
How can we share a scarce 
good in a fair way?

Economic vs. computational efficiency in markets

Philosophers have thought about this question for centu-
ries. In recent years, it has been studied from a new com-
putational perspective.
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When market participants have no market power, our market 
achieves optimal social welfare.

Proof of theorem 3. First, from our differentiability and convexity 
assumptions, we obtain necessary and sufficient first order Nash equi-
librium conditions.

We then show that the worst efficiency 
occurs when valuations are linear. We 
can also show that marginal costs are 
linear in the worst case (harder).

Next, we express the price of anarchy as the solution of an optimization 
problem. We minimize over all possible allocations and utilities under 
the constraint that they form a Nash equilibrium:

Kelly’s mechanism is optimal within a large class of mechanisms. These 
mechanisms have a natural extension to two-sided markets.

Given impractically large (exponential) amounts of computation, optimal 
social welfare is achievable. Instead, we want to quantify economic efficiency 
in practice, when computation is minimal. Thus we look at the simplest 
possible markets.

We propose the first efficient two-sided market:

... as well as for organizing 
electricity production between 
generators and bulk buyers.

Such markets are important 
in practice for sharing band-
width between users on a 
large network...

The most studied one-sided market is a mechanism by Kelly [2] for sharing 
bandwidth over a single network link.
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NE is unchanged 
because derivative is 
unchanged.

But the utility at OPT 
may be better.

Vold
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Constraints (2,3) and (4,5) hold with equality at OPT. Incorporating 
equality constraints into the objective function eliminates part of the 
variables. The objective function becomes concave and symmetric in 
the d-variables. At OPT they must be all equal, and can be replaced 
by only one unknown. Then, applying a technical lemma and lots of 
algebra, we eventually obtain the two-variable problem below. We pro-
ceed to show that its solution yields the desired bound.

Our understanding is limited to one-sided markets

etc.Q users

1. Each user submits a 
bid bq and pays bq$.

Link with fixed capacity C>0

2. User q receives a frac-
tion fq of total capacity

3. The happiness of user 
q is measured using a 
utility function Uq(bq).

How efficient is this new market? Outline of main proofs

How will users behave? For that, we need additional concepts:

We understand user and provider competition, but not both at 
once. Establishing formal efficiency guarantees for two-sided mar-
kets is an important open problem.

1. Each participant submits a bid b.

3. Provider r is told to offer sr 
units of bandwidth. User q gets a 
fraction fq of total production.

others’ bids

4. User q pays pfq and provider r 
is paid psr.

2. The market computes a single 
market-clearing price p.

Central
authority 
at a link

This market is optimal within its class

At equilibrium, total 
supply must equal total 

demand:

When participants have market power, they use it in their own in-
terests, and as a whole, society is worse off. In our market, the loss of 
welfare (the price of anarchy) is about 40%.

We have defined our market for a single network link, but our efficiency 
guarantees hold for general networks! In that case, the mechanism is 
slightly different:
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1. Each user wants to send traffic be-
tween an (s,t) pair of nodes.

2. A market instance at each link 
takes a bid from everyone. It indepen-
dently handles money, allocations.

3. Users send max (s,t)-flows given 
bought capacities. Utilities are 
functions of flows, not capacities.
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Nash eq.
conditions

Optimality
conditions

Price of
anarchy

MAIN
RESULT

Proof of theorem 5. Providers’ costs are separable in the links, but not 
users’ valuations. By convexity, Uq has a supporting hyperplane, the sub-
gradient. This hyperplane is linearly separable in the links and bounds the 
original price of anarchy. The case of linearly separable utilities can now 
be bounded by the price of anarchy of a single link.

Proof outline. We can deduce from (1-5) that all mechanisms in this 
class must have the form:

where f(p) is a differentiable and invertible function of the price p. We can 
now derive new necessary and sufficient Nash equilibrium conditions and 
repeat the argument of the main proof. This time we optimize over all pos-
sible functions f(p).

We find that the best price of anarchy occurs when the elasticity of f(p) 
equals one. This elasticity is uniquely achieved by our mechanism.

In this project, we want to formally 
quantify economic efficiency in markets 

that perform minimal computation.

KEY
CONCEPT

We’ll assume that once all the bids are in, we have a Nash equilibrium: 
each user submits his best bid, given what the others have done.

Observe that everyone does what’s best for him, and not for society. This 
can reduce social welfare, defined as the sum of all the utilities. We 
measure this loss using the price of anarchy.

That’s worst Nash equilibrium welfare over best possible welfare.

WHERE OUR
RESEARCH
COMES IN

A user’s utility function:

A provider’s utility function:

Within our  computationally efficiencient market system, there is a 
40% loss in economic efficiency. Designing this market was non-
trivial, and most similar mechanisms are inefficient. This raises 
questions about the economic efficiency of real markets.

It is not clear how prices are formed in real markets, but a version 
of our mechanism has been studied in economics as a model of price 
formation [4]. Thus our results are also relevant within an existing body 
of economic literature on prices.

So in fact, this market can be used to share any type of resource!

Supply = 
demand

Non-
negativity

In conclusion...

Interesting!


