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Abstract

In which order can a product be assembled or disassembled? How many
hands are required? How many degrees of freedom? What parts should be
withdrawn to allow the removal of a specified subassembly? To answer such
questions automatically, important theoretical issues in geometric reasoning
must be addressed. This paper investigates the planning of assembly algo-
rithms specifying (dis)assembly operations on the components of a product and
the ordering of these operations. It also presents measures to evaluate the com-
plexity of these algorithms and techniques to estimate the inherent complexity
of a product. The central concept underlying these planning and complexity
evaluation techniques is that of a “non-directional blocking graph,” a quali-
tative representation of the internal structure of an assembly product. This
representation describes the combinatorial set of parts interactions in polyno-
mial space. It is obtained by identifying physical criticalities where geometric
interferences among parts change. It is generated from an input geometric de-
scription of the product. The main application considered in the paper is the
creation of smart environments to help designers create products that are easier
to manufacture and service. Other possible applications include planning for
rapid prototyping and autonomous robots.
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1. INTRODUCTION

Reasoning about mechanical assembly (and disassembly) is an important research
topic which has attracted interest from researchers in both artificial intelligence [38]
and robotics [27]. In which order can a product be assembled or disassembled? How
many hands are required? How many degrees of freedom? What parts should be re-
moved from the assembled product to allow replacement of a specified subassembly?
To automatically answer questions like these, interesting theoretical issues in geo-
metric reasoning must be addressed and computational techniques of broad interest
must be developed. This investigation will also benefit many applications. The one
considered in this paper is the creation of smart interactive environments to help de-
signers create products that are easier to manufacture and service. Other important
applications include planning for rapid prototyping and autonomous robots.

Given a mechanical assembly product (such as a toaster, an automobile, or a
plane), an assembly algorithm specifies assembly and/or disassembly operations on
its components and the ordering of these operations. The manufacturing, main-
tenance, and repair procedures for the product are all instances of assembly algo-
rithms. These algorithms may be executed by humans (where the algorithm takes
the form of an instruction sheet), robots (here expressed as a robot program), or spe-
cific machines (here an input to the design of these machines). Assembly algorithms
are the key link between design and manufacturing/servicing. If we can measure the
cost of executing an assembly algorithm, then the product’s “inherent complexity”,
with respect to manufacturing and servicing, is given by the lower bound cost of all
the assembly algorithms that are possible for this product.

Here we investigate the following two related problems: (1) the automatic gen-
eration of assembly algorithms from cap data, and (2) the characterization of the
complexity of assembly designs. Our main goal is to provide efficient computational
support for the “concurrent engineering” approach to design, in which constraints
arising from manufacturing and servicing are taken into account at design time [9].
As products are designed with more parts of various sorts (e.g., machined, compos-
ite, electrical, electronic) densely packed to provide more functions per cubic inch,
the need for powerful assembly support tools will increase dramatically.

A typical caAD model of an assembly describes the geometry of the parts compos-
ing the assembly and the spatial relations among these parts. It is appropriate for
graphic rendering and some man-machine interaction, but it does not directly pro-
vide the information that is needed to easily plan assembly algorithms. Indeed, to
synthesize such algorithms one must first analyze how the various components in an
assembly constrain their respective motions. However, there is a combinatorial set of
potential interactions among parts. This suggests that the cAD model be converted



into another representation making these constraints explicit. We propose one such
representation, called the non-directional blocking graph, or NDBG, which describes
the potential interactions among parts in polynomial space. Its construction derives
from the observation that infinite families of motions can be partitioned into finite
collections of subsets such that the interferences among the parts are constant over
every subset. Once computed, the NDBG can be exploited for a variety of purposes,
including the efficient (polynomial) generation of assembly algorithms.

There are often many algorithms to assemble or disassemble a product, and we
may not want to produce all. To deal with this issue, we propose to measure the
complexity of an algorithm along various axes, e.g., the number of hands it requires,
the longest sequence of operations that cannot be parallelized, the total number of
elementary motions. Along each axis, we define the algorithmic complexity of a
product as the lower bound on the complexity of all assembly algorithms for this
product. This definition immediately yields various classes of products, for instance
the class of products that can be (dis)assembled with single translations only. The
complexity of a product and its class provide concise pertinent information to feed
back to the designers during design; it can also be used as a reference to select
the most interesting assembly sequences. We will see that the NDBG is directly
exploitable to estimate various complexity measures of a design.

The NDBG is a qualitative representation of the internal structure of an assembly
product, which is obtained by identifying physical criticalities where interferences
among parts change. Constructing the NDBG of an assembly design is a precom-
putation step allowing subsequent computations (synthesis of assembly algorithms,
evaluation of complexity measures) to be performed in efficient query time. We will
describe several types of NDBGs (for different families of motions) whose computa-
tion takes polynomial time in the size of the cAD input (number and complexity
of parts). This computation can be done from a full assembly model, or incremen-
tally, while the assembly is being designed. The exploitation of the NDBGs can be
aimed at answering specific requests from the designers (e.g., how many parts must
be removed from the assembled product before a specified subassembly can itself
be extracted?) and/or posting warnings to the designers (e.g., when the product
changes from one complexity class to another).

Notation: The following notation will be used throughout the paper:
- n: number of parts (polygons or polyhedra) in an assembly A,

- v: total number of vertices of the parts in A,

- 7: number of pairs of parts in contact in A,

- ¢: number of contacts (edge-edge or plane-plane) in A,

- k: total number of vertices in the convex hulls of the ¢ contacts in A.
All other notations are defined and used locally.



2. RELATED WORK

The automatic planning of assembly and disassembly operations has attracted the
interest of Al researchers for a long time. The classical blocks world can be seen as
a primitive assembly planning domain [15, 38]. Moreover, some Al planners have
considered more complex domains. For instance, NOAH [42] was originally aimed at
supplying instructions to a human apprentice to repair an air compressor, including
disassembly and assembly plans. However, because they are usually interested in
more general planning issues than just assembly planning, virtually all AT planners
make use of a very abstract geometric description of the objects and their relations
expressed in logical notation, e.g. ON(A,B). Additional geometric knowledge is im-
plicitly coded in the operators representing the actions that can be executed (e.g.,
stacking a block on top of another). A noticeable exception is BUILD [13], which
includes a simple treatment of such notions as stability and friction. The interest of
AT in general planning is still very high [35].

The geometric approach to assembly planning originated in robotics with the
work reported in [29] (AuTOPASS), [31] (LAMA), and [45]. It is more limited in
scope than traditional Al planning and focuses specifically on issues raised by the
manipulation of physical objects. It has motivated various research in basic path
planning, motion planning with uncertainty, manipulation planning with movable
objects, and grasp planning [27]. However, the high complexity of assembly planning
when viewed as a general motion planning problem has led researchers to turn their
attention toward a simpler subproblem known as assembly sequence planning, or
simply assembly sequencing [1, 22]. In this problem, only the constraints (mainly
geometric ones) arising from the assembly itself are considered; the manipulation
system (e.g., the robots) executing this plan is simply ignored by assuming that the
parts composing the assembly are flee-flying objects.

The early assembly sequencers were mainly sequence editors. Geometric rea-
soning was supplied by a human who answered questions asked by the computer
systems; the assembly sequences were inferred from the answers to these ques-
tions [7, 10]. Automated geometric reasoning was later added to answer these
questions automatically [5, 19, 20, 28, 30, 47, 51]. This development resulted in
generate-and-test assembly sequencers, with a module guessing candidate sequences
and generating questions to check their feasibility, and geometric reasoning modules
answering these questions. This approach tends to repeat the same geometric com-
putations many times. Mechanisms for saving and reusing previous computations,
such as the “precedence expressions” [47], have been proposed to overcome this
drawback, but with limited success. In practice, the generate-and-test paradigm
remains relatively inefficient (it takes time exponential in the number of parts) and
is applicable only to assemblies with few parts. The NDBG avoids this combinato-



rial trap. Though there is a combinatorial set of potential parts interactions, the
NDBG represents them in polynomial space, allowing valid operations and assembly
sequences to be directly generated in polynomial time.

Originally, the research in assembly planning was aimed at assisting process plan-
ning in order to reduce delays between design and manufacturing, and eventually
produce better plans [10]. This goal is still valuable, especially for rapid prototyping
and even mass production. Recently, however, the interest has shifted toward gen-
erating assembly sequences to evaluate assembly designs and help designers create
products that are easier to manufacture [44, 48]. In this new context, automated
geometric reasoning and computational efficiency of assembly planning are critical
issues that must be thoroughly explored. The synthesis of pertinent information to
feed back to designers is another important issue. The concept of the algorithmic
complexity of an assembly design presented in this paper directly addresses this is-
sue. It derives in part from informal complexity measures currently in use in several
companies (e.g., see [6]).

The field of computational geometry has also explored issues relevant to assembly
planning, for example, set separation problems [46]. Given a 2D polygonal assembly
A, the problem of deciding whether there is a direction d and a subassembly S C A
such that a translation along d separates S from the rest of A is addressed in [4].
An algorithm to construct a sequence of translations separating two polygonal parts
is given in [39]. Several techniques presented in this paper have been influenced by
the work in computational geometry.

The construction of an NDBG is based on the identification of physical criticalities
to decompose a continuous set into a finite number of regions that are treated as sin-
gle entities. This approach relates to the general interests of qualitative physics [11]
and, more specifically, qualitative kinematics [14, 24], which studies the internal
motions of parts in an operational device. It yields more meaningful decomposi-
tions than blind discretizations not based on any sort of criticality (discontinuity,
singularity, or event). The notion of an “aspect graph” used in computer vision also
has the same qualitative flavor as the NDBG. The aspect graph of an object de-
scribes the appearance of the object from all possible points of view. Aspect graphs
were first computed by discretizing the set of viewing directions. Recent algorithms
take advantage of the fact that, except at critical viewing directions, the occluding
contours of an object remain qualitatively (i.e., topologically) the same for small
changes in the viewpoint (e.g., see [25]). In [17] a criticality-driven approach makes
it possible to plan a sensorless sequence of squeezing operations to achieve some
specified orientation of a polygonal part independent of its initial orientation.



3. VIRTUAL MANIPULATION SYSTEMS

Assume that we are given the description of a robot system and the design of
an assembly product. We wish to plan an algorithm to make the robot system
assemble the product from its individual parts. This problem can be formulated as
a manipulation problem whose solution is a path in a large-dimensional space, the
composite configuration space of the robot and all the movable parts [27]. A point
(configuration) in this space fully represents a spatial placement of the robot and the
other parts. A solution path describes all the motions that are necessary to construct
the assembly. It is a continuous curve connecting an initial configuration where
the parts are separated, to a goal configuration where they are assembled together
according to the product design. The curve must satisfy certain physical constraints
(e.g., the parts cannot move on their own). This view, however, makes assembly
planning a highly complex motion planning problem. It also raises several conceptual
issues that are still poorly understood, for example, the interaction between stability,
fixturing, and grasping. Moreover, the manipulation system may not be known in
advance. In fact, assembly planning is often used to help specify this system.

This leads to approaching assembly planning hierarchically, by solving a succes-
sion of simplified, but increasingly more realistic planning problems. The assembly
algorithms for one problem are used to prune large subsets of the solution spaces of
subsequent problems and to guide the search of these spaces. Each problem can then
be seen as a planning problem for an abstraction of the (possibly not yet known)
real manipulation system. We call this abstraction a wvirtual manipulation system.
For example, at a high level of abstraction the parts composing the assembly are
considered free-flying geometric objects; the corresponding constraints on assembly
algorithms arise only from the product itself. At lower levels of abstraction, grippers,
fixtures, and machines are introduced, along with uncertainties. As the virtual man-
ufacturing system becomes more realistic, more detailed assembly algorithms can be
generated. Just as one can write computer algorithms without knowing the details
of their implementation, one can plan assembly algorithms without knowing which
machines (or humans) will perform the manipulation.

Throughout the rest of this paper we will assume a very abstract virtual man-
ufacturing system, in which individual parts are free-flying rigid geometric objects.
This assumption corresponds to the most frequent situation in the early phase of the
geometric design of a product and also underlies previous work in assembly sequenc-
ing (see Section 2). At this level of abstraction, we define an assembly instruction
as the specification of the relative motions of m subsets of assembly parts, with
m € {2,3,...}, between an initial and a goal geometric arrangement of the parts.
The m subsets are called the moved sets of the instruction. All the parts in the same
moved set remain in constant relative position during the motion specified by the



Figure 1: Tree of an assembly algorithm for a simple product

instruction; usually, each moved set forms a connected composite object, but this is
not required.

An algorithm to assemble a product from its parts is a partial ordering of assem-
bly instructions in time. The graph of this relation is a tree whose maximal element
(the root) is the instruction generating the product itself (see Fig. 1). Furthermore,
no two instructions that are not comparable in the ordering move the same assem-
bly component. In the virtual assembly system considered here, an algorithm to
disassemble a product is obtained by simply inverting the ordering of an algorithm
assembling the product. An algorithm to service a product usually combines in-
structions disassembling and re-assembling subsets of a product. For simplification,
but without loss of generality, in the rest of this paper we will only consider al-
gorithms to assemble products, with initial arrangements where all the parts are
separated. Such an algorithm is correct if all its instructions specify collision-free
motions of the parts (contacts between parts are allowed, however) and the final
relative positions of the parts are those specified in the geometric description of the
product. An assembly algorithm of this form is often called an assembly sequence.

4. BLOCKING STRUCTURE OF AN ASSEMBLY

In assembly planning the goal state (the assembled product) is considerably more
constrained than the initial state (the separated parts). This suggests that planning
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Figure 2: An assembly with two feasible decompositions

should proceed backward from the goal state, i.e., by disassembling the product.
Indeed, the contacts among the parts in the assembled product can be used to
quickly filter out many impossible motions.

Contact analysis is the basis of much previous work in assembly sequencing
(e.g., [20]), where it was part of an overall generate-and-test planning approach.
This approach recursively partitions an assembly into subassemblies and uses con-
tact analysis to check the feasibility of each decomposition. However, the number of
candidate decompositions is exponential in the number of parts, even though there
may exist very few feasible ones. For example, in the assembly of Fig. 2, which
consists of n — 2 interlocking parts sandwiched between two plates, only two de-
compositions are feasible. The inherent inefficiency of generate-and-test led many
authors to restrict their planners to assembly sequences in which a product is built
by adding a single part at a time. With this restriction, generate-and-test has a
lower-order exponential dependence on the number of parts. But it is often prefer-
able to build subassemblies that are later merged into larger ones.

The inefliciency of generate-and-test derives from the fact that essentially the
same contact analysis is done many times. This repetition can be avoided by per-
forming a complete contact analysis first. The results, recorded in a compact data
structure, can then be used to directly determine which assembly decompositions
are feasible. This approach yields the concept of an NDBG. For clarity, we intro-
duce a first simple type of NDBG below (2D with infinitesimal translations). More
sophisticated NDBGs will be presented in Section 5. In particular, we will show that
NDBGs are not limited to contact analysis.

4.1. DIRECTIONAL BLOCKING GRAPH

Consider a planar assembly A made of n polygonal parts Py,..., P,. The interiors
of any two parts in A are disjoint. If the boundaries of two parts intersect, the two
parts are said to be in contact.

Suppose that we wish to remove one part, say P;, by translating it along a
direction defined by the unit vector d. We say that a part P; of A (5 # ¢) blocks the
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Figure 3: A simple assembly and two DBGs

translation of P; along d if an arbitrarily small translation of P; along d leads the
interiors of P; and P; to intersect. Hence, if P; blocks the translation of F;, the two
parts are necessarily in contact. A subassembly 5 of A is locally free to translate in
direction d iff no part in A\ S blocks the translation of any part of S along d.

The directional blocking graph, or DBG, G(d, A) of A for an infinitesimal trans-
lation along d is a directed graph with nodes representing the parts of A. An arc
connects P; to P; iff P; blocks the translation of P; along d. Fig. 3 shows a simple
assembly made of 4 polygonal parts and its DBGs for infinitesimal translations along
dy and dj.

A subassembly S of A is locally free to translate in direction d iff no arcs in
G(d, A) connect parts in S to parts in A\ S. If G(d,A) is strongly connected,’
no such subassembly exists. Otherwise, at least one strong component of G(d, A)
must have no outgoing arcs. For example, in Fig. 3 the subassemblies {P;, P}
and {Py, Py, P3} are locally free to translate in direction dy; only the subassembly
{P5, P} is locally free in direction d;.

For a subassembly S to be assemblable with A\ S by a translation along —d, it
must be locally free to translate in direction d. This condition is necessary but not
sufficient, since global accessibility is not considered. Also, merging S and A\ S may
require rotation. For those reasons, in Section 5 we will extend the above notions
to non-infinitesimal translations and motions with rotation.

4.2. NON-DIRECTIONAL BLOCKING GRAPH

We represent the set of all translation directions by the unit circle S'. This circle
is the locus of the extremity of the vector d when its origin is fixed.

Let P; and P; be two parts in contact. The set of directions in which F; is locally

YA strongly connected component (or strong component) of a directed graph is a maximal subset
of nodes such that for any pair of nodes (X1, X2) in this subset, a path connects X; to Xo. A graph
is strongly connected if it has only one strong component.



Figure 4: Part of the NDBG of the assembly of Fig. 3

free to translate relative to P; is a closed cone (possibly a half-space or a single ray)
[20, 48]. For every pair of parts P; and P; in contact in A, we draw the diameters
of 81 parallel to the two sides of the cone characterizing the local freedom of P;
relative to P;. The drawn diameters partition S* into an arrangement of regions,
the endpoints of the diameters and the open circular arcs between them. Every such
region is regular in the sense that the DBG G(d, A) remains constant when d varies
over it. We denote the DBG of A for any direction in a regular region R by G(R, A).

The arrangement of points and intervals on S and the associated DBGs form the
non-directional blocking graph I'(A) of A for infinitesimal translations. It represents
the blocking structure of A for infinitesimal translations in all directions.

Part of the NDBG of the assembly of Fig. 3 is shown in Fig. 4. The partition of
S! in this example consists of 20 regular regions.

4.3. COMPUTATION

Let us assume for simplification that the contacts between any two parts in A are
edge-edge contacts (hence, there are no isolated contact points). Assume also that
if a concave vertex of a part coincides with a convex vertex of another part, then the
edges abutting these vertices are in pairwise contact. These assumptions eliminate
cases requiring specific attention; however, these cases can be easily treated within
the complexity bounds given below.

Let the input to the computation consist of the geometric model of the parts

10



in the assembly and the specification of the contacting edges between every two
parts. If these contacts are not given explicitly they can be easily inferred from the
spatial relations among the parts in quadratic time in the total number of vertices
of the parts [48]. Let n be the number of parts in A and ¢ the total number of edge
contacts. We represent each DBG as an n X n adjacency matrix.

Under the above assumptions, the partition of S! is obtained by drawing the
diameters parallel to all edge contacts. It contains O(c¢) regular regions and is
computed in O(clogc) time.

For each regular region R, we select an arbitrary direction d in R and compute
the pBG G(d, A). After clearing the adjacency matrix for the pBG G(d, A), each
edge contact is considered separately. For every edge contact between parts P; and
P;, the inner product of d with the outer normal to F; in the contacting edge with P;
is computed. If the inner product is strictly positive, an arc from P; to P; is added
to G(d, A) (if it does not already exist). The computation of G(d, A) takes O(n?+-c)
time. We can avoid the initial clearing of the adjacency matrix by keeping track of
the updated cells in a stack of pointers (see [2], page 71). This modification reduces
the computing complexity of G(d, A) to O(c). By repeating the computation for all
regular regions, the NDBG I'(A) is constructed in O(c?) time. The size of I'(A) is
O(cn?).

The above computation can be refined as follows. For any pair of parts in contact,
if there are more than two edge contacts, we only retain the two diameters of S*
which bound the cone of directions in which one part is free to translate relative to
the other. This yields a total of O(r) diameters, where r is the number of pairs of
parts in contact in A. The arrangement of S' is computed in O(c + rlogr) time.
The resulting NDBG is computed in O(c + r?) time and has O(rn?) size. We always
have r < ¢ and for many assemblies r < ¢. While ¢ depends on both the number
and the complexity of the parts of A, r only depends on their number. Although in
the worst case r € O(n?), it is often smaller.

The NDBG can also be incrementally updated as the product is being designed.
Each modification can be treated as a combination of part deletions and part addi-
tions. The deletion of a part P is obtained by removing the node corresponding to
P and all its adjacent arcs from every DBG, and merging regular regions that were
previously separated by contacts involving P. It can be done in O(r) time. Adding
a part contacting r’ parts already in the assembly can be done in O(r'r) time.

4.4. GENERATING CANDIDATE ALGORITHMS

The above NDBG I'(A) is an implicit representation of a set of assembly algorithms in
which every instruction merges exactly two subassemblies without rotation. This set
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contains all correct assembly algorithms; it may also contain incorrect algorithms,
since global accessibility constraints were not considered to compute the NDBG.
Hence the assembly algorithms given by I'(A) must be validated by further tests (not
described here; see [48]). These tests operate on assembly operations; therefore each
instruction in an assembly algorithm should be validated before constructing the rest
of the algorithm. Since I'(A) allows the direct generation of instructions satisfying
local freedom constraints, the number of additional tests required is usually relatively
small.

Let a candidate algorithm be any algorithm contained in I'(A), and a candidate
partitioning of A be two subassemblies, S and A\ 5, such that one is locally free
to translate in some direction d. Each DBG contains n nodes and at most 2r arcs.
Hence, finding the strong components of any DBG takes O(r) time [3] and generating
a candidate partitioning of A, given I'(A), takes O(r?) time. Furthermore, if a
candidate algorithm exists, one candidate algorithm also exists for each of the two
subassemblies in any candidate partitioning. Thus, generating a candidate algorithm
takes O(r?n) time. Let u be the total number of candidate partitionings of A;
u € O(2"), but for most assemblies it is much smaller. The set of all candidate
partitionings of A for some direction d is computed in O(ru) output-sensitive time
by reducing G(d, A) to the acyclic graph of its strong components (see [48]). The
set of all candidate partitionings of A is computed in O(r?u) time.

4.5. COMPUTING VARIANT

One can notice that there is little or no change between the DBGs of two adjacent
regular regions. Thus, once we have computed the DBG for one region, call it Ry, we
can incrementally modify this graph to get the DBG for the next region in the NDBG
list, instead of computing this DBG from scratch. We can proceed in this same way
until all the regions have been considered.

To do this, we slightly modify the bDBG of a region by attaching a weight to each
arc of the graph. In G(R;, A), this weight is the number of inner products that were
strictly positive in the above computation. The absence of an arc from P; to P; is
treated as an arc of weight 0, and conversely. Let Ry be a circular arc. The next
region R, in the NDBG is necessarily a singleton. Let D be the diameter of St that
ends at Ry, and {FEy,..., Es}, s > 1, be the set of all contact edges in A parallel to
D. G(R3,A) can be derived from G(Ry, A) by applying the following crossing rule:

Initialize G to G(Ry, A). For every contact edge £y (k=1 to s), let P;
and P; be the two parts sharing this edge. If the inner product of any
direction in Ry and the outgoing normal to P; in Fj is strictly positive,
then retract 1 from the weight of the arc connecting P; to P; in G.

12



The graph G obtained at the end of the loop is G( R, A). (Again, every arc weighted
0 is interpreted as no arc.)

If R; is a singleton and Rj a circular arc, the crossing rule is similar:

Initialize G to G(R1, A). For every contact edge Ej (k=1 to s), let P;
and P; be the two parts sharing this edge. If the inner product of any
direction in R9 and the outgoing normal to P; in Fj is strictly positive,
then add 1 to the weight of the arc connecting P; to P; in G.

Using these crossing rules and representing only one DBG at any one time allow us
to successively compute all the DBGs in O(r) amortized time after the O(c+ rlog )
computation of the partition of S*. Indeed, the cost of computing a DBG by applying
the crossing rule is proportional to the number s of contact edges involved in the
computation. This number is in O(r), but throughout the computation of the
entire NDBG, each edge is considered only twice. Hence, the time complexity of the
construction of all the remaining DBGs is only O(r).

A candidate partitioning can be computed in O(r?) time, and a candidate al-
gorithm in O(r?n) time by constructing the DBG of every generated subassembly.
Compared to the algorithm of the previous two subsections, this computing variant
allows substantial space saving, since it does not require representing all O(r) DBGs
at any given time. Moreover, if a computation (for example, evaluating a complexity
measure) uses the DBGs, one at a time, in the same sequence as they are generated,
this incremental technique also has greater time efficiency.

5. OTHER BLOCKING (GRAPHS

The notion of an NDBG introduced in the previous section admits several extensions
and variants. We present some of them below. See [48] for more detail.

5.1. 3D ASSEMBLIES

The NDBG for infinitesimal translations can be easily extended to 3D assemblies
made of polyhedral parts. As in the 2D case, we simplify our analysis and eliminate
cases requiring specific, but straightforward attention, by making the following as-
sumptions: (1) the contacts between any two parts in A are face-face contacts; (2)
if a concave edge of a part coincides with a convex edge of another part, then the
faces bounded by these edges are in pairwise contact; (3) if a non-convex vertex of a
part coincides with a vertex of another part, then the edges abutting these vertices
are in pairwise contact. Let ¢ be the total number of face-face contacts between
parts of A.

13
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Figure 5: Need for rotation

The set of translation directions in 3D is represented by the unit sphere S?. The
c plane-plane contacts induce arcs of great circles partitioning S$? into an arrange-
ment of O(c?) regular regions of dimensions 2, 1 and 0 (faces, edges, and vertices,
respectively). This arrangement is computed in O(c?) time using a topological sweep
[12]. The NDBG is computed in O(c?) time and has size O(c?n?). If only one DBG is
represented at any one time, we can use crossing rules between regions and succes-
sively compute all the DBGs in O(c?) time. Generating a candidate partitioning of A
into two subassemblies, given the NDBG, takes O(rc?) time, where 7 is the number of
pairs of parts in contact. Generating a candidate assembly algorithm takes O(rc?n)
time.

As in the 2D case, slightly lower complexity bounds can be obtained by consid-
ering each of the r pairs of parts in contact in sequence. For each pair, the set of
directions in which one part is locally free to translate relative to the other is a con-
vex cone. The intersection of this cone with the sphere 8% is a “polygon” bounded
by arcs of great circles. Only the arrangement of regions created by these arcs need
be used to compute the NDBG.

5.2. INFINITESIMAL GENERALIZED MOTIONS

One important extension is to allow motions in rotation. Fig. 5 shows a simple case
where a part blocks another part for any infinitesimal translation, while a rotation
is feasible.

Let us consider the 3D case only (the 2D case is just simpler), with polyhedral
parts. The direction of an infinitesimal generalized motion (combining translation
and rotation) is given by a unit vector in 6D. Hence, the set of all possible directions
of motion make up the unit 5D sphere S°.

A Cartesian frame is attached to each part in A. For any two parts P; and P;,
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Figure 6: Plane-plane contact expressed as point-plane contacts

the configuration (position and orientation) of P; relative to P; is defined as the
position and orientation of the frame attached to P; relative to the frame attached
to P;. An infinitesimal generalized motion of P; with respect to P; is described by
a 6D vector dX = (dz,dy,dz,da,df,dy). The components dz, dy, and dz are those
of the translation of the origin of the frame of P; along the axes of the frame of P;.
The components da, d3, and dvy are the infinitesimal angles by which the frame of
P; rotates about the axes of the frame of P;.

Let V be a vertex of P;. The motion described by dX causes V to undergo a
translation Jy dX, where Jy is the 3 x 6 Jacobian matrix of the transform that
gives the coordinates of V' in the frame of P; as a function of the configuration of P;
relative to P;. Assume that P; and P; are in contact such that the vertex V of P;
is contained in the face F’ of P;. Let np be the outgoing normal vector to £’. The
motion dX causes V to penetrate F when npJydX < 0, to break the contact with
F when npJydX > 0, and to slide in F' when ngJydX = 0. The set of motions
dX allowed by the contact between V' and F are those satisfying npJydX > 0.

Now let P; and P; be two parts in contact such that a face F; of P; and a face
F; of P; intersect at a piece of planar surface (plane-plane contact). The set of
motions dX allowed by this contact is the intersection of all the closed half-spaces
ng, Jv, dX > 0 computed for the vertices V}, of the convex hull of the intersection of
F; and F} [18, 49]. For example, in Fig. 6, the vertices V}, are circled.

We make the same simplifying assumptions about contacts as in Subsection 5.1.
For each vertex Vj of the convex hull of the intersection of two parts, the equation
npJy,dX = 0 defines a 5D hyperplane in the 6D space of infinitesimal generalized
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motions, which partitions S® into two open half-spheres and a great circle. The set
of all such hyperplanes, determined by the vertices of the convex hulls of the planar
contacts, induces an arrangement of regions of dimensions 5,...,1,0 on S°. It is
plain to see that the DBG is constant over each such region; hence, the regions of
the arrangement are regular.

The intersection of two non-convex faces F; and F; having v; and v; vertices,
respectively, has O(v;v;) vertices and can be computed in O(v;v;) time. Its convex
hull is constructed in ©(v;v;log v;v;) time [40] and has O(v; + v;) vertices. Indeed,
all the intersection vertices of F; N F} lie on edges of F; and F};, but each particular
edge can contribute at most two vertices of the convex hull. Let k& be the total
number of vertices in the convex hulls of the ¢ contacts. We have k € O(¢v), where
v is the total number of vertices in the parts of A; in practice, however, k is much
smaller.

Since a singleton in the above arrangement arises whenever five hyperplanes
intersect, the arrangement contains O(k®) regions. It is constructed in O(k°) time
by a multi-dimensional topological sweep [12]. Constructing a DBG in any region
is done in time O(k). A crossing rule similar to the pure translational case can be
established, yielding an O(rk®) time algorithm to build the NDBG for a 3D assembly,
where r € O(n?) is the number of pairs of parts in contact.

A necessary condition for a subassembly S to be assemblable with A\ § is
that there exists a DBG G such that no arcs in G connect parts in § to parts in
A\ S. However, this condition is not sufficient. The above NDBG is thus an implicit
representation of a set of assembly algorithms in which every instruction merges
exactly two subassemblies. This set contains all correct assembly algorithms; it may
also contain incorrect algorithms due to the fact that global accessibility constraints
have not been considered.

Given the above NDBG, computing a candidate partitioning of A into two sub-

assemblies takes O(rk®) time. Generating a candidate assembly algorithm takes
O(rk®n) time.

5.3. INFINITE TRANSLATIONS

To address global accessibility, we now present a variant of the NDBG that derives
from the analysis of the interferences among parts for a family of non-infinitesimal
motions: infinite translations. Given any two parts P; and P; in A (these two
parts might not be in contact), we say that P; blocks the infinite translation of P;
along d if the volume that P; sweeps out when it translates along d from its initial
position in A to infinity intersects P;. The notions of a DBG and an NDBG for infinite
translations follow from this blocking relation.
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Let P; and P; be any two parts in the assembly A. The set B;; of directions d
along which P; blocks P; is identical to the set of directions along which the “grown”
object

P]’ 6P = {a]- — bi | a; € Pj,bi € Pi}7

i.e., the Minkowski difference of the two sets of points P; and P; at their positions
in A, blocks the infinite translation of the coordinate origin O. If P; and P; are
polygons in 2D (resp. polyhedra in 3D), then P; & P; is also a polygon (resp. a
polyhedron) [27, 32].

Again, let us consider the 3D case with polyhedral parts. B;; is the intersection
of §2 and the polygonal cone of all rays erected from O and intersecting P; & P;. This
intersection is a region of $? bounded by segments of great circles. The great circles
supporting these segments create an arrangement of regular regions overwhich the
DBG for infinite translations remains constant. This arrangement and the associated
DBGs form the NDBG of the assembly for infinite translations.

A sufficient condition for a subassembly S to be directly assemblable with A\ §
is that there exists a DBG G in the above NDBG such that no arcs in G connect
parts in S to parts in A\ 5. This condition is not necessary since, for instance, a
path with multiple extended translations may be required. The above NDBG is an
implicit representation of all correct assembly algorithms in which every instruction
merges two subassemblies by a single translation.

Let v be the total number of vertices in the parts of A. The arrangement on
S? has size O(v*) and can be computed in O(v*) time. The NDBG is computed in
O(n?v*) time. Each DBG has O(n?) arcs, so that finding its strong components takes
O(n?) time. Hence, deciding whether A can be broken down into two subassemblies
that can be merged by a single translation (and constructing one such partitioning,
if one exists) takes O(n%v*) time. Generating an assembly algorithm takes O(n®v*)
time.

5.4. DISCUSSION

One can easily imagine other NDBGs. For example, one may consider the case where
an assembly is constructed by merging more than two, say m + 1, subassemblies
at a time. The corresponding NDBG for infinitesimal translations in 3D would be
obtained by partitioning the (3m — 1)-dimensional sphere $"~1, representing m
simultaneous translation directions, into an arrangement of regular regions.

NDBGs for infinite generalized motions and, more generally, sequences of ex-
tended motions along different directions could be investigated as well. The inves-
tigation for sequences of extended translations is under way in [33]. It leads to
partitioning the composite configuration space C4 of the parts in A into regions
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over which all the relative placements of the parts induce the same NDBGs for in-
finitesimal translations. This construct yields a collection of NDBGs distributed over
regions of C4. A careful representation of C4 yields a polynomial collection of NDBGs.
From there, the generation of a partitioning of A for a bounded-length sequence of
extended translations takes polynomial time. The construct can be generalized to
sequences of extended generalized motions.

FEach NDBG is defined for a limited family of motions and describes only the
class of assembly algorithms for these motions. NDBGs for infinitesimal motions are
underconstrained and may contain incorrect algorithms. NDBGs for infinite motions
or bounded-length sequences of extended motions are overconstrained and may not
include all possible algorithms. Trying to construct and exploit a unique NDBG or
collection of NDBGs covering all possible motions would bring us back to the general
planning problem of finding a coordinated path for a set of parts. This problem is
known to be pspack-hard [23, 37] and is strongly believed to require exponential
time in the number of parts.

Polynomial NDBGs such as those described above should be regarded as efficient
filters to quickly identify feasible assembly operations and algorithms (for instance,
using the NDBG for infinite translations) and eliminate infeasible ones (with the
NDBG for infinitesimal rigid motions). When required, the candidate algorithms
generated by the latter can be analyzed further using more general, but also more
expensive, motion planning techniques.

Allowing more than two subassemblies to be merged simultaneoulsy and/or ac-
cepting sequences of extended motions yield NDBGs that are considerably more ex-
pensive to compute. An interesting development would therefore be to first con-
struct the simplest NDBGs and then extend them locally (that is, for the subsets of
parts that require the extension) when they do not allow the generation of assembly
algorithms.

6. IMPLEMENTATION

We have implemented the algorithms constructing the NDBGs for infinitesimal and
infinite translations both in 2D and 3D [48]. In 3D our implementation allows parts
with planar, cylindrical, and some helicoidal faces. For infinitesimal generalized
motions, we have implemented a hybrid algorithm that has the same time complexity
as the translational version. This algorithm considers all pure translations, plus some
“suggested generalized motions” inferred from nonplanar contacts in the assembly.
For example, a cylindrical contact suggests pure rotation about its axis; a threaded
contact between two helicoidal surfaces suggests a screwing motion; etc. The set of
suggested generalized motions is incomplete but accounts for most motions required
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Figure 8: Friction-testing machine

by actual assembly products.

Our programs are written in CommonLisp as part of a larger assembly sequenc-
ing system [48] and run on a DEC 5000 workstation. We have used the NDBGs
to compute candidate partitionings of assemblies and construct candidate assembly
algorithms. We ran the programs on a variety of assemblies including a 22-part elec-
tric bell (Fig. 7), a friction-testing machine with 36 parts (Fig. 8), and the 42-part
model-aircraft combustion engine (Fig. 9). Table 1 gives the running times of both
the generate-and-test approach and the NDBG-based methods to identify all parti-
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Figure 9: Model-aircraft engine

Assembly | Bell Friction Engine
Parts | 22 36 42
Gen-and-Test | 4.7 — 74
NDBG | 14 3.4 8.5

Table 1: Times to identify candidate assembly instructions, in seconds

tionings (hence, final assembly instructions) that satisfy local freedom constraints.
The generate-and-test algorithm was stopped after failing to find any candidate
instructions for the friction-testing machine in two days.

Assembly sequences generated for the electric bell were converted into robot
programs executed by a RobotWorld system [43].

7. COMPLEXITY OF AN ASSEMBLY

The outcome of assembly planning, i.e., assembly algorithms, can be used to spec-
ify, select, design, and/or program the manipulation systems that will execute these
algorithms. Another goal which currently attracts increasing interest is to use this
outcome to help designers create products that are easier to manufacture and ser-
vice. The problem, however, is that there may be many possible assembly algo-
rithms, especially when the manipulation system is loosely defined. Showing the
most promising algorithms (for some criterion), e.g., by displaying a graphic simu-
lation of their execution, would certainly be useful. But it would have to be limited
to a few milestones of the design process in order to avoid taking too much of the
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designers’ time.

Instead, we propose to measure the inherent complexity of a product (at its
current stage of design) as the lower-bound complexity of all the assembly algorithms
that are feasible for this product. This idea is analogous to the computational
complexity of a problem, which is defined as the lower-bound complexity (in terms
of time and space) of all the computer algorithms that solve the problem [16].
The estimated complexity measures for a product can be used to provide concise,
pertinent information to the designers.

To be useful, however, the complexity of an assembly product must be measured
along many more axes than that of a computational problem. We propose several
such axes below, but by no means is this list exhaustive. Moreover, assembly al-
gorithms apply to a number of parts that is small relative to the amount of data
processed by typical computer algorithms. As a result, a much tighter evaluation
of assembly complexity is required than the classical asymptotic analysis applied to
computer algorithms. We will show how the NDBGs make it possible to perform this
analysis in many cases.

7.1. COMPLEXITY MEASURES

Let an assembly product be admissible if it admits at least one correct assembly
algorithm. In the following discussion we consider only admissible assemblies.

An interesting measure of the complexity of an assembly algorithm is the number
of hands it requires. Let us say that an assembly instruction is ¢-handed if it has
¢+ 1 moved sets (£ > 1). An assembly algorithm is m-handed if all its assembly
instructions are {-handed, with £ < m, and at least one is m-handed. A product
is p-handed if all correct assembly algorithms for this product are m-handed, with
m > p, and at least one is p-handed. A p-handed product requires p moving “hands”
to be (dis)assembled, in addition to a fixed one (e.g., a vise). It is shown in [37]
that an assembly made of n parts may require up to n — 1 moving hands to be
assembled (i.e., the assembly can only be built by moving every part relative to all
the other parts simultaneously). However, it is in general much more cost-effective
to manufacture and service a 1-handed product than a multi-handed one. The class
of 1-handed products is thus an important one.

Let a subassembly be any subset of parts in their final relative positions. An
assembly algorithm is monotonic if each of its instructions merges the corresponding
moved sets into a subassembly [48, 51]. A product is p-handed monotonic if it admits
a p-handed monotonic assembly algorithm. For example, the 3-part latch assembly
shown in Fig. 10 is not 1-handed monotonic, but is 2-handed monotonic. It is
clear that any admissible n-part assembly is (n — 1)-handed monotonic; however,

21



Figure 10: Three-part latch assembly

there exist p-handed n-part products, with p < n — 1, that are not (p + ¢)-handed
monotonic, for any ¢ € [0,n — p — 2]. A non-monotonic assembly (for some given
number of hands) requires bringing parts into intermediate relative positions (where
they are ungrasped) that have to be changed later (which requires regrasping parts).
It may require many more motions than a monotonic assembly with the same number
of parts. So, the class of 1-handed monotonic products is an important subclass of
the 1-handed products.

The nature and the number of degrees of freedom required to perform the mo-
tions specified by the assembly instructions are another key measure of product com-
plexity. Let an assembly instruction be m-prismatic if the motion of every moved
set is a sequence of at most m extended translations. Let a product be p-prismatic
if it admits an assembly algorithm in which all instructions are m-prismatic, with
m < p, for some initial arrangement of its parts in which every two parts are sep-
arated, and one instruction is p-prismatic. Since single translations are much more
cost-effective to generate than multiple translations and generalized motions, the
class of 1-prismatic products is another important one. One can further characterize
the complexity of a product within this class by the minimal number of translation
directions that are needed. A stack product is a 1-prismatic 1-handed monotonic
product that admits an algorithm in which all instructions specify translations along
the same direction. Large subassemblies of many small consumer electronic prod-
ucts are stack products. The concepts of prismatic and stack products can be easily
extended to allow for screws in the products.

The length of the longest sequence of instructions in an assembly algorithm, the
length of the algorithm, is another important attribute of this algorithm. Indeed, as-
suming that the time taken by any assembly instruction is lower and upper bounded
regardless of the moved sets, it directly impacts the total execution time. The length
of the shortest correct algorithm for a product is therefore a pertinent measure of
the complexity of this product. It characterizes the extent to which the product can
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Figure 11: Nonlinearizable 1-handed assembly

be broken down into subassemblies that can be manufactured concurrently.

However, some mass-produced assemblies are more cost-effective to manufacture
by bringing one part at a time. This concept can be captured as follows. Let us say
that an instruction is linearif it is 1-handed and one of its moved sets is a single part.
A linear algorithm consists of linear instructions only, hence is a total ordering. A
product that admits a linear algorithm is said to be linearizable. Many 1-handed
products are not linearizable (see one example in Fig. 11) and are in general less
amenable to mass-production assembly lines. A refinement of this concept is to
measure the minimal number p of nonlinear instructions over all possible 1-handed
assembly algorithms; the minimal number of separate assembly lines needed for the
product is p + 1.

Moved sets need to be grasped or fixtured in a way that parts in the same set
cannot move relative to each other under a variety of forces (gravity, acceleration,
contact). This is achieved by positioning fingers or fixture elements on their bound-
ary. A grasp of a moved set achieves form closure if, when the fingers are locked
relative to each other, no part in the moved set can move relative to any other and
the fingers [26, 27]. (Another concept, involving friction and forces, is that of force
closure; we will not discuss it here, though it is perhaps more practical than form
closure.) Given some abstract dimensionless model of a finger, e.g., a point-plane
contact, a measure of the complexity of an assembly instruction is the number of
fingers required to achieve a form-closure grasp of all its moved sets. Weaker notions
can also be considered. For instance, a grasp achieves prismatic form-closure if it
prevents every part to move in translation relative to any other. A grasp achieves
form closure of order ¢ if it prevents up to ¢ + 1 subassemblies to move relative
to each other. Thus, a form-closure grasp of order 0 assumes that no internal mo-
tion in the moved set is possible; a form-closure grasp of order 1 assumes that a
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single internal motion (along any direction) is possible; etc. The higher the degree
of form-closure, the safer the grasp. The number of fingers to achieve form-closure
grasps for a single rigid part (equivalently, form-closure of order 0 for a set of parts)
is investigated in several papers, including [34, 36].

There exist other pertinent measures of complexity. For example, uncertainties
may also play an important role in assembly instructions, requiring sensors to be
used. The number of elementary sensors (e.g., plane probe, diameter sensors) may
also be used as a measure of product complexity. However, since we have ignored
physical and uncertainty issues in this paper, we will not consider such a measure
further.

7.2. EVALUATION OF COMPLEXITY MEASURES

We now show how NDBGs can be used to estimate complexity measures of a prod-
uct. We mainly focus on the NDBG for infinitesimal translations in 3D, but a similar
development can be done with other NDBGs. We evaluate the time complexity for
evaluating some complexity measures assuming the NDBG as the input to this compu-
tation. However, several measures can be computed while the NDBG is constructed,
within the time complexity required by this construction; some can even be more
efficiently obtained without computing the NDBGs.

Let us say that a 1-handed assembly algorithm is correct for infinitesimal trans-
lations if, for every instruction, one moved set is locally free to translate in some
direction d in the final arrangement specified by the instruction. The set of as-
sembly algorithms that can be extracted from the NDBG I'(A) of an assembly A
for infinitesimal translations includes all correct 1-handed monotonic prismatic as-
sembly algorithms, the importance of which was discussed above. If no assembly
algorithm can be extracted from I'(A), it is guaranteed that the assembly is not
1-handed monotonic prismatic.

If a candidate algorithm can be extracted from I'(A), one may wish to know if
the assembly is linearizable for translations. Checking the existence of a candidate
partitioning of A into S and A\ 5, where S is a singleton, and finding one such
partitioning, if one exists, take the same time, O(rc?), as checking the existence
of any candidate partitioning (see Subsection 5.1). In addition, if an assembly
is linearizable, all its subassemblies are also linearizable. Hence, checking that a
candidate linear algorithm exists takes O(rc¢?n) time. If none exists, the product is
not linearizable for translations. (This check is a case where using the NDBG is not
very pertinent. Indeed, a candidate linear algorithm can be directly computed from
the description of the ¢ contacts in only O(nclogc) time.)

The minimal length of all the candidate algorithms for a product is a lower bound
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on the minimal length of all correct one-handed monotonic prismatic assembly algo-
rithms. The set of all candidate algorithms can be represented as an AND/OR graph
[21] and searched for the shortest one using alpha-beta pruning [38]. But in general,
the size of this graph is exponential in the number n of parts. Efficiently computing
the minimal length of candidate algorithms, or a bounded approximation of this
length, is still an open problem.

The NDBG I'(5) of any subassembly S C A for infinitesimal translations can also
be used to generate a prismatic form-closure grasp of order 1 for 5. Let each finger
be modeled by a point-plane contact. We scan all the pBGs in I'(S). For every
DBG, we consider the reduced graph of its strong components; for every component
C with no outgoing arc (i.e., not blocked by any other component), we place a
dimensionless finger f in a face F of C' whose external normal vector has positive
inner product with d and we update I'(.9) by adding f to the parts of S, that is, by
adding the plane parallel to F’ to the partition of §%. At the end, the arrangement
in §? must be such that, in every DBG, each strongly connected component with no
outgoing arc contains one finger. In general, the number of fingers in the generated
grasp is not minimal to achieve prismatic form-closure of order 1; it nevertheless
gives a good indication of the cost of grasping or fixturing 5.

The set of assembly algorithms that one can extract from the NDBG of A for
infinitesimal generalized motions includes all correct 1-handed monotonic assembly
algorithms. Various complexity measures can be extracted as above.

The set of assembly algorithms that can be extracted from the NDBG of A for
infinite translations is the set of all the 1-handed monotonic 1-prismatic assembly
algorithms for A. This NDBG allows the computation of various complexity measures
for this family of algorithms. In particular, A is a stack product exactly when an
algorithm can be extracted from a single DBG. Such a DBG must be an acyclic graph
(this is a necessary and sufficient condition), which can be checked in O(n?) time.
Hence, determining whether A is a stack product takes O(n?v?) time.

Notice that no combination of the previous NDBGs allows one to decide in all
cases whether a product is admissible.

7.3. EXAMPLE

We have implemented several algorithms to evaluate complexity measures of a prod-
uct from its NDBG for infinitesimal translations and suggested rotations (see Sec-
tion 6). We applied these algorithms to a 23-part simplified version of the engine
shown in Fig. 9. The results are as follows:
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Figure 12: Form-closure grasp of order 1 of the engine

Number of hands and monotonicity. The NDBG allows the generation of candi-
date algorithms. Hence, the engine admits 1-handed monotonic algorithms that are
correct for infinitesimal motions.

Is it prismatic? The engine contains a number of threaded contacts, so it is not
prismatic. If these threaded contacts are replaced by cylindrical ones, the existence
of candidate algorithms in the modified NDBG suggests that there may exist 1-handed
monotonic prismatic algorithms.

Is it linearizable? As far as infinitesimal motions are concerned, the product is
linearizable. This computation was performed with the faster method mentioned
above, not directly using the NDBG.

Minimal length. The minimum-length algorithm contained in the NDBG has
depth 6. This was computed by searching the AND/OR graph representing all
1-handed monotonic assembly algorithms for the engine. The graph has 1027 nodes
(each distinct subassembly is represented by a single node) and required 14 minutes
to build and search. Better algorithms are needed for products having many more
parts.

Is it a stack product? The engine requires infinitesimal translation in several direc-
tions to assemble, so it cannot be a stack product.

Number of fingers. Fig. 12 shows a prismatic form-closure grasp of order 1 com-
puted for the simplified engine. The grasp consists of 10 fingers. The contact points
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of 8 fingers are shown as arrows; two additional fingers are required to hold a loose
part inside the engine. It may seem that an additional finger is needed to support
the assembly from below. In fact, the finger pointing up and left at the top-right
achieves that function.

The implemented algorithms illustrate the kind of information which one may
extract from NDBGs. Some of them, however, are based on inefficient brute-force
methods that are not practical for complex products. Furthermore, no algorithms
have been implemented yet to exploit NDBGs for infinite translation or any other
family of extended motions. It is not obvious that polynomial NDBGs will allow all
interesting complexity measures to be computed in polynomial time. Very likely, for
some measures, we will have to content ourselves with approximate algorithms. In-
cremental algorithms operating in marginal time while the product is being designed
will also be useful.

8. CONCLUSION

This paper presented techniques to reason about mechanical assembly. We investi-
gated the following two problems: (1) the automatic generation of assembly algo-
rithms from cap data, and (2) the characterization of the complexity of assembly
designs. Our main goal was to provide efficient computational support to help de-
signers create products that are easier to manufacture and service. The proposed
techniques nevertheless have broader application. They could also be used, for ex-
ample, to plan the actions of autonomous maintenance robots.

One contribution of this paper consists of the notion of an NDBG and the algo-
rithms to construct it. The construction of an NDBG is based on an analysis of the
interferences (blocking relations) among the parts in an assembly. Several variants
were presented for different families of motion inducing different blocking relations.
Unlike previous methods, the NDBG allows assembly sequences to be computed in
time polynomial in the complexity of the parts of the assembly.

Another contribution of the paper is the notion of the algorithmic complexity of
an assembly product, the set of complexity measures proposed, and the techniques
to estimate them from precomputed NDBGs. Our goal here was to concisely assess
the difficulty, hence the cost, of (dis)assembling a product.

Computational complexity has been instrumental to identify the strengths and
weaknesses of particular computer algorithms, and classify problems. It has con-
tributed enormously to the progress of computer technology. We think that algo-
rithmic complexity measures for assembly products could have a similar impact on
assembly products and processes, bringing improvements that would outpace any
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advances in the underlying manufacturing technologies themselves. We also expect
that it will contribute to the emergence of a completely new type of manufacturing
technology where a large number of very simple, mass-produced actuators and sen-
sors are combined in highly modular manufacturing systems. The RISC approach to
robotics recently proposed in [8] takes a similar view.

One of our current research goals is to construct polynomial NDBGs for more
complex families of motion and investigate the effect of additional constraints (e.g.,
uncertainty, grasp accessibility) on the construction of NDBGs. Another goal is to
investigate further the exploitation of NDBGs and design a more comprehensive set of
efficient complexity evaluation methods. On the experimental side, we are currently
integrating our algorithms into a highly interactive design-assistant system.
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