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Abstract

The subject of this paper is finding small sample spaces for joint distributions of n dis-
crete random variables. Such distributions are often only required to obey a certain limited
set of constraints of the form Pr(Event) = w. We show that the problem of deciding whether
there exists any distribution satisfying a given set of constraints is NP-hard. However,
if the constraints are consistent, then there exists a distribution satisfying them which is
supported by a “small” sample space (one whose cardinality is equal to the number of con-
straints). For the important case of independence constraints, where the constraints have a
certain form and are consistent with a joint distribution of independent random variables, a
small sample space can be constructed in polynomial time. This last result can be used to
derandomize algorithms; we demonstrate this by an application to the problem of finding
large independent sets in sparse hypergraphs.
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space, derandomization, hypergraph, independent set, probabilistic constraint satisfaction,
independent random variables.

1. Introduction

The probabilistic method of proving existence of combinatorial objects has been very successful
(see, for example, Raghavan [16] and Spencer [18]). The underlying idea is as follows. Consider
a finite set 0 whose elements are classified as “good” and “bad”. Suppose we wish to prove
existence of at least one “good” element within 2. The proof proceeds by constructing a
probability distribution f over 2 and showing that the probability of picking a good element
is positive. Probabilistic proofs often yield randomized algorithms for constructing a good
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element. In particular, many randomized algorithms are a special case of this technique, where
the “good” elements are those sequences of random bits leading to a good answer.

It is often desirable to replace the probabilistic construction by a deterministic one, or to
derandomize an algorithm. Obviously, this can be done by completely enumerating the sample
space  until a good element is found.! Unfortunately, the sample space is typically exponential
in the size of the problem; for example, the sample space of n independent random bits? contains
2™ points.

Let X1,..., X, be discrete random variables with a finite range. For simplicity, we assume
that Xq,..., X, all have the same range {0,...,7 — 1} (although not necessarily the same
distribution); our constructions can easily be extended to variables with different ranges. The
probability space associated with these variables is Q = {0,...,7—1}". A distribulion is a map
[ :Q — [0,1] such that Y 4. f(2) = 1. We define the set S(f) = {& € @ | f(x) > 0} to be
the sample space of f.

Given a distribution f involved in a probabilistic proof, only the points in S(f) need to be
considered in our search for a good point in . Moreover, it suffices to search any subset of S(f)
that is guaranteed to contain a good point for each possible input. Adleman [1] shows that for
any distribution f used in an algorithm in RP, there exists a space S’ C S(f) of polynomial size
that contains a good point for every possible input. The proof of this fact is not constructive,
and therefore cannot be used to derandomize algorithms.

A common technique for constructing a feasible search-space is to find a different distribution
with a “small” (polynomial) sample space that can be searched exhaustively, as outlined above.
The new distribution must agree with the original one sufficiently so that the correctness proof
of the algorithm remains valid. The correctness proof often relies on certain assumptions about
the distribution; that is, the distribution is assumed to satisfy certain constraints. A constraint
is an equality of the form

Pr(Q)= ) flz)=7,
TeQ
where  C Q is an event and 0 < 7 < 1. If the randomness requirements of an algorithm are
completely describable as a set of constraints, and the new distribution satisfies all of them, then
the algorithm remains correct under the new distribution; no new analysis is needed. In other
cases, the new distribution may only approximately satisfy the constraints, and it is necessary
to verify that the analysis still holds.

The original distribution is almost always constructed based on independent random vari-
ables X1,...,X,. Thus, all the constraints are satisfied by such a distribution. In many cases,
however, full independence is not necessary. In particular, quite often the constraints are satis-
fied by a d-wise independent distribution—a distribution where each neighborhood of d variables

!This can be done if we assume that good elements are easy to recognize. In decision problems, this is usually
the case. In optimization problems, we may be able to prove that a random element is optimal or close to optimal
with a certain probability. In those cases, although we may not be able to tell by looking at an element if it is
“good”, we can often compare elements and decide which is “better”. We can therefore derandomize such an
algorithm by enumerating the sample space and choosing the “best” element in it. The techniques of this paper
also apply to problems of this type.

2We use the term random bits to denote binary-valued uniformly-distributed random variables.



behaves as if it were independent. That is, it suffices for the distribution to satisfy the inde-
pendence constraints that state that every event defined over a neighborhood of size d has the
same probability as if the variables were independent. Most of the previous work has focussed
on constructing approximations to such distributions.

Joffe [10] first demonstrated a construction of a joint distribution of n d-wise independent
uniformly-distributed random variables with a sample space of cardinality O((2n)?). Luby [13]
and Alon, Babai, and Itai [3] show how Joffe’s construction can be generalized to allow for
non-uniform distributions using sample spaces of essentially the same cardinality. In many
cases, the resulting distributions only approximately satisfy the required constraints; that is,
the distributions are d-wise independent, but the probabilities Pr(X; = b) may differ from the
corresponding probabilities in the original distribution.®> These constructions result in sample
spaces of polynomial size for any fixed d. Chor et. al [8] showed that any sample space of n
d-wise independent random bits has cardinality Q(n[dﬂ]). Thus, these constructions are close
to optimal in this case. Moreover, sample spaces of polynomial size exist for d-wise independent
distributions only if d is fixed.

Naor and Naor [15] showed how to circumvent this lower bound by observing that e-
independent (or nearly independent) distributions often suffice. In other words, it suffices that
the independence constraints for the neighborhoods of size d be satisfied to within e. We point
out that this is also a form of approximation, as defined above. Naor and Naor demonstrated
a construction of sample spaces for e-independent distributions over random bits, whose size
is polynomial in n» and in 1/e. These constructions are polynomial for € = 1/poly(n); for such
values of €, the e-independence constraints are meaningful? for subsets of size up to O(logn).
Therefore, we obtain a polynomial-size sample space that is nearly d-wise independent for
d = O(logn) (as compared to the lower bound of Q(n!°8") for truly d-wise independent sam-
ple spaces). Simplified constructions with similar properties were provided by Alon et. al [4].
Azar, Motwani, and Naor [5] later generalized these techniques to uniform distributions over
non-binary random variables. Finally, Even et. al [9] presented constructions for nearly inde-
pendent distributions over non-uniform non-binary random variables.

A different type of technique was introduced by Berger and Rompel [7] and by Motwani,
Naor, and Naor [14]. This technique can be used to derandomize certain RNC algorithms
where d, the degree of independence required, is polylogarithmic in n. The technique works,
however, only for certain types of problems, and does not seem to generalize to larger degrees
of independence.

Schulman [17] took a different approach towards the construction of sample spaces that re-
quire O(log n)-wise independence. He observed that in many cases, only certain d-neighborhoods
(sets of d variables) must be independent. Schulman constructs sample spaces satisfying this
property whose size is 2% times the greatest number of neighborhoods to which any variable
belongs. In particular, for polynomially many neighborhoods each of size O(logn), this con-

In fact, these distributions all have a sample space of cardinality O(pd) for some prime p > n. The approxi-
mation is better for larger p’s.

*Consider a distribution over random bits, and some subset of k of the variables. The “correct” probability
of any event prescribing values to all the variables in this subset is 1/2%. For k = log(1/e) = ©(log n), this
probability is < e. For larger k, all such constraints are therefore subsumed by constraints corresponding to
smaller subsets of the variables.



struction results in a polynomial-size sample space. His construction works only for random
bits, and is polynomial for a maximum neighborhood size O(logn).

In order to improve on these results, we view the problem from a somewhat different per-
spective. Instead of placing upper bounds on the degree of independence required by the
algorithm, we examine the set of precise constraints that are required in order for the algorithm
to work. We then construct a distribution satisfying these constraints exactly. In many cases,
this approach yields a much smaller sample space.

We begin by showing a connection between the number of constraints and the size of the
resulting sample space. We show in Section 2 that for any set C of such constraints, if C is
consistent, i.e., C is satisfied by some distribution f, then there exists a distribution f’ also
satisfying C such that |S(f")] < |C|. That is, there exists a distribution for which the cardinality
of the sample space is not more than the number of constraints. Note that f’ precisely satisfies
the constraints in C, so that if C represents all the assumptions about f made by a proof,
the proof will also hold for f’. The proof of the existence theorem includes an algorithm for
constructing f’; however, the algorithm takes exponential time and is thus not useful. We
justify this exponential behavior by showing that even for a set of very simple constraints, the
problem of recognizing whether there exists a distribution satisfying them is NP-complete.

We can, however, define a type of constraint for which a small sample space can be con-
structed directly from the constraints in polynomial time. As we observed, the distribu-
tions that are most often used in probabilistic proofs are ones where Xq,...,X,, are inde-
pendent random variables. Such a distribution is determined entirely by the probabilities
{pw=Pr(X;=0) : i=1,...,n; b=0,...,7r— 1}. In the course of such a probabilistic proof,
the distribution is assumed to satisfy various constraints. Above, we observed that in many
cases, and in particular in all cases for which existing constructions work, these constraints are
independence constraints. More formally, an independence constraint is one that forces the
probability of a certain assignment of values to some subset of the variables to be as if the
variables are independent. That is, for a fixed set of p;’s, a sequence of indices ¢1,...,17; in
{1,...,n},and by,..., by € {0,...,7 — 1}, the constraint

k
Pr({Xi, = b1,..., Xi, = be}) = [] pijs,
7=1

is the independence constraint 1(Q)) corresponding to the event® @ = {X;, = b1,..., X;, = bg}.
Obviously, if X7,..., X, are independent random variables then their joint distribution satisfies
all the independence constraints. Note that d-wise independence can easily be represented in
terms of constraints of this type: the variables X1,..., X, are d-wise independent if and only
if all the independence constraints I({X;, = b1,...,X;, = byq}) are satisfied, where 71,...,¢4 €
{1,...,n} and by,..., b5 € {0,...,r —1}.

Let C be a set of independence constraints defined using a fixed set of p;’s as above. In
Section 3 we present the main result of this paper, that shows how to construct in strongly
polynomial time a distribution satisfying C with a sample space of cardinality |C|. We note

“Throughout this paper, we assume without loss of generality that 13 < iz < ... < ix, and regard this notation
as a shorthand for the event {(z1,...,2,) @ 2y =b1,...,zs = b }.



that the distribution f produced by our technique is typically not the uniform distribution over
S(f). Therefore, we cannot in general use our construction to reduce the number of random
bits required to generate the desired distribution.

Our construction has a number of advantages. First, the distributions generated always sat-
isfy the constraints precisely. Thus, the correctness proof of the algorithm need not be modified.
Moreover, the size of the sample space in all the nearly independent constructions [4, 5, 9, 15]
depends polynomially on 1/e (where € is the approximation factor). Our precise construction
does not have this term. Previously, precise distributions were unavailable for many interesting
distributions. In particular, our approach can construct sample spaces of cardinality O((rn)?)
for any set of n r-valued, d-wise independent random variables (not necessarily uniformly dis-
tributed). For fixed d, this construction requires polynomial time. It has been argued by Even
et. al [9] that probability distributions over non-uniform non-binary random variables are im-
portant. To our knowledge, this is the first technique that allows the construction of exact
distributions of d-wise independent variables with arbitrary p;’s.

The main advantage of our construction is that the size of the sample space depends only on
the number of constraints actually used. Except for Schulman’s approach [17], all other sample
spaces are limited by requiring that all neighborhoods of a particular size be independent (or
nearly independent). As Schulman points out, in many cases only certain neighborhoods are
ever relevant, thus enabling a further reduction in the size of the sample space. However,
Schulman’s approach still requires the sample space to satisfy all the independence constraints
associated with the relevant neighborhoods.® This restricts his construction to neighborhoods
of maximal size O(logn). With our construction we can deal with neighborhoods of any size,
as long as the number of relevant constraints is limited.

For example, an algorithm may randomly choose edges in a graph by associating a binary
random variable with each edge. An event whose probability may be relevant to the analysis of
this algorithm is “no edge adjacent to a node v is chosen”. Using the other approaches (even
Schulman’s), the neighborhood size would be the maximum degree A of a node in the graph;
the relevant sample space would then grow as 22. Using our approach, there is only one event
per node, resulting in a sample space of size n (the number of nodes in the graph).

In this example, the constraints depend on the edge structure of the input graph. In
general, our construction depends on the specific constraints derived from the particular input.
Therefore, unlike most sample space constructions, our construction cannot be prepared in
advance. This property, combined with the fact that our algorithm is sequential, means that it
cannot be used to derandomize parallel (RNC) algorithms.

In Section 4 we show an example of how our technique can be applied to derandomiza-
tion of algorithms. We discuss the problem of finding a large independent set in a d-uniform
hypergraph. The underlying randomized algorithm, described by Alon, Babai, and Itai [3],
was derandomized in the same paper for fixed values of d. It was later derandomized also for
d = O(polylog n) by Berger and Rompel [7] and Motwani, Naor, and Naor [14]. We show how
this algorithm can be derandomized for any d. A sequential deterministic polynomial time solu-
tion for the independent set problem in hypergraphs exists [2]. However, the derandomization
of this algorithm using our technique serves to demonstrate its unique power.

SMoreover, as we have observed, Schulman’s construction works only for random bits.



Algorithm 1: Reduction to Basic Solutions
While {A,; : j € S(v)} are linearly dependent:

1. Find a nonzero vector w € IR™ such that:
u; = 0 for every j € S(v), and
Au=0.

2. Find some ¢ € IR such that:
v +tu > 0, and
vj + tu; = 0 for some j € S(v).

3. Replace v «— v + tu.

2. Existence of small sample spaces

Let C = {[P1(Qr) = 7] : k=1,...,c} beaset of constraints such that [Pr(Q2) = 1] € C. From
here on, the term “polynomial” means polynomial in terms of n,r,|C|, and the bit lengths of
the m’s.

Definition 2..1. A set C of constraints is consistent if there exists some distribution f satis-
fying all the members of C.

Definition 2..2. A distribution f that satisfies C is said to be manageable if |S(f)| < ¢ =|C|.
Theorem 2..3. IfC is consistent, then C is salisfied by a manageable distribulion.

Proof: Let C be as above, and recall that ¢ = |C|. We describe a distribution f satisfying
C as a non-negative solution to a set of linear equations. Let w € IR® denote the vector
(Tk)k=1,...c. Recall that @ = {0,...,7 — 1}"; let m = [Q| = 7", and let @4,...,2,, denote
the points of €. The variable v, will represent the probability f(«,). Let v be the vector
(v¢)e=1,...m- A constraint Pr(Q)y) = 74 can be represented as the linear equation

m
Z‘WW =Tk,
=1

where
1 ife, €@y
ak[ = .
0 otherwise .
Thus, the constraints in C can be represented by a system Av = = of linear equations

(where A is the matrix (ag¢)). Since C is assumed to be consistent, there is a distribution f
satisfying C. Therefore, for v, = f(@,), the vector v is a nonnegative solution to this system.
A classical theorem in linear programming asserts that under these conditions, there exists
a basic solution to this system. That is, there exists a vector v’ > 0 such that Av' = =
and the columns A,; such that ?J;- > 0 are linearly independent. Let f’ be the distribution
corresponding to this solution vector »’. Since the number of rows in the matrix is ¢, the
number of linearly independent columns is also at most ¢. Therefore, the number of positive
indices in v, which is precisely |S(f’)], is at most ¢ = |C]|.

This theorem can be proven constructively based on the standard algorithm outlined above.
This algorithm begins with a distribution vector », and removes points from the sample space
one at a time. The removal is done while keeping all variables non-negative, so that the truth of



the equations is maintained. This results in a manageable distribution vector »’. Throughout
the algorithm, S(v) denotes the set of indices {5 : v; > 0}. Intuitively, these indices represent
points in the sample space of the distribution represented by w.

Algorithm 1 is described in full detail by Beling and Megiddo [6]. They show that it requires
O(]S(f)| - ¢*) arithmetic operations, assuming that f is represented sparsely (so that points not
in S(f) need not be considered at all).” However, Beling and Megiddo also present a faster
algorithm for the same problem, based on fast matrix multiplication. Given a matrix multipli-
cation algorithm that multiplies two k X k matrices using O(k‘2+5) arithmetic operations, the

algorithm of Beling and Megiddo finds a basic solution in O(c% |S(f)|) arithmetic operations.
Using the best known algorithm for matrix multiplication, their algorithm allows us to prove
the following;:
Theorem 2..4. Given a distribution [ in sparse representation thal satisfies the constraints in
C, it is possible to construct a manageable distribution f' salisfying the same constraints using
O(|S(f)| - ¢*5%) arithmetic operations.

Unfortunately, the complexity of this approach is linear in |S(f)|, which can be as large as
m = r". The algorithm is therefore exponential in n in the worst case.®

The exponential behavior of these algorithms can be justified by considering the problem of
deciding whether a given set of constraints C is consistent; that is, does there exist a distribution
[ satisfying the constraints in C? For arbitrary constraints, the representation of the events can
be very long, causing the input size to be unreasonably large. We therefore restrict attention
to stmple constraints.

Definition 2..5. We say that a constraint Pr(Q) = 7 is k-simple if there exist ¢1,...,%; €
{1,...,n}and by,...,by € {0,...,7— 1} such that @ = {X;, = b1,...,X;, = br}. A constraint
is stmple if it is k-simple for some k.

Note that the natural representation of the event as a simple constraint requires space
which is at most linear in n, whereas the number of points in the event is often exponential
in n (for example, a 1-simple constraint contains r"~! points). We assume throughout that
simple constraints are represented compactly (in linear space). Under this assumption, we can
show that the consistency problem is NP-hard, even when restricted to 2-simple constraints
over binary-valued random variables.

Proposition 2..6. The problem of recognizing whether a set C of 2-simple constraints is con-

sistent is NP-hard, even if the variables constrained by C are binary-valued.
Proof: ~ The proof uses a reduction from the 3-colorability problem: given a graph G' =
(V, E), decide if there exists a legal coloring v : V' — {1,2,3}. Let G be a graph, and assume
that V = {v1,...,v,}. We define a set of 3n binary-valued variables {X;1, X;2,X;3 : @ =
1,...,n}. Intuitively, we would like it to be the case that y(v;) = ¢ iff X;, =1 and X;, =0
for b # c; for example, v(v;) = 2iff X;1 = X; 3 =0 and X; 5 = 1. We will construct C so that
the constraints enforce this relationship. The set C contains constraints of two types:

e Foreachi=1,...,nand b # ¢ € {1,2,3}, C contains the constraints:
Pr({X;» =0,X;.=0}) = 1/3

"If f is not represented sparsely, it obviously requires exponential time simply to read it in.
8The manageable distribution can also be computed directly from the constraints using a linear programming
algorithm that computes basic solutions. The running time of such an algorithm will also be exponential in n.



Pr({Xip=0,X;.=1}) = 1/3
Pr({Xip=1,X;.=0}) = 1/3.

Intuitively, these disallow illegal colorings, where the same node gets two colors.

e For each (v;,v;) € £ and each b € {1,2,3}, C contains the constraints:

Pr({X;, =0,X;,=0}) = 1/3
Pr({Xiy=0,X;5=1}) = 1/3
Pr({Xiy=1,X;,=0}) = 1/3.

Intuitively, these disallow colorings where two adjacent nodes get the same color.

All the constraints in C are clearly 2-simple. We now prove that C is consistent iff G is
3-colorable.

Assume that C is consistent, and let f be some distribution satisfying C. Consider the
probability

JHXi1=1,X;2=0,X;3=0})= f({Xi1 =1,X;2=0})— f({X;1 =1,X;2=0,X;3=1}).

The latter probability is at most f({X;1 = 1, X;3 = 1}), which by the constraints of the first
type is 0. Therefore,

JUXi 1 =1, X2=0,X;3=0}) = f({Xsp =1, X;2=0})=1/3.

Similar reasoning allows us to conclude that f({X;1 = 0,X;2 = 1,X;3 = 0}) = f({X;1 =
0,X;2=0,X;3=1}) =1/3, so that f({X;1 =0,X;2=10,X;3=0}) =0. Now, pick some
arbitrary point ® € S(f), and define y(v;) to be biff z;;, = 1. Due to the reasoning above, there
is a unique such b for every ¢, so that this defines a coloring of the graph. Now, consider any
edge (v;,v;) € £, and assume by contradiction that y(v;) = y(v;) = b. Then, z;, = z;, = 1, so
that f({X;p =1,X;, = 1}) > f(x) > 0, violating a constraint of the second type. Therefore,
v is a well-defined legal coloring.

Now, assume that there exists a legal coloring v of G. Let 7!, ..., 7% be the six permutations
of {1,2,3}. We define f to be the uniform distribution over six points ®!,..., &5 for k =
1,...,6,i=1,...,n,and b = 1,2,3, we define 2%, = 1iff 7%(y(v;)) = b. It is simple to verify,
by straightforward symmetry considerations, that the resulting distribution f satisfies all the
constraints in C. g

In order to prove a matching upper bound, we again need to make a simple assumption
about the representation of the input.

Definition 2..7. An event () is said to be polynomially checkable if membership of any point
@ € Qin @ can be checked in polynomial time.

Proposition 2..8. If all the constraints in C pertain to polynomially checkable events, then the
consistency of C can be decided in non-deterministic polynomial time.



Proof: The algorithm guesses a subset 7" C Q of cardinality |C|. It then constructs in
polynomial time a system of equations corresponding to the constraints in C restricted to
the variables in 7" (the other variables are set to 0). Given the initial guess, this system
can be constructed in polynomial time, since for each constraint and each point in 7" it
takes polynomial time to check whether the point appears in the constraint. The algorithm
then attempts to find a nonnegative solution to this system. Such a solution exists if and
only if there exists a manageable distribution whose sample space is (contained in) 7. By
Theorem 2..3, we know that a set of constraints is consistent if and only if it is satisfied by
a manageable distribution; that is, a distribution over some sample space T of cardinality
not greater than |C|. Therefore, C is consistent if and only if one of these subsystems has a
nonnegative solution. j

Since simple constraints are always polynomially checkable (using the appropriate represen-
tation), we obtain the following corollary.

Corollary 2..9. For an arbitrary set C of simple constraints, the problem of recognizing the
consistency of C is NP-complelte.

3. Independence constraints

An important special case was already discussed in the introduction. Suppose all the members
of C are independence constraints arising from a known? fixed set of values

{pwp : i=1,...,n; 6=0,....,7— 1},

where p;; represents Pr({X; = b}), and therefore Zg;é psp = 1for all ¢ and p; > 0 for all 7,b. In
this case, we can construct in strongly polynomial time a manageable distribution satisfying C.
We note that the distribution we construct does not necessarily satisfy the additional constraints
that Pr({X; = b}) = pip. If it is necessary that these constraints be satisfied, they must be put
explicitly into C.

We first define the concept of a projected event. Consider an event
Q=1{Xy =b1,..., X, =br}.

Let £ (1 < £ < n) be an integer and denote by ¢ = ¢(¢) the maximal index such that ¢, < £.
The £-projection of () is defined as

I(Q) ={Xs, =b1,..., X5, =bg} .

Intuitively, the £-projection of a constraint is its restriction to the variables Xy,..., X,. For
example, if @ is {X1 = 0,X4 = 1, X7 = 1}, then II3(Q) = {X; = 0} and [14(Q) = {X; =
0, X4 = 1}. Analogously, we call I(1[,(Q)) the {-projection of the constraint 1(Q)). Finally, for
a set of independence constraints C, II;(C) is the set of the {-projections of the constraints in C.

We now recursively define a sequence of distributions fy, f1,..., fn, such that for each ¢
({=0,...,n), the following conditions hold:

®The assumption that the p;»’s are known is a necessary one; see Theorem 3..3.



1. f; is a distribution on {0,...,r — 1}*,
2. fi satisfies 11,(C),
3. 15(fy)] <e.

The distribution f, is clearly the desired one.

We begin by defining fo, which is a distribution on {0,...,7 — 1}° = {()} (the singleton set
containing the empty sequence). The only possible definition is:

flO)=1.

This clearly satisfies all the requirements.

Now, assume that f;_; (for £ > 1) satisfies the above requirements, and define an interme-
diate distribution g, by:

ge(z1,y .y 2-1,0) = foma(@1, . 20m1) - poo
forb=0,...,7r—1.
Lemma 3..1. If fy_y satisfies 1I,_1(C), then g; satisfies 11,(C).
Proof: We will prove that g, satisfies every constraint in II,(C). Let I(Q) be an arbitrary
constraint in C, and suppose that @ = {X;;, = by,...,X;, = bx}. For simplicity, we denote

@’ = 1;(Q) (j = 1,...,n). Let r be the maximal index such that i, < ¢ — 1. By the
assumption,

,
S Q) = T pije; -
i=1
We distinguish two cases:

Case I: () mentions the variable X,. In this case, ¢,41 = £, and
Q' ={Xi, =by,..., Xi, = by, X, = brp1}

= (@10 Bt brn) ¢ (B wr) € QF1Y
Therefore:
gﬁ(Qg) = Z gf(wlv"'v'rﬁ—lvb'r—}—l)

(z1,0epp—1)EQET

= > Je—1(z1, .oy @e1) - Py,

(#1501 )EQE

= fe1(QY) - pan,

T 7’-|—1
:Hpijb] 'pa’r+1 :Hpijb] .
J=1 J=1

Thus, g, satisfies the constraint I(Q*).

Case II: () does not mention the variable X,. In this case,
Q' ={X;, =b1,...,Xi, = b}
={(z1,...,2¢) : (T1,...,20-1) € QY a,e{0,....,r—1}}.

10



Therefore:

9:(Q")

E E ge(T1, ..., x0-1,b)

bE{O,,r—l} (Il,...,Ig_l)eQz_l

= 3 fooa(@1, -y m0s1) - poy

be{0,...r =1} (z1,..0,e_1 ) EQL-L

= > pe-f(@7T)

be{0,...,r—1}

fﬁ—l(@g_l) = Hpi]‘b]‘ .
7=1

Again, gy satisfies the constraint 1(Q*). y

yields at most r points with positive probabilities in S(g¢). Thus, g, satisfies requirements 1
and 2, but may not satisfy requirement 3. But g, is a nonnegative solution to the system of
linear equations defined by 11,(C). Therefore, we may use Algorithm 1 or the algorithm of Beling
and Megiddo [6] to reduce the cardinality of the sample space to ¢, as described in Section 2.
Let f; be the resulting distribution. It clearly satisfies all three requirements. We thus obtain
the following theorem:

If |S(fi—1)| < ¢, then |S(gs)| < re, since each point with positive probability in S(f;—1)

Theorem 3..2. Given a sel of independence constraints, we can construct a manageable dis-
tribution f salisfying C in strongly polynomial time using O(rnc*%%) arithmetic operations.
Proof: The distribution f, constructed as above is clearly a manageable distribution satis-
fying C. The construction takes n iterations. Iteration ¢ requires at most O(rc) operations
to create g, from f,_;. It requires at most O(|S(gs)|c'%) = O(rc - ¢1%%) = O(rc?%?) arith-
metic operations for running the algorithm of Beling and Megiddo to reduce g; to f;, as in
Theorem 2..4. Therefore, the entire algorithm runs in O(rnc??) arithmetic operations. The
number of operations does not depend on the magnitudes of the numbers in the input. In
order to prove that the algorithm is strongly polynomial, it remains to show that the magni-
tudes of the numbers used in the algorithm are polynomial in the input size. Each distribution
fr is a basic solution to the system of linear equations defined by II,(C). The numbers used
in describing this system are 1’s, 0’s, and products of polynomially many p;;’s. Hence, their
magnitudes are all polynomial in the size of the input. Since the numbers in a basic solution
to a system always have polynomial length in the size of the system, we conclude that the
magnitudes of the numbers in each f; are polynomial in the size of the input. The interme-
diate phases—creating gs41 and running the algorithm of Beling and Megiddo—do not cause
blowup, since the latter is known to be strongly polynomial. §

As we mentioned, our algorithm can easily be extended to operate on random variables with
ranges of different sizes. Let r; be the number of values in the range of X;. The sample space of
ge will consist of vectors (z1,...,2s-1,b) where (z1,...,29-1) € S(fi—1) and b € {0,...,r,—1}.
Then [S(ge)] < 7¢|C|. The proof goes through as before, but the number of operations in
iteration ¢ is O(rgc?®?). The total number of operations is O((3 j=; r¢)c*®%) = O(rnc*%?),
where 7 = max{ry,...,r,}. The cardinality of the resulting sample space is still |C|.

The algorithm can also deal with more general constraints with no change. In particular, it
can deal with combinatorial rectangles, as described by Even et. al [9] and by Linial et. al [12].
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A combinatorial rectangle is an independence constraint over an event of the form
{Xi1 € Rla-"yXik € Rk} ,

where R; is a subset of {0,...,7—1} (or of {0,...,7;, — 1} in the more general case). The proof
remains essentially unchanged, except for minor modifications to deal with the fact that the
“right” probabilities for the events (their probabilities under the assumption of independence)
are different. For example, the probability of the event above would be

11O pijy) -

j=1 bER,

The complexity of the algorithm for this case, and the size of the resulting sample space,
remain as in Theorem 3..2. Karger and Koller [11] show that this construction can be further
generalized to deal with a far more general class of constraints.

Throughout this section, we have assumed that the p;’s are known. This assumption is
important in view of the following theorem, that states that if this is not the case, it is NP-hard
to verify whether all of a given set of constraints are independence constraints.

Theorem 3..3. Il is NP-hard to recognize whether for a given sel of 2-simple constraints C
there exists a set P = {p;p} such that all the members of C are independence constraints relative
to P.

Proof:  As in the proof of Proposition 2..6, we use a reduction from the problem of 3-
colorability. In this proof, however, we use different variables and a different set of constraints
C. Let G = (V,FE) be a graph, with V = {v1,...,v,}. We construct a set of 2-simple
constraints over the 3-valued variables Xy,..., X,;. These constraints essentially say that the
probability that two neighboring vertices get the same color is 0:

C={[Pr({X;=b,X; =b}) = 0] : (vi,v;) € E; be {0,1,2}}.

We claim that the constraints in C are independence constraints with respect to some P
ifl G is 3-colorable. Clearly, if the constraints in Cg are independence constraints relative
to some P, then they are satisfiable. Let f be some distribution satisfying C, and let @
be some (arbitrary) point in S(f). Define y(v;) = z;. If 7 is not a legal coloring, then
there exists an edge (v;,v;) € E such that ; = 2; = a. But since f(@) > 0, necessarily
J{X; =b,X; = b}) > 0, contradicting the assumption that f satisfies C. Assume, on the
other hand, that G is 3-colorable, and let v be an appropriate coloring. Define p;; = 1 if
¥(v;) = b, and p;p = 0 otherwise. We show that each constraint in C is an independence
constraint relative to these p;;’s. Each constraint in C is of the form PI(QI(’UMJ)) = 0, for

some edge (v;,v;) € E, some b € {0,1,2} and Q(()U“U]) ={X; =b,X; = b}. The independence
constraint I(Ql(’vw])) relative to these p;’s is PI(QI(’UWJ)) = pip-pjp. Since 7 is a legal coloring,
it is impossible that both v(v;) = b and 7y(v;) = b. Therefore, either p;; = 0 or p;; = 0 and
their product is necessarily 0, resulting in the desired constraint. g

This theorem can be interpreted as showing the NP-hardness of deciding whether a set
of constraints is satisfied by an independent distribution. It shows that the problem is hard
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for 2-simple constraints over 3-valued random variables. It is also possible to prove, using
a reduction to 3-SAT, that this problem is hard for 3-simple constraints over binary-valued
random variables. But, unlike the problem of deciding the satisfiability of a set of constraints
by an arbitrary distribution (Proposition 2..6), the problem is not NP-hard for the case of
2-simple constraints over binary-valued random variables. In this case, a numeric variant of the
standard algorithm for 2-SAT can be used to solve the problem in polynomial time.

In general, it is not clear that the problem of Theorem 3..3 is even in NP. The set P relative
to which a given C is a set of independence constraints might contain irrational numbers even
if all the numbers in the input are rational.

Example 3..4. Consider the problem of constructing a distribution over the binary-valued
variables X1, X5, and X3 satisfying

PI‘({Xl = 1,)(2 = 1}) =

PI‘({Xl = 1,)(3 = 1}) =
PI‘({XQ = 1,)(3 = 1}) =

[N IS I

These are independence constraints only with respect to p11 = pa1 = p31 = % I

In most practical cases, however, the p;;’s are part of the specification of the algorithm. Thus,
it is usually reasonable to assume that they are known.

4. Derandomizing algorithms

In this section we demonstrate how the technique of Section 3 can be used to derandomize
algorithms. We present three progressively improving ways in which the technique can be
applied. For the sake of simplicity and for ease of comparison, we will base our analysis on a
single problem. This is the problem of finding large independent sets in sparse hypergraphs.
The problem description and the randomized algorithm for its solution are taken from Alon,
Babai, and Itai [3]. Note that a deterministic polynomial-time algorithm for this problem is
known [2].

A d-uniform hypergraph is a pair H = (V,&) where V = {vy,...,v,} is a set of vertices and
E ={Fy,....E,} is a collection of subsets of V', each of cardinality d, that are called edges.
For simplicity, we restrict attention to d-uniform hypergraphs; a similar analysis goes through
in the general case. A subset U C V is said to be independent if it contains no edge.

Consider the randomized Algorithm 2 (k will be defined later). The following theorem,
due to Alon, Babai, and Itai [3], states that this algorithm finds “large” independent sets in
hypergraphs with “high” probability. We only sketch the proof of this theorem, concentrating
on the part that is relevant to this discussion: the constraints on the distribution assumed by
the proof.

Proposition 4..1 (Alon, Babai, Itai) : If H = (V,&) is a d-uniform hypergraph with n ver-
tices and m edges, then for k = (1/18)(n?/m)/(*=1) Algorithm 2 finds an independent set of

cardinality exceeding k with probability greater than % — %
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Algorithm 2: Independent Sets in Hypergraphs
1. Construct a random subset R of V.
For each vertex v; € V:
put v; in R with probability p = 3k/n.
2. Modify R into an independent set U.
For each edge F; € & such that £; C R:
remove from R some arbitrary vertex v; € F;.

Proof: For each vertex v; € V', let X; be the random variable that equals 1 if »; € R and 0
otherwise. For each edge £; € £, let Y; be the random variable that equals 1 if £; C R and
0 otherwise. The cardinality of Ris |R| ="y X; = X, so E(X) = np = 3k.

o If the X;’s are pairwise independent, then the variance of X is

n

o?(X) = ZUQ(XZ-) =np(l —p) <np=3k. (1)

=1

Thus, using Chebychev’s inequality,

o%(X) 3
o If the X;’s are d-wise independent then for every j = 1,...,m,

E(Y;)=Pr ( N {Xi= 1}) =pt. (2)

1EH;

Let Y = 377, Y; denote the number of edges contained in R. Computation shows that
Pr(Y > k) < 3.

If R contains at least 2k vertices after the first stage in the algorithm, and at most k vertices

are removed in the second stage, then the independent set constructed by the algorithm has

cardinality at least k. This has probability at least
Pr({Y <k}n{X >2k}) >

N | —
>~ w

as desired. g

Derandomization I

The derandomization procedure of Alon, Babai, and Itai [3] is based on constructing a joint
distribution of d-wise independent variables X; that approximates the joint d-wise independent
distribution for which Pr(X; = 1) = 3k/n (i = 1,...,n). It is then necessary to analyze
this approximate distribution in order to verify that the correctness proof above continues to
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hold. Our technique provides exactly the required distribution, so that no further analysis is
needed. As we explained in the introduction, this can be done by considering the set C! of the
constraints:19

I({Xil :bla---aXid:bd}) Dl,...,104 € {1,...,n}, bi,...,bq € {0,1}} .

The number of these constraints is [C!| = (})2¢ = O((2n)?). For fixed d, this number is
polynomial in n, resulting in a sample space of polynomial size (in fact, the size of the sample
space is comparable to the one achieved in [3]). Therefore, the algorithm runs in polynomial
time, including both the phase of constructing the sample space and the phase of running Step 2
of Algorithm 2 on each point of this space until a suffliciently large independent set is found.

Derandomization II

A closer examination of the proof reveals that not all the (}) neighborhoods of cardinality d have
to be independent. In order for equation (2) to hold, it suffices that only the X;’s associated
with vertices in the same edge be independent. If £; = {v;,,...,v;,}, let C; denote the set of
2¢ independence constraints

{I({Xil Ibl,...,XidIbd}) Dby, b5 € {0,1}} .

On the other hand, in order for equation (1) to hold, the X;’s must still be pairwise independent.
Let C? denote the set of 4(%}) constraints

{I({)(21 = bl,)(i2 = bg}) Doty,09 € {1, .. .,n}, bi1,bs € {0, 1}} .
Thus, the following set of constraints suffices:

c=c*u |J¢.
E;e€

More precisely, if the set C!! is satisfied then the proof of Proposition 4..1 goes through, and
the resulting sample space must contain a point that is good for this hypergraph. Since the
number of constraints is

e =1+ X el = 4(") +m2?,

Ej€€ 2

this results in a polynomial-time algorithm for d = O(logn). This algorithm therefore applies
to a larger class of graphs than the one presented by Alon, Babai, and Itai [3]. At first glance,
it seems that as we have polynomially many neighborhoods of logarithmic size, Schulman’s
technique [17] can also be used in this case. However, his approach is limited to (uniformly
distributed) random bits so it does not apply to this algorithm. The results of Berger and
Rompel [7] and of Motwani, Naor, and Naor [14], however, provide a polynomial-time algorithm
for d = O(polylog n). Their results use a completely different technique, and cannot be extended
to handle larger values of d.

%Theoretically, we also need to include the constraints Pr(Q) = 1 and Pr({X; = 1}) = p for all i. However,
these are implied by the other constraints in C?. This will also be the case for the later sets of constraints C*7
and ¢T71,
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Derandomization III

A yet closer examination of the proof of Proposition 4..1 reveals that Equation (2) does not
require complete independence of the neighborhood associated with the edge F;. It suffices to
constrain the probability of the event “all the vertices in F; are in R” (the event corresponding
to the random variable Y; in the proof). That is, for £; = {v;,,...,v;,}, we need only the
independence constraint over the event:

Qj:{Xil :1,...,X2'd:1} .

This is a simple event that defines an independence constraint of the type to which our tech-
nique applies. We conclude that the following set of constraints suffices for the analysis of
Proposition 4..1 to go through:

¢l =c?u{I(Q;): E; €&} .

c1| = 4(’;) +m

is polynomial in n and m regardless of d. Therefore, this results in a deterministic polynomial-

The number of constraints

time algorithm for finding large independent sets in arbitrary uniform hypergraphs.

5. Conclusions and open questions

We have presented a new approach to constructing distributions with small sample spaces.
Our technique constructs a distribution tailored precisely to the required constraints. The
construction is based on an explicit representation of the constraints as a set of linear equations
over the distribution. It enables us to construct sample spaces for arbitrary distributions over
discrete random variables, that are precise (not approximations) and sometimes considerably
smaller than sample spaces constructed using previously known techniques. This construction
can be done in polynomial time for a large class of practical problems—those problems that
can be described using only independence constraints.

A number of open questions arise immediately from our results.

e Schulman’s approach constructs a sample space whose size depends not on the total
number of neighborhoods involved in constraints, but on the maximum number of such
neighborhoods in which a particular variable appears. Perhaps the size of the sample
space in our approach can similarly be reduced to depend on the maximum number of
independence constraints in which a variable X; participates.

¢ We mentioned in the introduction that the nature of our approach generally prevents
a precomputation of the manageable distribution. However, our approach shows the
existence of manageable distributions that are useful in general contexts. For example,
for every n, d, and p, we show the existence of a d-wise independent distribution over n
binary random variables such that Pr(X; = 1) = p for all . It would be useful to come
up with an explicit construction for this class of distributions.
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e Our technique constructs distributions that precisely satisfy a given set of arbitrary inde-
pendence constraints. It is natural to ask if our results can be improved by only requiring
the distribution to approximately satisfy these constraints. In particular, it may be possi-
ble to construct approximate distributions faster, or in parallel (see [11]), or over smaller
sample spaces. We note that the original d-wise independent constructions [3, 10, 13]
precisely satisfy the d-wise independence constraints but approximately satisfy the con-
straints on the value of Pr(X; = b). In contrast, the nearly-independent constructions
[4, 5,9, 15] approximately satisfy the d-wise independence constraints. Thus, these results
can all be viewed as providing an answer to this question for certain types of constraint-
sets C and certain restrictions on which constraints can be approximated.

e Combined with our inability to precompute the distribution, the sequential nature of our
construction prevents its use for derandomization of parallel algorithms. Parallelizing the
construction could open up many application areas for this approach (see [11]).
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