expressive power to explain what is happening in the system, which as Cartier et al. (2001)notes, is a fundamental purpose of models in science.

Therefore, research on algorithms to induce process models from continuous data configures an interesting problem to be addressed bythe machinelearning community. However, since it isin its earlystages, little research has been done on efficient algorithmsto address this task. Currentlythe onlyexisting method for induction of those models is the one proposed in Lagleyet al., which performs an exhaustive search in the space of possi ble model structures. In order to make the search problem more tractable, the algorithm uses constraints on thesizeof allowabl e process model structures aswell as other constraints drawn from background knowledge for the particular domain.

Nevertheless, theperformance of the algorithm that has been proposed is verysensitive to a change in any of theparameters that define thesizeof the search space, such as number of variables being predicted, maximum size of the allowable model structure, or the number of generic processes being considered.

Furthermore, asnoted in thepreviousl ymentioned work, the induction algorithm lacks heuristics for avoiding over-fitting of models and to guide the search to deal with increasinglybigger search spaces.

Genetic algorithms are an obvious choice to be considered for this problem since the search space where we need to work has high dimensionalityand thedifferent model structures are related in highlynon-linear wa ys, two properties that usuallycharacterize areas of successful application of evolutionaryalgorithms.

Furthermore, genetic algorithmscan provide an elegant approach to the task of discovering a model structure whose size is not known in advance without greatlyaffecting the performance of the search procedure, since the evolutionaryprocess can be used to identifythat size. Finally, genetic algorithms have shown better properties when the size of the search space grows, something that is highlydesirable in the process model induction task.

Consequently, in thispaper I explore an alternative approach for thetask of process model induction based on theapplication of genetic algorithm techniques. In particular, I focus thiswork on proposing a new algorithm to search through thespace of possi ble structural models, since that isthe most novel problem that appears with theinduction of models. Furthermore, focusing this work on thesearch through the space of possibl e models allows a more clear comparison between the previous approach and theone proposed here, since both approaches use the same type of numerical optimization techniques to fit the parameters of the candidate models.

The remainder of thispaper isorganized in six more sections. The following section gives an overviewof the process modeling formalism used to encode the domain knowledge that is used to induce theprocess models. Section 3 presents the algorithm for model induction and howit was implemented. In Section 4 the resultsof different experimentswith syntheticdata sets arepresented, and those results are discussed and interpreted in Section 5. Finally, Section 6 presents theconclusions of thisresearch work, and Section 7 closes with directionsfor future research in this area.

2 The Process Modeling For malism

In this section I will briefl yintroduce the process modeling language presented in Langleyet al. (2002), which isthe notation used to introduce background knowledge and to represent the resultsof the induction process in this work.

The process modeling language encodes models in termsof two concepts, processes and variables. The processes describe one or more causal relationsbetween input and output variables. Those relationscan be stated in termsof differential equations (for processes that involve change over time) or static equations (for processes that involve instantaneous effects). Furthermore, a process mayalso include conditions, stated as threshold tests on its input variables, that describe when it is active. Consequently, a process model consists of a set of processes that link observable input variables with observabl e output variables, possibl ythrough unobserved theoretical terms.

Processes in this modeling language can be of two t ypes, generic processes and specific processes.

Generic processes do not commit to specific variables or parameter values, thustheyserve as templates from which specific processes can be derived. Therefore, specific processes are identical in structure to generic processes but theyhave been assigned specific variables and values to their parameters, thus providing a process whose effect can be numericallyevaluated.

Table 1 presentsan example of the encoding in themodeling language of a Holling´s type II predator-prey relationship from the domain of population dynamics. The language constructs are self-explanatory, being the

^variables~ clause used to define the variables that appear in the model, and the ^observable~ clause used to determine which of the variables can be actuallyobserved in the data. Equations are expressed in a notation similar to that used in mathematical soft ware, though I should clarifythe notational convention d[prey,t,1] , which denotes the first derivative of preywith respect to t (time).

Examples of generic processes can be found in Table 2, which shows the libraryof generic processes used in the experiments described later in this paper. One of thedifferences that appear in declaring a generic process is that the variables involved in the process areassociated with a type, indicated between curlybraces, which specifies a constraint that restricts theapplicabilityof that generic process to variables of that particular type. The other difference from the specific processes previousl yintroduced is the presence of intervalssuch as [0,50,100] , which encode bounded constants that constitute theparameters to be fitted for that process.

The leftmost number in the interval denotes the lower bound on the valuethat the constant can have, and the rightmost number is theupper bound. The middle valueis the initial guess for the constant, which in thiscase is the middle of the interval.

Finally, to close thisbrief discussion on the modeling formalism, one more aspect of the language should be clarified, which is the assumed additive effect of processes. Byconvention themodeling language assumes that processes affecting a common variable have additive effect over it, that is, their equations are added, something that is extensivel yused in the models presented in thiswork.

3 A Genetic Algorithm for Inducing Process Models

The task of process model induction involves discovering a set of specific processes that accuratelypredicts the observed data. In order to accomplish that, we need to determine a set of generic processes, the unification of variables that need to be done on them, and finallythe specific parametersof those processes.

As can be easilyseen, thedefinition of the problem presentsan enormous search space. However, as proposed in Langleyet al., we can applya divide and conquer approach and split the search in two levels. A first level, wherewe search for model structures, i.e. models composed of partiallyinstantiated generic processes whose variables have been unified, but whose parametersstill remain unspecified. And a second level, where we perform a constrained optimization of the parametersinvolved in each particular structure.

Representation Scheme

The goal of this research work isto propose an alternative algorithm for the first level of the search, which is the exploration of the space of possi ble model structures. Thus, the building blocks to be considered when encoding theproblem are thepartial instantiation of generic processes, i.e. those processes for which we have established the unification of their variables but we have not yet set a value of their parameters.

Since we knowthe number of variables that we are trying to predict, aswell as the number of generic processes that we need to consider, we can perform an exhaustive enumeration of all the possible partial instantiations of the generic processes. Notice that the size of this enumeration is not prohibitivel ybig, and in fact a search through the space of models should be able to consider a model that eventuallyincludes all those processes. Having enumerated all the partial instantiations, we assign a bit position in the binarystring to each of those partiallyinstantiated generic processes, and interpret a bit position set to 1 as the presence of that process, and a 0 as itsabsence. Consequently, ever ypossible structure in the entiresearch space can be encoded with thisrepresentation, since ever ypossi ble partial process model that can appear in a model structure has a different bit position.

Figure 1 illustrates howthe encoding mechanism works for two sample individuals when considering the generic processes presented in Table 2 and two variables to be predicted called predator and prey. As can be easilyseen, individual 1 encodes a process model that hasthe structure of the concrete model shown in Table

1. Another example ispresented with individual 2, which encodes a model composed of a logistic growth process for predators, an exponential decayof preys, consumption of preys bypredators, and a constant inflowof preys.

Operators

The operators used in evol ving the solutions are the traditional reproduction, mutation, and crossover on binarystrings. However, the use of those operatorscan create invalid individuals, i.e. individualsthat do not contain processes to predict all thevariables on which the induction is taking place. Thisproblem arises from not having in the representation anyconstraint that prevents theoperatorsfrom producing an individual with zeros in all thepositionscorresponding to theprocesses that affect a given variable.

The solution of that problem requires the introduction of a repair operation that isapplied when an invalid individual is produced as theresult of the application of mutation or crossover. The repair technique creates a newvalid individual bysetting to 1 the bitsof randomlychosen processes, which are selected from a pool of processes that determine the variables that where not predicted bythe model encoded in thefailed individual.

Thus, therepair operation applies a criterion of minimal changeto obtain a valid individual, something of great importance to preserve the properties of the genetic search.

Seeding Strategy

Another important aspect of the algorithm is the seeding strategyused to create the initial population. Here again we are faced with theproblem of creating individuals that represent valid partial models. The seeding procedure implemented randomlychooses a bit string for the individual and then applies the repair operation on it if it isneeded. Thus, all the individualsappearing in the initial population arevalid and randomlychosen from among the valid models, since there isno bias on therepair operation.

Fitness Evaluation

The fitness evaluation isthe most complex and expensive operation in the algorithm being proposed, since the type of models analyzed are expressed in termsof systems of differential equations. In particular, to evaluate the fitness of a given individual we need to followt wo steps: first, fit the parameters of the encoded structural model, and then evaluate that concrete processes model to determine itsfitness.

Since it isa goal of this project to be able to drawa comparison with theprevious work done in model induction, we needed to use the same fitting mechanism previousl yused. However, this proved to be a challenging problem since LAGRAMGE ( Todorovski & Dzeroski, 1997), thesystem previousl yused for parameter fitting, requires a costl yinitialization procedure. This was not a problem in the induction algorithm proposed in previous work because thesearch space to be explored could be encoded so as to require onlyone invocation of the discover ysystem. However, thenature of thegenetic algorithm requires at least one invocation for ever ygeneration. Thus, an alternative procedure had to be used. Fortunately, themethod used byLAGRAMGE to perform theconstrained optimization of models is implemented using a freelyavailable numerical soft ware library. Thus, while in the implementation of the algorithm LAGRAMGE was no used to fit the parameters of the models, the results obtained are exactlythe same, thuseffectivel yproviding a method for fair comparison between the two induction algorithms. Theparameter optimization proceeds bydecoding the model represented in thechromosome and then feeding it into an optimization function that determines the best values for the parameters of the processes involved.

Figure 1. An example of the encoding of structural models for a two

variable case using the generic processes from Table 2

Bit Individual 1 Individual 2

0 exponential _growth_predator 0 0

1 exponential _growth_prey 1 0

2 logistic _growth_predator 0 1

3 logistic _growth_prey 0 0

4 exponential _decay_predator 1 0

5 exponential _decay_prey 0 1

6 consumption _predator_predator 0 0

7 consumption _predator_prey 1 1

8 consumption _prey_prey 0 0

9 consumption _prey_predator 0 0

10 constant _inflow_predator 0 0

11 constant _inflow_prey 0 1

The second stage of the fitness evaluation involves determining howfit is theconcrete model encoded in

the individual. Since thegoal of the induction process is a model that accuratelypredictsobservationsit

follows that the fitness measure must evaluate the error in the predictions of the encoded model. The metric

chosen to evaluate theerror is themean squared error, which is computed bysolving thesystem of differential

equations using numerical integration. Is important to mention here that the numerical integration procedure

used to evaluate the error is the same that is applied during model fitting, thusno additional error is

introduced byusing a different method to solve the equations. Since

Finally, the fitness measure used also considers the number of processes that a model contains, penalizing

models as theyget more complex. The method consists of multiplying the fitness bya scaling function whose

value depends on the number of processes present in the model. The more processes the model has, the bigger

the scaling factor is, and thusmodels that have lowerror but over-fit the data with a complex structure are

penalized, allowing simpler models with less accuracyto compete for survival. Since the model is not known

in advance and the fitness measure introduces a scaling factor depending on the size of the model there isno

optimal value known in advance, but the smaller the error the better. Afitness measure of 0 would mean

perfect fit of the model to the data, but that is an unlikelycase since we are dealing with time varying syst ems

that are approximated with numerical integration.

Termination criteria

The criterion for terminating a run ismaximum number of generations or plateau in fitness of best-of-

generation individuals. Thealgorithm considers that it has reached a plateau when thebest-of-generation

individuals do not change their fit for a specified number of generations. In the experiments run a value of 10

seemed to be a good choice.

The schemata

Since theencoding used isbased on binarystrings thenumber of possi ble schemata in this representation is

equal to 3 n where n is the number of possibl e partial instantiationsof the generic processes using the variables

being considered. To compute the value of n , we need to consider the types of the variables on which the

induction takes place aswell asthe definition of the generic processes, computing the count of possi ble

permutations of the variables that serve asparameters in each generic process.

To give a concrete example, we can consider thevalue of n in thesituation wherewe have two variables

of t ype population and the generic processes listed in Table 2. Processes with one variable asparameter, such

Table 1. Aprocess model of a two-species speci es predator-preyrelation

model predprey_holling;

variables pred,prey;

observable pred,prey;

process pred_prey_consumption;

equations

d[prey,t,1] = - pred * prey / (0.1 * prey + 1);

d[pred,t,1] = 0.5 * pred * prey / (0.1 * prey + 1);

process prey_logistic_growth;

equations

d[prey,t,1] = 2 * prey * (1 - prey / 1.4);

process pred_exponential_decay;

equations

d[pred,t,1] = -0.1 * pred;

as logistic_growth, exponential_growth, and exponential_decay, can be partiallyinstantiated with each of the

variables in the problem , thus, each one of those processes results in two alternatives. The remaining

consumption process has two variables as parameters , thuswe can have as manypartial instances as

permutations can be considered for the number of variables and the number of placeholdersfor variables in

the process. In this case there are two variables and theprocess has two parameter variables, thus we can

obtain 2x2 = 4 possible partial instances. Finally, summing up all the possible partiallyinstantiated processes

we obtain 2+2+2+4 = 12 = n .

Since theoperators applied in thisalgorithm are simple crossover and mutation over binarystrings, the

number of schemata than can be processed at each time step can be characterized with thebounds given in

Golberg (1989). In particular, for crossover we have a minimum of 2 L schemata being processed

simultaneously, and an upper bound of N x 2 L , for strings of size L and population of size N. Specific values

depend on the particular problem since the algorithm proposed in this paper is not tailored to solve onlyone

instance of the process model induction problem.

4 Experimental Results

To analyze the performance of the algorithm two experimentswith varying degree of complexitywhere run.

The complexityof thesearch space was increased byincreasing the number of variables used for the

induction task, since that is a parameter that greatlyaffects the size of the search space.

The first experiment had thegoal of inducing a simple process model for a two species predator-prey

relationship asthe one presented in Table 1. The data set used was generated bysimulating the system of

differential equations for 200 time steps using one of the differential equation solvers included in the

mathematical software MATLAB. The setup for the algorithm considered the generic processes presented in

Table 2 and thevariables ^predator~ and ^prey~. Table 3 shows a Tableau summarizing the choices made for

this experiment.

The complexityof thesearch space involved for this simpleexample is2 12 , since that is thenumber of

possibl e com binations of partiallyinstantiated processes. The size of the population was selected to be 30 so

Table 2. Small libraryof generic processes for thepopulation dynamics domain

generic process logistic_growth;

variables Pop{population};

equations

d[Pop,t,1] = [0,50,100] * Pop * (1 - Pop / [0,50,100]);

generic process exponential_growth;

variables Pop{population};

equations

d[Pop,t,1] = [0,50,100] * Pop;

generic process constant_inflow;

variables Pop{population};

equations

d[Pop,t,1] = Pop;

generic process consumption;

variables Pop1{population}, Pop2{population};

equations

d[Pop1,t,1] = - Pop1 * Pop2 / ([0,50,100] * Pop1 + 1);

d[Pop2,t,1] = [0,50,100] * Pop1 * Pop2 / ([0,50,100] * Pop1 + 1);

generic process exponential_decay;

variables Pop{population};

equations

d[Pop,t,1] = -[0,50,100] * Pop;

as to give the algorithm the opportunityof doing some search, since a bigger population number increases the

odds of having a correct model in the initial population. To evaluate theperformance of the algorithm it was

run 20 times on the same data set using different randomlychosen initial populations. In all the runs the

algorithm was able to successfull yinduce the correct model in a fewgenerations. Thenumber of runsneeded

to obtain the correct solution ranged between 0, for one case where the solution appeared in the initial

population, to 12in the case that took the longest.

Table 3:Tableau for the two-species predator preyinduction problem.

Objective:

Induce a process model for a two-species predator-preyrelation with

specifi c instances of the following generic processes: predator consumption

of preys, exponential decayof the predator, and logistic growth of the prey

that accuratelypredicts the data used as observations.

Representation scheme:

Structure = fixed length string of 12 bits

Alphabet size K = 2 (binary)

Mapping = Each bit in the chromosome encodes thepresence or absence of

the correspondent partiallyinstantiated process as explained in Section 2.

Fitness cases: Observationsof the variables predator and preyfor 200 time steps

Fitness:

Rawfitness = Standardized fitness = Mean squared error between the

predictions generated bythe model and the 200 fitness cases weighted by

the scaling factor which is defined asa linear function that penalizes with

10%increase in error models containing the maximum number of processes

and with 0% those models containing 1 process.

Parameters:

Population size M = 30

Maximum number of generationsto be run G= 40

Termination criteria:

The GA has run for Ggenerations or a plateau for the best of generation

individual hasbeen reached (I consider that the algorithm is in a plateau if

the best of generation does not change for 10 generations).

Result designation: The best-so-far individual in the population

The second experiment that was run had the purpose of evaluating the algorithm when faced with a

considerable increase in the search space. Therefore, using the same set of generic processes the problem was

increased in complexitybyadding one more variable to be predicted. Theaddition of that variable increased

the search space byan order of magnitude jumping from 2 12 to 2 21 possible structural models. While the

previous experiment considered a search space that could be easilyexplored exhaustivel y, the one considered

in thissecond experiment is big enough tomake such approach infeasible.

In this case again 20 runs of the genetic algorithm where performed using randomlyselected initial

populations. In all the cases thealgorithm was able to approximate or obtain theoptimal solution in asfewas

20 generations. Table 4 presentsa Tableau that summarizes themain parametersused for this experiment,

being themost noticeable change the increase in the population size. Theincrease in population size is

introduced since as the theorydictates we need to provide room in the population to maintain a diversityof

schemas that can be exploited bythe genetic search.

The evolution of the algorithm as it searches though thespace of possible model structures is illustrated

in Figure 2 which shows the evolution of the weighted adjusted fitness for the best-of-generation individual in

8

a particular run. Notice that the adjusted fitness varies between 0 and 1, and the best value is1. As can be seen

in the figure thealgorithm quicklyconverged to an optimal solution, however the curve does not reach 1,

which would be perfect fitness, because it isbeing weighted bythe scaling factor that penalizes complex

models.

5 Discussion of Results

The experimental resultsobtained showthat applying genetic algorithms to the task of process model

induction is a valid approach and that isan interesting alternative to the current algorithm for that task. In

particular, the proposed algorithm attainssimilar results to the previous induction algorithm in terms of

finding the optimal models, but it achieves that at a much lower cost in terms of the number of evaluations

required toreach a solution.

In particular, for the case of the process model involving the food chain, the previous algorithm requires a

search through a space of more than 100,000 possible models. In contrast, thealgorithm proposed in this work

required between 2000 and 3000 evaluations to easilyfind or closel yapproximate the solution of the problem.

Moreover, theresults showthat the algorithm not onlyis capable of efficientlysearching through the space of

possibl e models, but it can also determine theappropriatesize of it without having to artificiallyset that asa

parameter of the algorithm.

Finally, analysis of the computational effort required to solve the two problems explored in the

experiments seems to support the hypothesis that this evolutionarysearch through the space of model

structures can scale more gracefull ywith thesize of the problem. Thisstatement isbased on the observation

that a sudden increase in the sizeof the search space from 2 12 to2 21 possible structures did not degrade in the

same proportion the performance of the algorithm to find the solution to the problem. In contrast, the previous

algorithm for process model induction suffered a more noticeable degradation from theincrease in

complexity, requiring a computational effort that is several times bigger than what hasbeen observed for the

algorithm proposed in this paper.

Figure 2: Best-of-generation evolut ion in a run of the three species food chain mode l

0

0,2

0,4

0,6

0,8

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Generation

Weighted Adjusted fitness

Table 4:Tableau for the three-species food-chain induction problem.

Objective:

Induce a process model for a three-species predator-preyrelation that

describes a food chain involving grass, sheeps, and wolves. The target

model contains the processes: logistic growth of grass, logistic growth of

sheeps, sheeps consuming grass, wolves consuming sheeps, and finally

exponential decayof wol ves.

Representation scheme:

Structure = fixed length string of 21 bits

Alphabet size K = 2 (binary)

Mapping = Each bit in the chromosome encodes thepresence or absence of

the correspondent partiallyinstantiated process as explained in Section 2.

Fitness cases: Observationsof the variables grass, sheeps, and wol ves for 100 time steps.

Fitness:

Rawfitness = Standardized fitness = Mean squared error between the

predictions generated bythe model and the 100 fitness cases weighted by

the scaling factor which is defined asa linear function that penalizes with

10%increase in error models containing the maximum number of processes

and with 0% those models containing 1 process.

Parameters:

Population size M = 100

Maximum number of generationsto be run G= 60

Termination criteria:

The GA has run for Ggenerations or a plateau for the best of generation

individual hasbeen reached (I consider that the algorithm is in a plateau if

the best of generation does not change for 10 generations).

Result designation: The best-so-far individual in the population

6 Conclusions

Thispaper haspresented a newalgorithm for inducing process models that applies genetic algorithm

techniques to search through the space of possible model structures. The resultsobtained in the experiments

performed showthat thealgorithm can effectivel yinduce process models and that it can achieve that goal

with less computational effort that theestablished induction algorithm.

Empirical evidence seems to suggest that the algorithm can gracefullyscale to problems of higher

complexitysuffering much less degradation in the performance than what has been observed in the algorithm

that has been previousl yproposed for the task of process model induction.

Moreover, theuse of genetic algorithms to perform thesearch of the space of possible model structures

opens the possibilityof approaching problems that are far more complex than the ones being analyzed toda y

for process model induction. This claim is based on thefact that genetic algorithmscan easilytake advantage

of distributed resources where parallel computations of the costl ymodel fitting procedure can be performed.

Finally, a lesson learned from thiswork is that the choice of using optimization techniques not based on

genetic algorithmsto perform the fitting of the parameters of the model was appropriate but will not scale

well to more complex problems since a severe degradation on theperformance of the numerical optimization

routines was observed when analyzing the runsof the algorithm.

Future Work

An immediate extension to the initial studycarried out in this paper isextending theproposed approach to

induce process models containing unobservable terms. Such models are the next step in complexitythat

should be tackled, andresearch on appropriate modifications tothe representation need to be studied.

Another area where future research can take place isin incorporating genetic algorithmsto also explore

the space of parameters for the model structures. Moreover, it would be worthwhile to analyze if considering

simultaneous evolution of thestructure and parametersusing evolutionarytechniques can be more effective

than thecurrent approach that searches at two levels.

Finally, thiswork centers on theinduction of process models as described in Langleyet al. (2002), but

recentlythe modeling languagehasstarted to incorporate higher level concepts such as mappingsto physical

systems. Inducing process models using those other levels of structureis also an interesting area of research.

References

Langley , P., Sánchez , J. N., Todorovski , L., & Dzeroski , S. (2002). Inducing Process Models from

Continuous Data. In: Proceedingsof the Nineteenth International Conference on Machine Learning . In

press. Sydney: Morgan Kaufmann.

Pazzani , M. J., Mani , S., & Shankle , W. R. (2001). Acceptance of rules generated bymachine learning among

medical experts. In: Methods of Information in Medicine , 40, Pages 380

� 385.

Cartier , J., Rudolph, J., & Stewart, J. (2001). The natureand structure of scientific models. The National

Center for Improving Student Learning and Achievement in Mathematics and Science, Working Paper.

Press, W. H., Flannery , B. P., Teukolsky , S. A., & Vetterling , W. T. (1992). Numerical Recipes . Cambridge,

MA: Cambridge UniversityPress.

Todorovski, L., &and Dzeroski, S. (1997). Declarative bias in equation discover y. In: Proceedings of the

Fourteenth International Conference on Machine Learning. San Francisco: Morgan Kaufmann. Pages

376 � 384.