574 IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. 18, NO. 4, AUGUST 2002

A Unified Geometric Approach to Modeling and
Control of Constrained Mechanical Systems

Guanfeng Liu and Zexiang LMember, IEEE

Abstract—Dynamic control of constrained mechanical systems, lation and the fact that constraint forces annihilating free veloci-
such as robotic manipulators under end-effector constraints, ties, Yoshikawa [10] presented a dynamic hybrid position/force-
parallel manipulators, and multifingered robotic hands under clo- control algorithm. McClamroch [11] explicitly utilized the du-
sure constraints have been classic problems in robotics research. _ . ; . .
There have been numerous treatments on modeling, analysis, and ality relgtlon and the. constraints to decouple the dynamics OT
control for each class of problem. In this paper, we provide a Constrained mechanical systems and develop a stable hybrid
unified geometric framework for modeling, analysis, and control position/force-control algorithm. Selig [12] also used the du-
of constrained mechanical systems. Starting with the constraint, ality relation to define two projection maps and gave a precise
we define two canonical subspaces, namely the subspace of congaometric interpretation of the constrained dynamics. Robust-
straint forces and the tangent space of the constraint manifold for . . . .
holonomic constraint. Using the kinetic energy metric, we define eSS _|ss_ues_ of hyb_rld control algo_nthms, In fegaf‘_’ to model u_n-
the remaining subspaces and show explicitly the relations among Certainties in manipulator dynamics and constraints, were dis-
these subspaces. We project the Euler-Lagrange equation of acussed in [11] and [13]. A unified state space formulation for
constrained mechanical system into twoorthogonal components holonomic and nonholonomic systems was developed by Yun
and give geometric and physical interpretations of the projected and Sarkar [14], which provided also a detailed discussion on

equations. Based on the projected equations, a unified andh to eliminate th dt lve implicit functi Cl t
asymptotically stable hybrid position/force-control algorithm is ow 1o eliminate the need to soive Implicit tunctions. L10Ses

proposed, along with experimental results for several practical t0 our current work is that of Blajer [15], [16], in which an el-
examples. In the case of nonholonomic constraints, we show thategant geometric treatment of constrained multibody dynamics
the equations can be projected to the distribution/codistribution \yas provided. Blajer proposed a novel projection scheme to de-
associated with the constraints and the control law reduces 10 4 sje the constrained dynamics, and constructed covariant and
hybrid velocity/force control. - . o - .
contravariant bases to factorize the kinetic metric matrix and
Index Terms—Asymptotic stability, constraints, distribution, hy-  its inverse. This is, in fact, equivalent to the projection method
brid control, projection, velocity and force. in our current context. Much of the analysis presented here is
based on developing suitable modifications and extensions to
l. INTRODUCTION [16] for real applications involving control of constrained me-
. : chanical systems.
ONTROL of constrained mechanical systems, such as Ma-The theory of hybrid control has been exploited to model the

nlpulators_v_vlth end-effec_tor constrgmts, parallel MaNIPYy namics and control of parallel manipulators [17], [18] and
lators, and multifingered robotic hands with closure constrain ultifingered robotic hands in grasping and coordinated ma-

have been cIass!c problems in rObOt'FTQ' _research. Mason [1] H?f)ulation applications. Modeling of the latter system is usu-
troduced the notion of natural and artificial constraints and fo

: . . : lly performed by considering those constraints due to different
malized a theoretical framework for compliant motion contro

) . . ypes of contacts and friction cones in addition to loop-closure
B"?‘SG" on Mason’s work, Raibert and Craig [2] proposed a h onstraints [19]-[25]. It is also interesting to note that the pro-
brid position/force control scheme.

d f obtaining the reduced d ics th h projection i
Early work on hybrid control relied explicitly on identifi- cedure of obiaining the reduced dynamics through projection is

. . . . hot only applied to those systems with holonomic and nonholo-
cation of the force and velocity spaces using the usual in

"N¥dmic constraints, but also to systems with symmetries [26]
6 _ L 1
product ofR® [3], [4]. The latter was, however, shown by Lon 27], as symmetries can be either modeled as a set of addi-

caric [5] and Du_ffy [4] to be neither coqrdmate myanant NO%onal holonomic constraints or formulated as mechanical con-
physically meaningful. Force and velocity are objects of di sections

ferent physical and geometric natures. As a matter of fact, t rhe goal of this paper is twofold. First, based on ideas from

duality relation between force and velocity has long been reco(gérly papers [5], [9]-[13], [16], we present a precise geometric

nized in [4], and [6]-{8]. Recjproca! produc_:t is used in some IitFramework for hybrid control. Second, based on the geometric
erature [6], [9] to express this duality relation. Based on this rEamework, we propose a simple hybrid control algorithm and

prove its stability using a simple geometric argument. The geo-

. . . __metric hybrid control theory we propose is widely applicable to
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subspace in the cotangent space and the free (or constrainedyweere (a;(6));. " € T, E are referred to as the constraint
locity subspace in the tangent space. The kinetic energy mefocces.

of the system helps to define the remaining subspaces. Two proA constraint is said to be well defined if it is associated with
jection maps are then defined using the metric and the cqhysically realizable constraint forces. The physical constraints
straint. The Euler—Lagrange equation of the constrained systdaescribed in [1] are well defined, but not the artificial constraints
is decomposed into two parts using the projection maps. Gewthe virtual constraints as in [12]. The latter should be modeled
metric interpretations of the two component equations in termether as position or velocity control objectives. Without loss of
of the curvature of the constraint submanifold are provided. frenerality, we shall assume that the constraint forces are linearly
Section Ill, based on the geometric structure of the dynanimmdependent. A constraintis said to be holonomic or integrable if

equations, a madified computed-torque type algorithm is prthere exist{—m) real-valued functions;(#),i = 1,...,n—m
posed for hybrid position/force control. Asymptotic stability ouch thatoh; /00 = a;(6). In this case, the constraint can be
the closed-loop system is proved using the decoupled naturg@fritten ash;(#) = ¢; for some constant;, i =1,...,n — m.

the error dynamics. For nonholonomic systems, this control ldbefine
reduces to hybrid velocity/force control. In Section 1V, several r
practical examples are studied in detail along with experimental 1 : & — R"™", H(0) = (h1(0), ... hn—m(0))"

results, showing validity and simplicity of the proposed control ) i _ PPN
hen, the-dimensional submanifol® = H~*(¢) is referred

algorithm. Section V concludes the paper with several impoT ) X , )
tant remarks. to as the configuration space of the constrained system,Avith

being its ambient space. At eaéhe @, the tangent space of
Q, TyQ, defines the set of allowed velocities of the constrained
Il. GEOMETRIC MODEL OF CONSTRAINED system, and the set of constraint forces, defined by
MECHANICAL SYSTEMS

T;Q' = Ty E | (f,v) =0,YveT,
This section develops a unified geometric model for con- 0 {FeTyEl{f0) Vo € TyQ}

st_ralned mechanical syst_ems, including rc_Jbotlc manlpulatoeﬁe spanned by;(8),i = 1,...n — m.
with end-effector constraints, parallel manipulators, and mul- T ; oo
tifingered robotic hands with closure constraints. Constrain sLeUC = (1/2)6" M(6)9 be the kinetic energy of the mechan-
Aérg are introd Iced e'thevrwbeca sg of 'nteractl'on.of the s ét&al system. It endowg, E with a natural Riemannian metric

=re are introdu ! u ! ' y . Using this metric, the orthogonal complementIpf) can
with its environment, parallel structures of the system, or &, yefi

S . ; . defined [33]

combination of both, such as manipulating an object by a
multifingered robotic hand. Readers are referred to [9] and | T
[28]-[32] for more detailed treatment of some geometrid¢® :{”1 €Ty | ((v1,v2)) 5= v1 M2 =0,¥v2 € T"Q}

concepts used here. ) ) )
and the cotangent spagy @) consists of covectors which anni-

i i 1
A. Geometry of the Constraint Submanifold hilate vectors il Q)

Let E be the configuration space of an (unconstrained) me- T;Q={feT;E|{fv)=0Yve TQQL} )
chanical system, angl € R™ its local (or generalized) coordi-
nates. The tangent spaceffcatd, denotedly 7, consists of all 1o symmarize, we have a (holonomically) constrained system
velocity vectors of the system, and the cotangent spaéedd (g A) thatis naturally associated with two subspatgg and
6, denotedl,* E, consists of all (generalized) force vectors. ATG*QL_ If the system is further endowed with a kinetic-energy
(generalized) force vecter € 1 E is also referred to as a COV-metric M, then two additional subspacBsQ+ andT}; Q can be

ector. It pairs with a vectos € 7, E to produce a real number gefined. The velocity and force spaces therefore split according
(o, v). For instance, lefy = §' x --- x S', the joint space ¢,

of an open-chain manipulator. Thehe TyE, 7 € Ty E, and
(r,0) is the virtual work done by on 6. As another example, ToE =Ty0 & Ty
let E = SF(3), the configuration space of a rigid body. Then, TYE =T0Q & TEO*
T,SE(3) can be identified with the Lie algebra(3) via left o B =TyQoTQ
translation and/’; SFE(3) with se*(3). An element{ € se(3)
can be written ag = (v,w) € R%, and an element’ of
se*(3) asF = (f, m). The pairing betwee#f and¢ is given by
(F.&) = fT-v+m”  w.

Definition 1: Constraint: A constraint on a mechanical M’ :TyE — T;E : <M’v17v2> = 0] Mus.
systemkF is a relation of the form

Note that the metrid/ allows us to identify the tangent space
with the cotangent space,

As M is positive definite M’ has an inverse, denoted By*.

It is not difficult to see that the matrix representation)df is
. ) . simply M, and that ofM/* is M ~!. Also, observe that
0:=A0) =0, V0eTyE Q)

ol (0) M (T;Q) = 1oQ and M (1;QY) = THQ".
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Fig. 1. Geometric relations among the four defined subspaces.
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Fig. 2. Commutative diagram for the four defined subspaces.
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and(I — Pr) : TyE — T,Q~, the projection map ta@, Q.
These projection maps are depicted in Fig. 1.
Lemma 2: Pr and P, have the following properties:

P,M =MPr
P,H* =H,Pr =0
Pr=PT.

When the constraint is nonholonomic, the set of free velocities
define a distributiom\y C Ty F/, and the set of constraint forces
define a codistribution\}*+ C T} E. The corresponding projec-
tion maps are defined by simply replaciffy with A and H*

with AT,

Remark 1: The symbolg andb associated with the identifi-
cation map between the tangent space and the cotangent space
are standard in the literature of mechanics [34].

Remark 2: Although we assume the constraints in (1) are
scleronomic, the developed framework can also be applied to
systems with rheonomic (nonscleronomic) constraints.

B. Euler—Lagrange Equations of Constrained Systems:
A Geometric View

In this subsection, we use the two projection maps to give
a geometric interpretation of the projected dynamics of a con-
strained mechanical system. The results will be subsequently
used in the derivation of stable hybrid control laws.

For a mechanical system with kinetic enerdy =
(1/2)6T M (6)8, potential energy’(¢) and constraint given in

In other words, constraint forces can be identified with veloc{1), the general form of equations of motion is [9]

ties orthogonal to the free velocities provided there is a nonsin- L
gular metric. Fig. 1 summarizes the relations between the four fal ( >

subspaces. Let

H* : TQE I TH(Q)Rnim andH* : Tg(a)Rnim — TQ*E

be, respectively, the tangent map &fand its dual. The null

space ofH, is exactlyTyQ. Thus, H, identifies T,Q+ with
Tr(e)R"~™, andH* identifiesT 7, R" " with Tp* Q. From
the commutative diagramin Fig. 2, we can identify , R" ="
with TH(Q)Rn_m by
M = H.M*H*.
Lemma 1: The map( — P,)) : T4 E — T;Q*, given by
(I — P,) = H*M,H,M*

is a well-defined projection map, with the property ttiat—

Pw)fl == 0, \V/fl S T;Q, and(I - P’u/‘)fQ = f?v Vf? S Tng
Proof: Given f; € T;Q, we haveM*(f,) € ToQ =

n(H,) and thus,(I — P,)(f1) = 0. On the other hand, for

f2 € T;Q*, there exists\ € R®~™ such thatf, = H*\ and
(I —Py) fo = H*MH,M*H*X = H*) = f>.

This also shows thak,, : T, £ — T, Q is a well-defined pro-

d
— 2
AT 2)
wherel, = K — V is the Lagrangian functiony € R"~™ the
Lagrange multipliers, and € R™ the joint torque vector (some
components may be zero in the case of parallel manipulators and
robotic hands). The above equations can be manipulated into the
form
M9'+C(9,9)+N:T+ATA 3)

with C denoting the centrifugal and Coriolis forces ahNdthe
gravitational force. )

Differentiating the constraint (1) and eliminatifigrom (3),
we have

A= (AMAT) T (“Ad+ AM T CH N =7)) . (@)
Substituting (4) back to (3) yields

M6+ AT (AM A7) 4§ + P,C + P,N = P,7  (5)
where

Py =T—A" (AM™'AT) " AM~!

jection map. In a similar manner, we define the projection map

in the tangent space®&r : Ty E — TQ, by
Pp=1—-M'H*M,H,

IS the projection map frority; E to T @ defined previously. Let
¢ = P,C,N = P,N,and7 = P,7 be, respectively, the
projection ofC', N, andr to 7, Q. The first two terms in the
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left-hand side of (5) are seen to have the following interestir
interpretations

M+ AT (AM AT Ad = P, M6 := Mé

with M6 understood as the inertia forcedif Q. Thus, the pro-
jected dynamics iff; @ are given by

MO+C+N=7

(6)

To project the dynamics t&; Q-+, we apply the projection map
(I — P,,) to (3) and realize that the constraint force already lie
in T;Q+

(I-Pu) (Ml +C+N) = (I-Py)r+ATA (7)

If we let

_ _ ~1
Pr=1-M1tAT (AM lAT) A Fig. 3. Spherical pendulum.

be the projection map froffi E to 1, Q, and utilize the property

that P, M = M Pp, we have and (8) assumes the more compact form

MS (8,6) = (1= Py) (r = N) + AT\,

M (1= Pr) (4 M71C) = (I = P,) (1 = N) + AT

11)

(8) Equations (10) and (11) are very important in the development
of stable hybrid position/force-control algorithms for holo-
nomic systems. When the constraint is nonholonomic, we will
Using the language of connections in Riemannian manifotdly on (6) and (8), where the tertd — Pr)(6 + M~'C)
[28], we can give a deeper geometric understanding of (6) asgh still be interpreted as the component of the acceleration
(8). First, denote by the affine connection compatible W|thv 6in Ai andM (I — PT)(é + M~'C) is to be regarded as
the Riemannian metri¢/. Then the Euler-Lagrange (3) can the centrn‘ugal force due to the fact that the distributitris
rewritten as [35] nonparallel.
. T Example 1: Dynamics of a Spherical Pendulu@onsider
MV =7—N+ A"\ (®  the motion of a spherical pendulum with massas shown in
Fig. 3. The kinetic energy of the pendulum is given by

C. Reduced Dynamics and Second Fundamental Form

Given tangent vector field&, Y to the submanifold), VxY is
the covariant derivative df in the directionX . Usually,VxY 1 .9 .o .oy Lapo oo
is not necessary tangent but it can be decomposed into a K=gm (&° +9° +2%) := R0 Mo
term that is tangent tQ and a term that is normal Q. LetV
be the induced connection éhby V (i.e., V is the connection
of @ that is compatible to the induced metric @) and

wheref = (z,y,2)T andM = mI. The constraint is given by
676 —r2 =0

§:T(Q)eT(Q) — N(Q) from which we haved = (z,y,2) and M) = AM!AT =

2 i i _
the second fundamental form (or extrinsic curvature forng) pf " /m. The projection mag,, andI — P,, are calculated as

where7 (Q) and\ (Q) are, respectively, the set of tangent and (2422 —ay o
1 1

normal vector fields of). Then P, == | - 22 + 22 _yz

= _ _ .2 2
VyY = ViV + S(X,Y). = o Yy
and

Thus, the ternfl — PT)(H-l-M LC)in (8) is interpreted as the )

second fundamental forﬁﬁ(e 9) for the constraint submanifold 1 2wy wxz

Q for § € TyQ, and MS(6,6) is viewed as the centrifugal I-P,==|yx y2 yz

force due to the curvature ¢f in its ambient space (or extrinsic " | zz 2y 22

curvature). Consequently, (6) becomes
From Lemma 2 Pr = PT = P,. Let us denote by

w

MV.6=7—N the Riemannian connection compatible wiftf. We have
o (10) Vv, = 6. Let (u, v) be the spherical coordinates and
0
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§ = (rcos pcosv,rcos usin v, rsin ) 7. The induced connec- dinates ofQ, andd = 1/;({5) the corresponding embedding @f

tion and the second fundamental form can be computed ioyE. Denote by.J the Jacobian matrix af, i.e.

applying the two projection maps ) . . ..

6=J0 and 0 =70+ J6.

V6 =Pr (véé) o o _
Substituting the above expressions into (3) yields

—rsinusinv  rcosv
TCOS [ 0

Zj (12) MJ§+C+N=7+AT\ (15)

—rsin ycosv  —rsin 1/] [

. . whereC; = MJO-|-O (6), J6). Applying the two projection
s (6’ 9) =( - Pr) (Vée) mapsP,, andl — P, fr(()m(tr)1e pr)evious section to (15) gives the

T'COS [LCOS V decoupled dynamics
= (—/12 — cos? ;u'/2) 7COS usin v (13) -

rsin g P,MJ§+ P, (Cy+ N)=P,7 (16)

and
wherev; = ji+sin pcos piy? andvy = cos i’ — 2sin piw. One
remarkable property of the second fundamental f6i(t, ) is
that it only depends on the first-order derivative of local coordit! — Puw ) M0+ (I~ Py)(Ci+ N) =(I — P) 7+ ATA,
nates. In fact, we can also deduce the expresyméfdlrectly a7

from the induced metrid/, given b
g y Since ImagéJ) = T,Q, M(TyQ) = T,Q,andI — P, is a

r? 0 projection map ontd; QL we conclude tha(t[ P,)MJ =0
{0 r2cos2u] ' andMS(6,0) = (I—-P,)(M§+C) = (I-P,)C;. We propose
~ the following control algorithm for the above equations:
The Christoffel symbols o¥ are computed as .
Pyt =Py M.J (éd Kb - Kpé) + Py (CL+ N)
=0, I, =

_ (18)
I, =0, I, = —:;I;Z and

Ihu =0, Iy =~- :;I;Z (I—=Py)T=(I—P,)(Ci+N)

Iy, =sinucospy, Iy, =0. L AT <_/\d + KI/(/\ _ /\d)> (19)

Letf = ud/du + vd/dv, we have
5 whereé¢ = 6 — 6, is the position trajectory tracking error,
V6 = (ji + sin prcos pir?) o+ <l, _ QSlnMM > — (14) K., K, € R™™ the velocity and position feedback gains,
H COS [4 o Aa = (AAT)=1Af, with f,; the desired constraint force, and

K; € R(»=m)x(n=m) the integral force gain) is computed

where
from the actual constraint force, which, in turn, is obtained by
9 = (—rsin picos v, —rsin psin v, 7cos lt)T projecting the force sensed by the (wrist) fo_rce/torque sensor to
o the constraint force space. Note ttigtr consists of a feedback
0 — (—rcos psin v, 7cos icos v, 0) term and a feedforward term, which compensates the dynamics
v a / in the cotangent space 6f. On the other hand, the feedforward

term of (I — P,)7 is used to compensate the dynamics, due to
the second fundamental form ¢f. Combining the above ex-
pressions gives the total control law for

Note that (12) and (14) give the same results.

I1l. UNIFIED HYBRID-CONTROL ALGORITHM

FOR CONSTRAINED SYSTEMS = MJ (éd —Ké— Kpé) +C 4+ N
Based on (6) and (8), we propose in this section a unified
hybrid-control algorithm for constrained mechanical systems. +AT <—)\d + K1 / (A — /\d)> . (20)

When the constraint is holonomic, the algorithm achieves hy-

brid position/force control, and hybrid velocity/force control

when the constraint is nonholonomic. Using the decoupled - Hybrid Velocity/Force Control for Nonholonomic Systems

ture of these two equations, we give a simple asymptotic sta\yhen the constraint in (1) is nonholonomic, it defines a non-

bility proof of the control algorithms. integrable distributiom\, in TE. There exists no manifold)

with the property thafyQ = Ay for all § € Q, and it is mean-

ingless to talk about hybrid position/force control. The problem
When the constraint in (1) is holonomic, it definesradi- can be remedied, however, by introducing hybrid velocity/force

mensional submanifol@ in E. Letd € R™ be the local coor- control. For this, let/ (4) € R"*™ be such that its columns span

A. Hybrid Position/Force Control for Holonomic Systems



LIU AND LI: A UNIFIED GEOMETRIC APPROACH TO MODELING AND CONTROL 579

Ay, i.e., AJ = 0, and express asf = Ju for some function
u. Substitutingd = Ju + Ju into (3) yields

MJu + (Mju+0) +N=7+AT\

Similar to the case of holonomic systems, we propose the fi i
lowing control law for nonholonomic systems: /,‘\ my T ’
T:MJ(zld—Kp(u—ud))—}—(Mju+C)~|—N \0 .

+AT <—/\d +K1/(/\ - /\d)> . (21)

B(Xo Yo)

C. Stability Analysis

First, consider the holonomic case with the control law give

by (20) and the error dynamics by x2+dy =

J(é-|—Kvé+Kpé) =M1AT. </\ — /\d-{—KI/()\ — )\d)> . Fig. 4. Atwo-DOF manipulator following an ellipse.

(22)

As explained previously, the column vectorsbandM 1 AT
are perpendicular, i.e.

I M (M—lAT) —0. Thus,A = (z¢ + 601,4(yo + 02)). The dynamic equation of the
manipulator is

and the constraint is given by

(zo +01)° + 4 (yo + 62)° — 1 =0.

Therefore, the coefficients in both sides of (22) are zero )
K K0 B ] [ )

0 mi+ma| |6 T2 4 (yo + 62)
(A= Aa) + K / (A= Aa) =0. The two projection map#,, and(I — P,) are calculated as

If the feedback gaind(,,, K,, and K; are chosen to be pos- 2 _

. o b 3 ; P —a 16myy dmyzy
itive definite, then both position a_m(_d force t_rajectory tracking W= gy +ma) ey (my + ma) 22
errors converge to zero agoes to infinity. This shows that or- >y

thogonality of the two subspace&;Q and7,QL, leads to full (I-P,) =a [4(m1 +ma) . TTL1£L’y2:|
decoupling of the position and force errors dynamics and, con- (m1 +me)zy  16may

sequently, asymptotic stability of the feedback system. ObseivRerea = 1/((my + mso)z? + 16myy?). Assuming thay #

that the error dynamics given here are different from that of [lﬂ)] the projected equations in terms of thecoordinate are
and [36 (4.108-4.109, Ch. 4.3, pp. 163)]. In a similar manner, 1 (ma + ma)
n 1 2
e/

we show that the error dynamics for a nonolonomic system with 4_01 i 9'% =49’ — zyT>
0

control law given in (21) are of the form 16y
(i = ) + K, (0= g) =0 ~ g L Ty Ao
Ug — U U— Ug) = -— - TA=—T1 + ——— 9.
d P d 4yt my (my + mao) a my ! m1+m22
(A= Aa) + Ky / (A= Aa) =0. The control law is of the form
tToh;;c\)Nlth stablei, and K7, both velocity and force errorsgo (ém K- Kpé) . (—)\{1 e /()\ 3 )\d)>
Remark 3: Decoupling between the position and force error . (23)
dynamics is achieved here with a positive-definite matdix\/ (m1 +ma)x [ . ~
can be the inertia matrix of the system or some other nondegéa-— — iy (9111 - Kpe— er)
erate metrics, giving possibilities for the design of other control 1 "
algorithms. " 16 (my +mo) 67 + 4y (—)\d + Ky / (A — )\d)> .
IV. EXAMPLES (24)

In this section, we present several examples to illustrate tﬁ)lﬁc')s shows the simulated position and force responses for the

geometric hybrid control theory of the previous sections. Xwnnghargn_u_atlersn_l M2 = 1_kg,er N ?(; K_” = 3, and
Example 2: A Two-Degree-of-Freedom (DOF) Cartesiafi! = 1 The initial positions are: = 0.5 m andy = 0.433 m,

Robot Moving on an EllipseFig. 4 shows a Cartesian robotVith @0 = 2.0 m andy, = 1.0 m.

constrained to move on an ellipse. The forward kinematics \?\]}Ehxampl_e ?: A Si),('DOF Mar?ipulatorhMoving ona Sphere
the manipulator is trivially ith Frictionless Point ContactFig. 6 shows a six-DOF ma-

nipulator that is constrained to slide on a sphere with frictionless
z(0) =z + 0, point contact. The end-effector is required to be normal to the
y(0) =yo + 02 sphere drtificial constrainf). Following the notations in [9] and



580 IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. 18, NO. 4, AUGUST 2002

Position Response in Hybrid Control Force Response in Hybrid Control
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Fig. 6. A six-DOF manipulator moving on a sphere with frictionless point contact.

[37], let F andO be the reference frames of the end-effector andetric parameters of the sphere and the end-effector in terms of
the object, respectively, andr andL, their local frames at the these parameterizations are given by
point of contact. The configuration space of the system is the

1
Euclidean group E(3), represented by the position and orien- M, = [P 0 ] VK, = [p ?] ,
tation of F with respect ta). Contact constraint in terms of the 0 peosu, U
velocity Vi,i, = (vg, vy, v, we, wy, w.)T of the local frames T,=0 —%tan U |
is simply and
v,=0 or [0 0 1 0 0 O0]Ad, . V,;=0.
95
5 1 0 0 0

. . My = 0o 11’ Ky = 0 ol
Without loss of generality, we further assume that = I and
thus,A=[0 0 1 0 0 0].Thisconstraintisfound to be Ty =[0 0].

holonomic [38], and its integral submanifold is the five-dimen-

sional contact spad@ that can be parameterized by Montana”segMﬁ: d|ag(7;]1, m,m, L, I, I.) be th? megna Lensor of the
contact coordinates = (aT o, )T, wherea, — (u,,0,)7  end-€ffector. The projection maps are found to be

is the coordinates of contact for the spherg = (uy,vs)" the p _ diag(1,1,0,1,1,1) and! — P,, = diag(0,0,1,0,0,0).
coordinates of contact for the end-effector, ahthe angle of

contact. We parameterize the sphere by the longitude and lagt F,, € RS be the force exerted on the end-effector by the
tude angles and the end-effector the plane coordinates. The gaanipulator and= the gravitational force. The Newton-Euler
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Position and

Force Planning

Fig. 7. Control diagram of hybrid control.

Contact Force F E .
o Cartesian m T T 00
Feedback ' I Manipulator
Hybrid Control *
nn

Forward Kinematics

equation of motion for the end-effector admits a coordinate-iand

variant description of the form [9], [39], [40]

MV,; — adi, MVys = Fn, + G+ AT (25)

where forV,; = (vT,wT)T € R®

ady,, = {l(l)} Zti)]

is the adjoint map associated with;. By inverting Montana’s

equations of contaci/,; can be expressed in termssphs

(26)

RyM, My 07 g4
V.~ 0 0 0 dG
°f = | RyR,K,M, —R,K;M; 0| ||~
~T, M, ~T¢M; 1 v
where
| cosyp —siny |0 -1
Ry = —sina —cosd)] and RO_[I 0}'

Substituting (26) into (25) yields
MJij+Cy = F, + G + AT

whereC; = Mjﬁ—adfﬁMJﬁ. Decoupling the above equation

using P, andI — P, gives
Mij+ Cy =B, F,, + B,G

by=[0 0 1 0 0 0

and
—¢3 — X =bo Fy, + b2G
where
[ mpcosy —mpsinycosu, —m 0O 0
—mpsiny —mpcosypcosu, O —m O
M = —I.sinty  —1I,co8u,cosy 0 0 0
—I,cos1p I,cos uysin ¢ 0 0 0
L 0 —1I.sinu, 0 0 I
Ci=[fi—¢1 Bo—do Bai—ds PBs—ds5 Po— 6]
rt 0 0 0 0 0
01 0000
Bi=]0 0 0 1 0 0
000 010
LOO O 0 0 1
]

b1 =m (—psin 1/)1/}110 — pCos Pcos uo¢@0 + psin ysin uouoi;o)
Bo =m (—pcos L/;gbuo + psin Ycos ua'gl}e')o + pcos sin uoﬂoi}o)

By =1, (—cos 1/)1201/'; + €os u,sin 1/11/}130 + sinu,cos 1/;u01}0)

Bs =1 (sin 1/11101/.1 + cos u,cos 1/)1/.11}0 — sin u,sin wﬂoz}o)
6 = — 1.COSUL,UuV,

$1 =m(i2

$2 =m(1(3

¢3 =m(aC3 + m5C2

¢a = (L. — 1) G4

b5 = (I — I.) (sC1

b6 = (I — I) C§C4

C1 =sinuev, — 9

(o =psin i, + pcos Pcos uyv, + Vg

@27) (3 =pcos P, — psin Pcos u,Vo — Uy

(4 = — cos P, + COS USin Y1,
5 = — Sin Y, — COSULCOS YV, .
The components of the Cartesian driving fof¢g are designed
as
F =M (g — K,é — Kpé) + C1 — B1G (28)

f3:_§b3_)\d+KI/()‘_)\d)_b2G (29)

wherea,(t) = 0to ensure that the end-effector stays normal to
the spherel’ = [f1, fa2, f4, f5, fs]* . Let.J, be the Jacobian ma-
trix of the manipulator. The corresponding joint torque is given
by

r=JIF,. (30)

The control diagram is shown in Fig. 7. In the experiment, we
implemented the control law (28) and (29) in a testbed that con-
sists of a six-DOF MOTORMAN robot, two Motorola 68 040
processors, a SUN workstation, and a six-DOF force/torque
sensor. Force/torque data is sampled every 1 ms (1000 Hz) using
an A/D board. A tactile sensor attached to the end-effector is
used to detect the contact coordinateand its velocitys ;. We
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Tracking Error of Sliding Control

Position Response of Sliding Control 8
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Fig. 8. (a) Position response. (b) Tracking error.

Force Response in Hybrid Sliding Control
T
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Fig. 9. (a) Three-dimensional view of the trajectory. (b) Force response.

used the following parameters in the experiment= 0.91 kg, the constraint forces are of the form
I, = I, = 0.0025 kg - m?, I, = 0.005 kg - m?, p = 125 mm,

K, = diag(10,10,10,10,10), K,, = diag5,5,5,5,5), and

K; = 0.02. Figs. 8 and 9(a) show the position response and
Fig. 9(b) the force response. Figs. 10 and 11 show the succes-
sive motion states of the manipulator sliding on a horizontalhere\ € R* lies in the friction cone defined by a soft finger

circle of the sphere. contact [9]. Expressing rolling constraint in terms1af;, we
Example 4: A Six-DOF Manipulator Rolling on a Spheret  have

the previous example, let the contact constraint be pure rolling
motion. Expressed in terms of the velocities of the local frames, A1Ad -1 Vg := AV, = 0. (31)
these constraints are given by Irig

fo=ATX

Va Rolling velocities in terms of ; are obtained by inverting Mon-
1 0000 07w, , -
tana’s equations of contact
001000 0f|w:| _ v _g
00100 0f |w,|  “tbh™
0 0 0 0 01

wy [“’f} =—Ro (Ky+ RyK,Ry) Mgciy.

Wy
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Fig. 10. Successive motion states of sliding-first segment. Fig. 11. Successive motion states of sliding-second segment.

Thus, the velocity of the end-effector in termsiof is given by  is a local representation of the two-dimensional (2-D) distribu-

Vor =Ady,, Vi, tion defined by the constraints (31). For velocity planning, we
! 0 USEdtdeJ.;l‘/;,fd andé}deJ.;l%fd+J;1‘/;fd.

0 Fig. 12 shows the tracking result of the contact coordinates

A4 0 4 o f(t), anq Fig: 13(a) the 2-D view of the contact trajectory on
iy Ry (K5 + Ry K, Ry) M f the fingertip. Figs. 13(b) and 14 show the contact force response

o\ f Yoty ) BLf of A1, A2, and)s, respectively. The contact forcg is hard to
. 0 control due to the complex property of torsional friction. Fig. 15
=Jydry. (32) shows the continuous motion states of the manipulator rolling

It can be shown that the tangent vector fields spanned by i the sphere.

columns of.J; is not involutive and thus, the constraints in (31) Example 5: Redundant Parallel ManipulatoiRedundant

are nonholonomic. Substitutirig,; = J¢c into (25) yields  constraints and actuation have been found to be effective
. i 7 N T means for removing singularities and improving performance

M Jyéiy + (Mjfaf ade‘ifMJfaf) =EnHGHAA parallel manipulators [41]. Fig. 16 shows a two-DOF

i i ) (?_’3) (garallel planar manipulator with over constraint and over
where) € FC. The hybrid velocity/force controller is designe ctuation. The ambient spa&of the system is the 6-D torus
as 76 = §! x ... x S!, parameterized by = (61,....66)7,

Fo, =MJs (dpq — K, (&f — dipa)) where (6,83, 05)T are actuated anf-, 64,0s)T are passive.
n (Mjfdf —ad? Mdef> Assummg equal link I_engths for al! chains, the four closure
For constraints of the manipulator are given by
+ AT (—)\d + / (A — )\d)) ey (34) Ta + ey +lera — mp — leg — lesy

. S Yo + 151+ Is12 — yp — ls3 — ls3y o H(g) -0

Note that the control law in (34) is similar to (28) and (29). How- Tq+ler +lerg —xe —les —lesg | 7 B

ever, only hybrid velocity/force control can be realized, as (32) Yo + Is1 + 519 — ye — Ls5 — Is56
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Contact Coordinates Response of Rolling Control Tracking Error of Rolling Control
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Fig. 12. (a) Contact coordinates response. (b) Tracking error.
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Fig. 13. (a) 2-D view of contact trajectory on the fingertip. (b) Response of contactXerce

wherec; = cosb;, ¢;j = cos(; + 0;), s; = sinb,;, and M, € R?*2,i = 1,...,3 be the inertia matrix of théth chain
s;j = sin(6; +6,). Differentiating the closure constraints yieldsand defineM () = diag M1, M2, M3) € R%*°. The equations
the velocity constraints as shown in (35) at the bottom of the motion of the system have the form

page. Ifthe constraintin (35) is linearly independent, it defines i ; _ T

a 2-D configuration spac@ = H~1(0). @ can be locally pa- M(6)9 +C (9’ 9) TN =7+ AT

rameterized by any combinations of two actuated joints, or tihere AT\, A € RS, can be interpreted as the internal
Cartesian coordinates: (y) of the system. Overactuation pro-“grasping” force. When the constraints in (35) are linearly
vides a freedom in avoiding parameterization singularities. Lieidependent, we can, in principle, design a stable hybrid control

—81 — 812 —S12 S3+ 831 S3;a 0 0
c1+cr2 Cl2  —C3 —C34 —C34 0 0 0= Af =0 (35)
—51 — 812 —S812 0 0 S5+ 856 856 '

c1+c12 12 0 0 —C5 —C56 —C56
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y-Componet Force Response

z-Componet Force Response
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Fig. 14. (a) Response of contact forke. (b) Response of contact force .
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Fig. 16. Planar two-DOF parallel mechanisms with overactuation.

algorithm as in the previous examples to control the positidh, : Ty E — TyQ using M and A as in Section Il. The
of the end-effector and internal grasping force. However, sinpeojected dynamics iff; Q are given by
there are three unactuated joints, i®.,= 74, = 76 = 0, we %

- o ~ P,M P, N)=P,
can only achieve position control here. liete R? be a local i J0+ L(Cl +N) 4 (36)
parameterization of), § = 4(¢) an imbedding of@ in E, whereCy = M.J6 + C(6,.J6). Let
andf = J# the differential ofy). Define the projection map 7= (r,73,75), and P, =[p1,ps,ps)
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Fig. 17. System structure

mechanism.
it join2 join3
55 L 184 L 2516 s
183
251 4
182
181 2512
180 ' )
2 251
179 &
178 250 8
177
250 6
176
48 175 4
0 100 20 O 100 20%50 0 100 200
time(Gms) time(5ms) time(5ms)
Fig. 18. Tracking results in joint space.
wherep;, i = 1,3,5, is theith column ofP,,. Let
# = P,7 = P,T € RS. (37)

of two-DOF redundantly actuated paraIIEIinaIIy
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Fig. 19. Tracking results in Cartesian space.

given7 € 1;Q, we need to solve fof from (37).

A sufficient condition for the existence of solution is that
Image P,) = T, Q. This implies that a combination of three

actuated joints can parameterigg i.e., absence of actuator

singularities. In this case, minimal two-norm solutions can
be used forr. Let 7y € n(P,w) and 7, any solution such that

N

P,71 = 7. Then
Tmin = T1 + Y70

wherey = —(7f'#1) /(7 7o), is the optimal solution. We have
realized minimal joint torque position control on the planar
two-DOF parallel manipulator shown in Fig. 17. Figs. 18 and
19 show, respectively, the experimental results of the joint and
end-effector space trajectories.

V. CONCLUSION

In this paper, we developed a unified geometric approach
to the dynamic control of constrained mechanical systems.
Starting from the constraint, we defined two natural subspaces,
the free velocity spacd,@ and the constraint force space
T;Q+. Using the kinetic energy of the system, we also showed
how to define the remaining subspaces and their relations under
the M* and M” maps. From the definition of these canonical
subspaces, two projection maps naturally arise, which were
subsequently used to obtain the projected dynamics of a

The control law for in (36) which achieves asymptotic trajec_constrained mechanical system, one in the constraint force

tory tracking off,(t) is given by

P = PyMJ (éd K- Kpé> +P,(Ci+N). (398

space and another in its complement. Using the language of
connections in Riemannian geometry, we provided an elegant
interpretation of the constrained dynamics and explicitly

showed the curvature effect on force control. Based on the

To see this, note that the closed-loop dynamics with (38) ageometric structure of the projected equations we proposed a

plied to (36) is of the form
PuMJ (¢ + Kyé + Kyé) = 0.

Since ImagéJ) = TpQ, M(TyQ) = T;Q, P, is a projection
map ontoly @, andn(J) = ¢, we conclude that

¢+ K¢+ Kyé=0.

stable hybrid position/force control algorithm for mechanical
systems with holonomic constraints. We also showed that for
nonholonomic systems hybrid velocity/force control can be
achieved.

Several representative examples were worked out in detail
to demonstrate the effectiveness of the hybrid control theory.
Experimental results were also included in the case of a six-DOF
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manipulator under end-effector constraints, both holonomic ang4]
nonholonomic. The proposed hybrid control theory was shown
to be general enough to include applications such as closed-
chain systems and multifingered robotic hands as well. [25]
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